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CHAPTER

VECTOR SPACES

1.1 Vector Spaces

KDeﬁnition 1.1.1. Let V be a non empty set and F' be a field. Suppose there exists two\

opeartions: (1) vector addition, 4+ : V' x V' — V, which combines every pair elements «
and v in V' to a unique element u + v in V' and (2) scalar multiplication, - : ' XV — V|,
which combines an each element of « in F' and an element of » in V' to an element au in
V. Then V, along with the two operations, is called a vector space over the field F'if the
following properties hold:

(A1) Addition is associative, u + (v + w) = (v + v) + w for all u, v, w € V.

(A2) Addition is commutative, u + v = v + u for all u,v € V.

(A3) There is an element 0 € V, called the zero vector, such that u + 0 = w for all u € V.

(A4) For each element u € V there exists an element —u € V, called the inverse of u,
such that v + (—u) = 0.

M1) a(fu) = (af)uforall a, f € Fandu € V.

(M2) Vector addition is distributive, a(u +v) = au+ av foralla € F and u,v € V.

(M3) Distributivity over scalar addition, (o + f)u = au + fuforall o, 5 € Fandu € V.

\(M4) Unit scalar, 1u = u forall u € V. )

The elements, no matter what they might really be, of V" are called vectors and the elements
of the field F' are called scalars. Obeserve that properties (A1)-(A4) shows that (V, +) is an
abelian group. Another important observation to make here is that the vector space V' is a
composite object consisting of a non empty set V' along with the two operations defined above
and a field F' of scalars. The same underlying set V' may be a part of a number of distinct
vector spaces by considering a different field F' (see Example 1.1.3 and Example 1.1.6) or
altering the operations (see Example 1.1.3 and Example 1.1.8). When there is no ambiguity or
scope of any confusion, we may just state that 1 is a vector space or else we shall say that V'
is a vector space over the field F' thereby specifying the field.

We shall now see a variety of examples to be comfortable with the notion of vector space.
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10 §1.1. Vector Spaces

Example 1.1.2. The trivial vector space V' = {0} for any field /'. One may define the
singleton vector space V' = {z} for some element z with the following operations:

z+z=2z and az = z.

Here, the zero element is also z since V' being singleton. So, z behaves like a zero vector is a
singleton vector space.

Question: Is a field F' also a vector space over itself? The answer is Yes. In general, we have
the following example.

Example 1.1.3. The set of n-tuples, F™ = {(v1,...,v,) : v; € F, 1 <i < n} is a vector
space over the field /' with vector addition and scalar multiplication defined as follows:

(Ury .oy tp) + (V1,0 0,) i= (U F 01, Uy + V)
a(ty, ... uy) = (auy,...,cuy,).

In particular, for n € N, R" is a vector over R of reals and C" is a vector space over the field
C of complex numbers.

Example 1.1.4. The set of infinite sequences of elements of a field F' is a vector space over
the field F'. More precisely, S(F') = {(xz(n))nen : x(n) € F'} is a vector space over the field
F" with vector addition and scalar multiplication defined as follows:

(x(1),2(2),..) + (y(1),y(2), - ) = (2(1) +y(1),2(2) +y(2),...);
a(z(1),z(2),...) = (ax(1),ax(2),...).

In particular, C* and R> are vector spaces over C and R respectively.

Example 1.1.5. Let X be a non-empty set and F be a field. Let F (X, F') denote the set of all
functions f : X — F. Then F (X, F) is a vector space over I’ with pointwise addition and
scalar multiplication defined as follows:

(f +9)(x) = f(x) + g(z)
(af)(z) = af(x).
Example 1.1.6. Let F' be a field and K be a subfield of F'. Then F™ is a vector space over
the field K with vector addition and scalar multiplication defined as in Example 1.1.3. In

particular, C" is a vector space over R. Note that this is different from the one defined in
Example 1.1.3.

Example 1.1.7. The vector space of matrices: Let F' be a field and m, n be positive integers.
Then the set M,, ,,(F') or M,,x,(F') of all m x n matrices with entries from F is a vector
space over F' with usual matrix (entrywise) addition and scalar multiplication, i.e.

(A —+ B)Z] = Aij + Bij and (O[A)ij = O{Ai]‘.

Example 1.1.8. Let V = {(z,y) : x,y € C} is a vector space over C with the following
opeations:

Vector addition:  (zq,y1) + (22,92) = (z1 + 22+ Ly1 +y2 + 1);
Scalar multiplication: alz,y) =(ax+a—1,ay+a—1).

The zero vector here is 0 = (—1,—1) and the additive inverse of the element (x,y) is
(—z — 2, —y — 2). Note that the underlying set V here is C2. However, it is different from the
vector space C? over C considered in Example 1.1.3 due to the operations defined differently.

P2SOINCMTHO3 2026-27



§1.2. Subspaces 11

Example 1.1.9. Let F be a field. Then the set F'[z] of all polynomials in x over F' is a vector
space with usual operations (addition of two polynomials and multiplication of a polynomial
by an element of F').

Example 1.1.10. The vector space of polynomials, F},[x]: Let F,[z] be the set of all poly-
nomials of degree less than or equal to n in the variable x with coefficients from the field F’
(say for example R or C). Then F},[z] is a vector space over F' with vector addition and scalar
multiplication defined as follows:

(ap + a1z + -+ -+ aza”) + (bg + by + - - - + bpa™) :== (ag + bo) + (a1 + b))z + - -+
(@n + bp)x"™;
alag + a1z + -+ + apx”) == (aag) + (aar)x + - - - + (aay)z",

where o, a; € F, 1 <1< n.

There is a relation between Example 1.1.3 and Example 1.1.10. Every element of F},_;[z]
is of the form ag + ayx + -+ + a,_12" !, where a; € F, 0 < i < n — 1. If we map this
element onto an element (ag, a1, . .., a,_1) of F®)_ then we have one-one correspondence
between F,_;[x] and F™. Once homomorphism and isomorphism are defined, we shall show
that they are isomorphic.

Now, we see some properties of vector spaces. We have the following lemma. The proof is
easy and left as an exercise.

Lemma 1.1.11. IfV is a vector space over F' then

(1) The zero vector 0 € V' is unique.

(2) Additive inverse is unique.

(3) u+v=wvimpliesv = 0.

(4) a0 =0 fora e F.

(5) Ov =0 forallv e V.

(6) (—a)v = —(aw) for « € F, v € V. In particular, for o« = 1 we have —v = (—1)v.
Thus we get additive inverse from scalar multiplication.

(7) If av = 0 then either o = 0 or v = 0.

Observe that F),[x| (in Example 1.1.10) is a subset of F'[x] (see Example 1.1.3), and the
former is also a vector space over F' under the same operations as the latter. Then we say that
F,[x] is a subspace of F[x]. Before we give more examples we define subspace of a vector
space.

1.2 Subspaces

Definition 1.2.1. Let V' be a vector space over F. A subset W of V' is called a subspace of
V if W itself forms a vector space over F' under the operations of V.

A vector space V itself and the zero vector {0} are trivially subspaces of V.

To show that 1 is a subspace of a vector space V/, it is not necessary to check all the
properties in the definition of a vector space. Certain properties satisfied in a larger space
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12 §1.2. Subspaces

inherently hold for its subset. The following result says that for a nonempty subset to be a
subspace, one needs to check only closed under addition and scalar multiplications as in the
larger space. The proof is easy and is left as an exercise.

Theorem 1.2.2. A nonempty subset W of a vector space V' over a field F'is a subspace if
and only if v + y and kx are contained in W (or equivalently x + ky € W) for any vectors
x and y in W and any scalar k € F.

Exercise 1.2.3. Show that a nonempty subset I/ of V' is a subspace if and only if for every
wi,we € Wand o, f € F, aw, + Pwy € W, ie., w; +wy € W and aw; € W if and only if
auh,+-6ua eWw.

Now, we consider some examples which are subspaces of the vector space S(K') where the
field K is either R or C.

Example 1.2.4. Vector space of summable sequences. Let ¢! be the set of all sequences
(z(n))nen over R (or C) such that 3°°° , |x(n)| < co. Then £ is a vector space over R (or C).
Hint: Using triangular inequality.

Example 1.2.5. Vector space of pth power summable sequences. Let /7 is the set of all
sequences (x(n))nen over R (or C) such that >0° , |z(n)|P < co. Then ¢ is a vector space
over R (or C).

Hint: [z(n) +y(n)| < |z(n)| + |y(n)| < 2max{|z(n)], ly(n)|}. Hence,

(1) +y(n)|" < 2°(max{|x(n)], ly(n)[})" = 2* max{[z(n)|", |y(n)["}
< 2(lz(n)[" + [y(n)[?)-

One can also use Minkowski’s inequality given below:

-

(S tet +0P) " < (S tetr) + (S wtap)
n=1 n=1 n=1
Example 1.2.6. The vector space /> of all bounded sequences.

Example 1.2.7. The vector space c of all convergent sequences.

Note that if z(n) — a and y(n) — a then xz(n) + y(n) — 2a. The set of all sequences
converging to a does not form a vector space unless a = 0. Thus, we have the following
example:

Example 1.2.8. The vector space cq of all convergent sequences whose limit is 0. cg is a
subspace of c.

Example 1.2.9. Let ¢, be the set of all sequences with finitely many non-zero terms. Thus, if
(x(n))nen € coo then there exists ky > 0 such that z(n) = 0 for all n > ko, i.e.

((n))nen = (z(1),...,2(ko),0,0,...).

Then cq is a vector space over the field ' = R or C under the same operations of S(K).

P2SOINCMTHO3 2026-27



§1.2. Subspaces 13

Observe that, among all the spaces of sequences we saw so far, we have the following
relation:
coo CP Ceog CeCl™CS(K), 1<p<oo

where K = R or C. There is a relation between the spaces ¢y and K[z], where K = R or C
(Example 1.2.9 and Example 1.1.9). For any element (a(n)) = (a(1),...,a(k),0,0,...) €
cop we get an element p(x) = a(0) + a(1)z + - - - + a(k)2* € K|x] and vice versa. Thus we
have one to one correspondence between cyy and K[z] and once we define isomorphism, we
can see that they are isomorphic.

Example 1.2.10. Let X be a non-empty set and the field X' = R or C. Let B(X, K') denote
the set of all bounded functions from X to K, i.e.

B(X,K)={f:X — K : there exists M > O such that |f(z)| < M, forall z € X}.

Then B(X, K) is a vector space over K under the same operations as in F (X, K). Thus,
B(X, K) is a subspace of F (X, K) (see Example 1.1.5).

Example 1.2.11. Let X be a metric (or topological) space and K = R or C. Then C'(X, K),
the set of all continuous functions from X to /K, is a vector space over K under the same
operations as in F (X, K).

Example 1.2.12. Is it true that intersection of two subspaces of a vector space is also a
subspace? The answer is Yes. Let Cy(X, K) denote the set of all bounded continuous
functions from X to K. Then Cy,(X, K) is a vector space as

Cyo(X, K) = C(X,K) N B(X, K).

If we assume X to be a compact metric (or topological) space and f € C(X, K) then
f(X)(C RorC) is compact as we know that continuous image of compact set is compact.
By Heine-Borel theorem, f(.X) is bounded and hence in case of compact space, C,(X, K) =
C(X,K).

q)eﬁnition 1.2.13. Let f € C(X, K) (continuity of function is not necessary) for a metric\
(or topological) space X. Then f is said to be vanishing at infinity if for every ¢ > 0, there
exists a compact subset Y of X such that

|f(z)| < eforx e Y,

where z € Y denoted the complement of Y. In other words, for each positive ¢, the set
{z € X :|f(z)| > €} is compact. The set of all continuous functions on X vanishing at
infinity is denoted by C(X).

For example, X = K = R, f(x) = e |*l vanishes at infinity. Also the function f : R — R
1

\given by f(z) = aT D

(Deﬁnition 1.2.14. Let X be a metric (or a toplogical) space and f € C(X, K) for K = R\

or C. The support of f denoted by supp(f) is the set of points in X where f is non-zero,
i.e.,

supp(f) :={z € X : f(z) # 0}.

A function f : X — K is said to have compact support if there exists a compact subset Y
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14 §1.2. Subspaces

of X such that
f(z) =0forx € Y°,

where x € Y denoted the complement of Y. In other words, the set {z € X : f(z) # 0}
is compact. The set of all continuous functions on X with compact support is denoted by
Co(X).

For example, f : R — R defined by

_f1-2* ifjz] <1
9 fm_{o if 2] > 1. )

Example 1.2.15. Cy(X) and C,(X) are vector spaces over the field K with the operations of
F(X, K).
Hint: Let f, g € Cy(X). Given € > 0 there exists compact subset Y7 and Y5 of X such that

|f(z)| < g forall x € Y}
lg(z)| < % forall z € Yy
Take Y = Y; UY5. Then

I(f +9)(@)] = |f(z)+g(z)] < §+ % =cforallx € Y°.

Thus, f + g € Cy(X). Similarly, one can show that a.f € Cy(X') which concludes that Cy(X)
is a vector space. The proof of C.(X) is similar.

Example 1.2.16. Let W = {(z,y,2) € R? | ax + by + ¢z = 0}, where a, b, ¢ are constants.
If £ = (1,29, 23) and y = (1, Y2, y3) are points in W, then clearly z + y = (21 + y1, 22 +
Y2, T3 + y3) is also a point in TV as it satisfies the equation in . Similarly, ax also lies in W
for any scalar o.. Hence, W is a subspace of R® which is a place passing through origin.

Example 1.2.17. Let A be a m x n matrix with entries from a field F'. For instance, one may
take a matrix with real entries, i.e., /' = R. Then the set,

W = {z e F™ | Az = 0},

of all solutions of a homogeneous system Ax = 0 is a vector space over F'. Moreover, since
the operations in TV coincides with the operations in F'™), T is a subspace of F(".

Example 1.2.18. Let IV be the set of all n x n real symmetric matrices. Then IV is a subspace
of the vector space M,,x,,(R) of all n x n matrices, because the sum of two symmetric matrices
is symmetric and a scalar multiplication of a symmetric matrix is also symmetric.

Similarly, the set of all n x n skew-symmetric matrices is also a subspace of M, ,(R).

(Deﬁnition 1.2.19. Let U and W be two subspaces of a vector space V. h

(1) The sum of U and W is defined by
U+W={ut+w|uel we W}

(2) A vector space V is called the direct sum of two subspaces U and W, denoted by
V=UaoW,ifV=U+WandUNW = {0}.

P2SOINCMTHO3 2026-27



§1.2. Subspaces 15

It is easy to see that U + W and U N W are also subspaces of V. If V =R?, U = {(z,0) |
r € R} (z-axis), and W = {(0,y) | y € R} (y-axis), then R? = U &V = R & R considering
r-axis and y-axis as R. Similarly, R* = R B R ¢ R.

Exercise 1.2.20. Let U and W be subspaces of V.
(1) Suppose that 7 is a subspace of V' contained in both U and W. Then show that Z is
contained in U N W.

(2) Suppose that Z is a subspace of ' containing both U and /. Then show that Z contains
U+w.

Theorem 1.2.21. A vector space V' is the direct sum of subspaces U and W, i.e., V = USW,
if and only if for any v € V there exist unique v € U and w € W such that v = u + w.

Proof. (=) Suppose that V= U + W. Then for any v € V, there exist vectors v € U and
w € U such that v = u + w, since V' = U + W. Further, suppose that v = ' + w’ for some
v € Uand w’ € W. Then u + w = u' + w’ implies

u—u =w —weUNW ={0}.

Hence, v = ¢/ and w = w'.

(<) Conversely, suppose that given any v € V there exist unique v € U and w € W
such that v = u 4+ w. Clearly, V = U + W. It remains to show that U N W = {0}. Clearly
0 e UNW as U and W are subspaces. Suppose if possible v € U N W, v # 0. Then v can
be written as a sum of vectors in U and W as

v=v+0=0+w.
This is a contradiction to the hypothesis. This completes the proof. U

Example 1.2.22 (Sum, but not direct sum). In R3, consider the three vectors e; = (1,0, 0),
es = (0,1,0), and e5 = (0,0,1). Let U = {ae; + ce3 | a,c € R} be the zz-plane and
W = {bey + ce3 | b,c € R} be the yz-plane. Then both U and W are subspaces of R3. Then
a vector in U + W is of the form

(aeq + crez) + (beg + cae3) = aeq + bey + (c1 + c2)es
= aej + beg + ce3 = (a,b,¢),

where ¢ = ¢;+cy and a, b, c are arbitrary numbers. Thus, U+W = R3. However, R® # UG W
since clearly the vector e3 € U N W and so U N W # {0}. In fact, e3 € R? can be written
and many linear combination of vectors in U and W:

1 1

1 2
€3=§€3+§€3:§63+§€3€U—|—W

Note that if we take W = {ye, | y € R} (y-axis), then it is easy to see that R* = U @ W.

Exercise 1.2.23. Let U and W be subspaces of M,,«,,(R) consisting of all symmetric matrices
and all skew-symmetric matrices, respectively. Show that M,,,,(R) = U & W. Therefore,
such a decomposition of a square matrix A is unique (see Problem 1.11 (3) in our textbook).
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16 §1.3. Bases

1.3 Bases

Any vector (z1, 72, 3) € R? can be written as a sum of scalar multiples of the three vectors
e = (1,0,0),e-(0,1,0) and e5 = (0,0, 1) as

(l‘l,ZL’Q, 133) = 131(1, 0, 0) + IQ(O, 1, O) + ZE3(O, O, 1) = T1€1 + X262 + X3€3.

Such an expression is called a linear combination of vectors e4, es, e3 and we have the following
definition.

G)eﬁnition 1.3.1. Let V be a vector space over a field F’ and let {x1, zo, ..., x,,} be a set op
vectors in V. Then any vector y of the form

Y =171 + QaTs + - - Qp Ty,

\Where o; € F',i = 1,2,...,niscalled a linear combination (over F’) of vectors x1, xa, . . ., L.

The following result shows that the set of all linear combination of a finite set of vectors in
a vector space forms a subspace.
C )

Theorem 1.3.2. Let x|, x5, ..., x, be vectors in a vector space V over F. Then the set

W ={a1x1 + agza + -z, | a; € F}

of all linear combinations of x1,xs, ..., T, is a subspace of V. It is called the subspace of
V spanned by z1, s, ..., Z,. OF T1,%5, ..., x, span the subspace W. The subspace W is
kalso denoted by L({x1,xa,...,2,}). )

Proof. We have to show that IV is closed under addition and scalar multiplication. Let
u,w € W. Then

U= Q1T + 0Ty + - ApTy,
w = 11+ fora + - By,

for some scalars o, 5; € F'. Therefore,
u+w = (ar+ S1)r; + (ag + Bo)r2 + -+ (0 + Bn)Tn
and for any scalar A € F,
A= (Aag)xy + (Aag)zs + -+ (Aay)Ty.

Thus, u + w and Au are linear combinations of z1, xs, . . . , x,, and so they are contained in V.
Hence, W is a subspace of V. =]

We shall denote this space W, the subspace spanned by the set S = {z1,zs,...,2,}, as
L(S).

P2SOINCMTHO3 2026-27
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Definition 1.3.3. Let I/ be a vector space over F' and S be a non empty subset of V. Then
the set of all linear combinations of finite sets of elements of S, denoted by L(.S), is called
the linear span or the span of 5, i.e.,

L(S) ={ajv; + aovg + - - + @y, 01,02, ..., 0, €S, ay,00,...,a, € F, n € N}

Example 1.3.4 (A space can be spanned in many ways). (1) For a nonzero vector v in a
vector space V' over a field F, a linear combination of v is nothing but a scalar multiple
of v. Thus the subspace W of V' spanned by vis W = {av | « € F}.
Note that this subspace W can be spanned by any av, o € F, a # 0.
(2) Consider three vectors e; = (1,0,0), e = (0,1,0) and v = e; + 5 = (1,,1,0) in R?.
The subspace W, spanned by e; and e, is given by

Wy = {04161 + aoey | Qaq,Qp € ]R}
= {<a1705270) ‘ o1, € R},

where as the subspace W, spanned by e, e; and v is given by

WQ = {a161 —+ g€y + agv | a1, Qg, 3 € R}
= {(a1 + a3, a9 + a3,0) [ 1, 9, a3 € R}.

Clearly W; C W,. On the other hand, since v = e; + e; € Wy, we have W, C Wi,
Hence, W, = W, which is the xy-plane in R3.
In general, a subspace in a vector space can have many different spanning sets.
Example 1.3.5 (R™ can be identified as a subspace of R", m < n). Let
€1 = (1,0,0,...,0),
€9 = (0,1,0,...,0),
e, = (0,0,0,...,1)
be n vectors in the n-space R™ (n > 3). Then a linear combination of e;, e, e3 is of the form

Q161 + g€y + (izes = (Oél, 042,053,0, e ,O)

Hence, the set
W:{(Oél,OéQ,Oég,O,...,O) e R": 1,09, (3 GR}

is the subspace of the n-space R™ spanned by the vectors ey, e5, es. Note that the subspace W
can be identified with the 3-space R? through the identification

(Oél,ag,Oég,O, ey 0) = (alao@aai’))

with a; € R.
In general, for m < n, the m-space R can be identified as a subspace of the n-space R".
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18 §1.3. Bases

Example 1.3.6 (Column space). Let A = [¢; ¢ -+ ¢,] be am X n matrix with columns ¢;’s.
Then the column vectors ¢; are in R, and the matrix product Az represents the linear combina-
tion of the column vector ¢; whose coefficients are the components of x = (x1, 29, ..., x,) €
R™, 1.e.,

Ax = x101 + 1909 + - - 0.

Therefore, the set
W ={Az e R™ | x € R"}

of all linear combinations of the column vectors of A is a subspace of R™ called the column
space of A.

Thus, the system Ax = b has a solution (x1, xo, ..., x,) € R™ if and only if the vector b
belongs to the column space of A.

Now, we state the following lemma which gives the properties of linear span. The proof is
straightforward and easy and left as an exercise.

Lemma 1.3.7. Let S and T’ be two non-empty subsets of V. Then
(1) S C T implies L(S) C L(T).
(2) L(SUT) = L(S)+ L(T).
(3) L(L(S)) = L(S).
(4) S is a subspace of V' if and only if L(S) = S.

Exercise 1.3.8. Let S = {1, xs,...,2,} be a subset of the vector space V over F'. Show
that L(.S) is the smallest subspace of V' containing the set S. That is, if U is a subspace of V'
containing xy, s, . . ., T, then L(S) C U.

(Deﬁnition 1.3.9. Let V be a vector space over F' and vy,...,v, € V. We say that they\
are linearly dependent over F' if there exists a, ..., a, € F, not all of them 0, such that
a1 + - - + apu, = 0.

vy, ..., 0, are said to be linearly independent if they are not linearly dependent, i.e.,
if aqvy + agvy + -+ + o, v, = 0 then a; = 0,Vi. Note that if vy, ..., v, are linearly
independent then none of them can be zero, for if v; = 0 (say), then for any o # 0 in F’ we

\have av; + Ovy +--- + Ov,, = 0. Y.

Definition 1.3.10. A non-empty subset M of a vector space V' is called linearly independent\
over F'if every finite subset of M is linearly independent over F'. )

Note that a set of vectors {vy, vs, ..., v,} is linearly independent if the equation
a1v1 + agvo + - - + v, =0

has only the trivial solution (aq,as,...,a,) = (0,0,...,0). The set {vy,vs,...,v,} is
linearly dependent if the above equation has a non-trivial solution (o, ag, . .., ay,). If ayy, # 0,
then the equation can be written as

aq Qo . 9m— 41 Qp

Ump—1— ——Um4l — " — — Uy,
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That is, a set of vectors is linearly dependent if and only if at least one of the vectors in the
set can be written as a linear combination of the others. This means that at least one of these
vectors can be written as a linear combination of the set in two different ways.

Exercise 1.3.11. Let V be a vector space over I, vy, vs,...,v, € V and v; # 0. Then either
they are linearly independent or there exists a £ < n such that vy, is a linear combination of
the preceding ones, vy, Vg, ..., Vg_1.

Question: If vy, ..., v, € V are linearly independent then is it true that every element in their
span has a unique representation (over F)?

The answer to this question is yes and it is proved in Theorem 1.3.23 later in the section. But
first we see some examples.

Example 1.3.12. Let z = (1,2,3) and y = (3,2,1) be two vectors in R3. Then clearly
y # Az for any A € R (or ax + By = 0 is possible only when o = 3 = 0). Thus, {z,y} isa
linearly independent set in R3.

If w=(3,6,9), then {z,w} is linearly dependent as w = 3z or w — 3z = 0.

By the abuse of language, for convenience, we shall say sometimes that “the vectors
x1,%a, ..., T, are linearly independent” instead of say that “the set {x1, xo, ..., 2, } is linearly
independent”.

Example 1.3.13. p;(z) = 2 + 1, pa(x) = 32? + 2 + 3 and p3(x) = 32 + 3z + 5 are three
linearly dependent elements of Rs[x] over R (Verify!).

Remark 1.3.14. Observe that the notion of linear dependence is considered over the field F'.
Hence it depends not only on the given vectors but also on the field. For example, the field of
complex numbers C can be considered as a vector space over R and also over C. The elements
v1 = 1 and v9 = 7 are linearly independent over R as there are no non-zero real numbers a;
and oy such that (o X 1) + (ag x i) = 0. However, when considered over C, they are linearly
dependent since iv; + (—1)vy = 0.

Example 1.3.15. The columns of the matrix

1 -2 -1 0
4 2 6 8
2 -1 1 3

are linearly dependent vectors in R? since the third column is the sum of the first and the
second column.

As in the above example, the concept of linear dependence can be applied to row or column
vectors of a matrix.

Example 1.3.16. Consider the upper triangular matrix

A=

S O N
S = W
= O Ot
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The linear dependence of the column vectors of A may be written as

2 3 ) 0
(03] 0 + Qo 1 + Qs 6] = |0 s
0 0 4 0

which can be written in matrix notation as

2 3 5| | 0
01 6| |ag| =10
0 0 4] |o3 0

From the third row, we get cs3 = 0. Then from the second row, we get co = 0. Finally, using
the fact that co = ¢35 = 0, from the first row, we get ¢c; = 0. Thus, the homogeneous system
has only the trivial solution and so the column vectors are linearly independent.

By the same argument one can prove the following result.

Theorem 1.3.17. The nonzero rows of a matrix in row-echelon form are linearly independent,
and so are the columns that contain leading 1’s.

In particular, rows and columns of a triangular matrix with nonzero diagonal are linearly
independent.

Lemma 1.3.18. (/) If n > m, then any set of n vectors in the m-space R™ is linearly
dependent.
(2) If U is the reduced row-echelon form of A, then the columns of U are linearly
independent if and only if the columns of A are linearly independent.

Proof. If V. = R™ and vy, vs,...,v, are n vectors in R™, then the form an m X n matrix
A = [v; vg -+ v,]. On the other hand, as shown in Example 1.3.6, the linear dependence
a1vy + agve + - -+ + ayv, = 0 is nothing but the homogeneous equation Az = 0, where
x = (o, o, ..., ). Thus, we can say

(1) the columns v;’s of A are linearly independent in R™ if and only if the homogeneous

system Ax = 0 has only the trivial solution, and

(2) they are linearly independent if and only if Ax = 0 has a non-trivial solution.
If U is the reduced row-echelon form of A, then we know that Az = 0 and Uz = 0 have the
same set of solutions. Moreover, we know that a homogeneous system Az = (0 with more
unknowns than the number of equations always has a non-trivial solution. This completes the
proof. |

Example 1.3.19. The matrix A = [e; e e3] is the identity matrix, where e; = (1,0,0),
e = (0,1,0) and e3 = (0,0, 1). Therefore, Az = 0 has only the trivial solution. Hence, the
set {ey, e, ez} is linearly independent. Also, note that it spans R?.

One can check the linear independence of the vectors using the definition also.
Example 1.3.20 (The standard basis for R™). The vectors ey, es, . . ., €, in R™ are clearly linear
independent (Theorem 1.3.17). Moreover, they span R™ as any x = (z1,2,...,2,) € R"
can be written as a linear combination of e;’s as

x=(x1,Ta,...,&,) = X161 + To€g + + -+ + Tpey,.
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Definition 1.3.21 (Basis). Let V' be a vector space over F'. A subset S of V' is called a basis
of V if S is linearly independent (that is every finite subset of .S is linearly independent)
and spans V, i.e., L(S) = V.

For example, the set {eq, e, . .., e, } forms a basis for R", called the standard basis for R™.

Example 1.3.22 (A basis or not). (1) The set of vectors (1,1,0), (0,—1,1), and (1,0, 1) is
not a basis for R? since this set is linearly dependent. Note that, the third is the sum
of the first two vectors. Also, it cannot span R? because the vector (1,0,0) cannot be
obtained as a linear combination of the above three vectors (Prove!). Thus, this set does
not have enough vectors spanning R?.

(2) The set of vectors (1,0,0), (0,1,1), (1,0,1) and (0, 1, 0) is not a basis either, since they
are not linearly independent as the fourth vector is sum of the first two minus the third,
even though they span R3. This set of vectors has some redundant vectors spanning R3.

(3) The set of vectors (1,1,1), (0,1,1), and (0,0, 1) is linearly independent and also spans
R3 (Verify!). Hence, it is a basis for R?, which is different from the standard basis
{e1, €2, e3}. Note that the set cannot be reduced to a smaller set spanning R3. That is,
no proper subset of the set of above three vector spans R3.

Let v = (—1,1,0), y = (1,—1,1) and z = (2,—2,3) denote three elements of R3.
Let u = (—4,4,0) € R3. Then clearly u € L({z,y,z}) since u can be written in as
u = bx + 3y — z. Note that u can also be written as © = 6z + 6y — 2z. Thus in this
case, the expression of an element in the span of x, y, z is not unique. Now consider another
set {e1, €2, e3} where e; = (1,0,0), es = (0,1,0) and e3 = (0,0,1) in R3. Clearly u also
belongs to its span since u can be written as © = —e; + 4ey 4 Oes. As in the previous
case, is it possible to find another representation of u in L({ey, ez, e3})? No? It seems that
such expression is unique in this case. What is the difference; One obvious and immediate
difference is that the vectors x,y, and z are linearly dependent (as z = x + 3y) while we know
that ey, eo, e3 are linearly independent. This brings us back to our question asked earlier:

Question: If vy, ..., v, € V are linearly independent then is it true that every element in their
span has a unique representation (over F)?

We know that every point in the plane R? is uniquely represented using its two coordinates
(i.e., the x-coordinate and the y-coordinate). Likewise, every vector in a vector space can be
uniquely represented as a linear combination of its basis elements. The following theorem
shows that a basis for a vector space represents a coordinate system just like the coordinate
system in R?.

Theorem 1.3.23. If vy, ..., v, € V are linearly independent, then every element in their
linear span can be uniquely expressed in the form \yvy + - - - + \,v, with \; € F.

Proof. By definition of linear span, every element in L({vy,...,v,}) is of the form \jv; +
-+« + Apvp. Suppose if possible v € L({vy,...,v,}) can be expressed in two different ways,
say, v = \jv; + - + \v, and v = pqvy + - - - + ppvy,. Then

)\1U1—|—---+)\n’0n:U:M1U1+"'+ann~

This implies,
(A1 — p)vr + (A — p2)ve + - -+ 4+ (A — pn) vy, = 0.
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Since, vy, vy, ..., , v, are given to be linearly independent, we conclude that \; — p; = 0 for
all 7 and hence every element v € L({v,...,v,}) has a unique representation. B
Question 1.3.24. Is the converse true? That is if every element v € L({vy,...,v,}) has a
unique representation given in above lemma, then can we say that vy, vs, . . ., v, are linearly
independent?

Example 1.3.25 (Two different bases for R?). Let S = {ey, 2, e3} be the standard basis for
R3 and let S" = {vy,v9,v3}, Wwhere v; = e; + €3 +e3 = (1,1,1), 12 = e3 + e3 = (0,1, 1),
and v3 = e3 = (0,0, 1). Then S’ is also a basis for R? (see Example 1.3.22). It is easy to see
that for any = = (1, T2, z3) € R3, one can write

T = X1€e] + Tols + T3€3

= 2101 + (T2 — x1)vg + (T3 — x2)v3.

1.4 Dimensions

The following lemma is one of the most important results in linear algebra which explains the
relationship between spanning sets and linearly independent sets.

Lemma 1.4.1. Let V' be a vector space over F and S = {x1,xs,..., T} be a set of m
vectors in'V.

(1) If S spans V, then every set of vectors with more than m vectors cannot be linearly
independent.

(2) If S is linearly independent, then any set of vectors with less than m vectors cannot
span'V.

Proof. We are given that L(S) =V, i.e., S spans V. Let S' = {y1,92,...,yn} be asetof n
vectors in V' with n > m. We have to show that S’ is linearly dependent. Since each vector y;
is a linear combination of the vectors in the spanning set S, we have

m
Yj = Q01 + QT + -0+ Qi Ty, = Z QT
i=1

Now,
iy + Payz + -+ 4 Buyn = Pr(anixy + aoia + -+ - + Qi)
+ Pa(an2my + s + -+ - + Qo)
+ e

+ ﬁn(alnxl + Qop X2 + -+ amTL*rm>‘

Grouping together the coefficients of the same vector gives

Biyr + Bayo + - 4 Bpyn = (1181 + ciafBe + - - + a1 Bn) 11
+ (2181 + oy + -+ + a2 Bn) 12
J’_ e
+ (m1Br + amafa + -+ Q) T
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Thus, since S = {x1, za, ..., x,,} is linearly independent, the condition

Biyi + Bayo + -+ + Buyn =0

is equivalent to the following homogeneous system of m linear equations in n unknowns
/817627 ‘e 76n’ where n > m.

o181 +aqfBe+ -+ ag By, =0,
g1 By + agafa + -+ ag By, =0,

O‘mlﬁl + am2ﬁ2 + -+ amnﬁn =0

We know that S’ is linearly dependent means (5131 + favyz + - -+ + Bnyn = 0 for some
(B1, B2y -y Bn) # (0,0,...,0). Therefore, S’ is linearly dependent if and only if the system
of linear equations

Bryr + Bayo + - -+ + Bpyn =0

has a non-trivial solution (51, 5, . . ., B,).

Since m < n, by Lemma 1.3.18, the following homogeneous system of linear equations in

Bi’s

Q11 Q12 o Qap 51 0
Qo1 Qg2 - Qg 52 0
A1 Op2 o O 571, O

must have a nontrivial solution. Hence, S’ is linearly dependent.

Now, we prove (2). Let S be linearly independent. Then we have to show that nay set of
vectors with less than m vectors cannot span V. Suppose, if possible, S’ is a set of vectors in
V with |[S’| =n < m = |S| such that L(S’) = V. Then by (1), any set having more than n
vectors in V' cannot be linearly independent. Thus, S cannot be linearly independent which is
a contradiction to the hypothesis. This completes the proof of (2). U

From the above result it is clear that if S = {x1,xs,...,z,} of n vectors is a basis for a
vector space V over F, then no other set {y1, v, . .., y,} of r vectors can be a basis for V' if
r # n. Hence, all bases for a vector space V' over F' must have the same number of vectors,
even if there are many different bases for the space. Consequently, we have the following
important result.

e )
Theorem 1.4.2. If a basis for a vector space V' over F' consists of n vectors, so does every
\Other basis. )

G)eﬁnition 1.4.3. The dimension of a vector space V' over a field F' is the number, say n,\
of vectors in a basis for VV over F', written by dim V' = n. The dimension of V' over F'is
usually denoted by dim V' or sometimes by dimp V' (to stress that dimension of V' is over
the field F).

\_ When V" has a basis of finite number of vectors, V' is said to be finite dimensional. )
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Thus, a vector space V' over F' is said to be finite dimensional (over F') if there is a finite
set S such that L(S) = V. However, note that dim V' is not necessarily |S|. We can say that
dim V' = |S] if S is also linearly independent, i.e., S forms a basis for V' over F.

Example 1.4.4 (Computing the dimension). The following are clear.

(1) fV = {0}, then dim V' = 0.

(2) If V. = R is a vector space over R, then the standard basis {ej,es,...,e,} for V
implies that dim R™ = n over R.

(3) If V is the space of all polynomials of degree less than or equal to n over R, denoted by
P,(R) or R, [z], then dim R, [z] = n + 1. Note that {1, z,z?, ..., 2"} forms a basis for
R,,[x] over R.

4) If V.= M,,x»(R) of all m x n matrices, then dim M,,,,(R) = mn since {E;; | i =
1,...,m, j=1,...,n}is abasis for V, where E;; is the m X n matrix whose (i, j)-th
entry is 1 and all others are zero.

If V= C(R), the space of all continuous real-valued functions defined on R, then one can
show that V' is not finite dimensional. A vector space V' is infinite dimensional if it is not
finite dimensional. In this course, we are concerned only with finite-dimensional vector spaces
unless otherwise specified.

4 )

Theorem 1.4.5. Let V' be a finite dimensional vector space over F.

(1) Any linearly independent set in V' can be extended to a basis by adding more vectors
if necessary.

(2) Any set of vectors that spans V' can be reduced to a basis by discarding vectors if
necessary. )

-

Proof. (1) Let S = {x1,x9,...,2,} be alinearly independent set in V. If S spans V/, then
S'is a basis for V. If S does not span V/, then there exists a vector, say z,11, in V' such
that x,,,1 € L(95), i.e., that is it cannot be written as a linear combination of elements of
S.

Claim. {z1,xs,...,2,, Ty} is linearly independent.
Letayxy + -+ 4+ apxy + o141 = 0.

Case 1. o, 1 = 0.

Then we have oz + - -+ + ax, + 02,01 = 0. Since xy, 29, ..., 2, are linearly
independent, o; = 0 forall: =1,2,...,n.

Case 2. o, 1 # 0.

Then Tnp1 = —aﬁlml — afilmg N ﬂ% Then x,,; € L(S) which is a
contradiction.

Hence, the claim. That is, S U {z,,41 } is linearly independent. Now, if it spans V/, then
it is a basis for V. If it does not span V/, then the same procedure can be repeated giving
a linearly independent set that spans V, 1.e., a basis for V. Once we get a basis (i.e., a
spanning set), this process stops by Lemma 1.4.1 (1) as any further larger set cannot be
linearly independent. Since V' is finite dimensional, by definition of basis, this process
must stop in a finite number of steps.

This completes the proof of the first part.
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(2) Exercise.
O

Remark 1.4.6. Above theorem shows that a basis for a vector space V' over F'is a set of
vectors in V' which is maximally independent and minimally spanning. That is,

Card(L.I. set) < Card(Basis) < Card(Span).

In particular, if W is a subspace of V/, then any basis for W is a linearly independent set in W
and hence also in V. Therefore, it can be extended to a basis for V' (by the above theorem).
Consequently, dim W < dim V.

Corollary 1.4.7. Let V be a vector space over F' of dimension n. Then

(1) any set of n vectors that spans V' is a basis for V, and
(2) any set of n linearly independent vectors in V' is a basis for V.

Proof. If a spanning set of n vectors is not linearly independent, then by (2) of the above
theorem, it can be reduced to a basis for V' by discarding some vectors. Then the resultant set
has less than n elements which forms a basis for V. This is a contradiction to the hypothesis
that dim V' = n. This proves (1).

If a set of n linearly independent vectors does not span V/, then by (1) of the above theorem,
it can be extended to a basis by adding more vectors. Then the resultant set has more than n
elements which forms a basis for V. Again this is a contradiction to dim V' = n. This proves
(2). g

Above corollary says that if it is known that dim V' = n and if a set has n vectors which is
either linearly independent or spans V/, then it is already a basis for V. That is, we need to
check only one condition for the basis if the dimension of the space is known.

Example 1.4.8 (Constructing a basis). Let IV be the subspace of R* spanned by the vectors
ry = (1,-2,5,-3), o = (0,1,1,4), x3 = (1,0, 1,0).
Find a basis for W and extend it to a basis for R*.

Solution. Since W is spanned by 3 vectors, dim W < 3.
We start with the 3 x 4 matrix A whose rows are x1, 1o, and 3.

1 -2 5 -3
A=10 1 1 4
1 0 1 O

We reduce A into a row-echelon form as follows. Eliminate the leading entry in the first
column of row 3 using the operation R3 < R3 — Ri:

1 -2 5 =3
0 1 1 4
0 2 -4 3
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Eliminate the entry in the second column of row 3 using the operation R3 < R3 — 2R5:

1 -2 5 =3
0 1 1 4
0 0 -6 =5

Normalize the third row by multiplying by —# (i.e., R3 <— — & R3) to get the final row-echelon
Form matrix U:

1 -2 5 -3
U=10 1 1 4
0o 0o 1 3

6

The three non-zero rows of the matrix U are clearly linearly independent (Note that the LI
can be checked by taking a linear combination also). Moreover, they also span W as the
vectors x1, s, and x3 can be expressed as a linear combination of these three non-zero row
vectors of U. Therefore, the three non-zero rows of U forms a basis for W and so does the set
{z1, 9,23} (by Corollary 1.4.7).

Now, we know that dim R? over R is 4 as {e1, ey, €3, €4} is the standard basis for R?. So
we need to add one more vector to {x;, z9, z3} or to the rows of U to extend the basis for
W to a basis for V. Note that x4, = (0,0,0,1) & L({z1, 22, 23}). Thus, {z1, a9, x5, x4} (Or
adding x4 to the non-zero rows of U) gives a basis for R* extended from the basis for . [

Exercise 1.4.9. Let V be a vector space over F' and W be a subspace of V. Show that if
dimW =dimV,then W = V.

Exercise 1.4.10. Find a basis and dimension of each of the following subspaces of M, (R) (or
M, 5 (R)) of all the n x n matrices over R.

(1) The space of all n x n diagonal matrices whose traces are zero.
(2) The space of all n X n symmetric matrices.
(3) The space of all n x n skew-symmetric matrices.

Corollary 1.4.11. Let V' be a vector space over F. For any subspace U of V, there is a
subspace W of V such thatV=U @& W.

Proof. Choose abasis {uy, us, . .., u} for U, and extend it to a basis {u1, . . ., Ug, U1, - - -, Up }
for V. Let W be the subspace spanned by {1, ..., u,},i.e.,

W = L({ugs1,- -, un}).
Then we show that V = U @ W. Thatis, V =U + W and U NV = {0}.

Let v € V. Since every element in V' can be written as a linear combination of basis
elements, we have

U= o1U + -+ opUp + Qpp1Uky1 T+ Q.

Since {uy,...,ux} is a basis for U and {ug1,- - ,u,} is a basis for W, the elements u =
Uy + - + aguy and agqugsr + - - + apu, belong to U and W orespectively. Therefore,
v=u-+vandsoV =U + W. Now, letz € U N W. Then

r=PFur+ -+ Fru €U
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and
T = Brp1Ups1 + -+ B, €W

for some 3; € F',i =1,2,...,n. Therefore,

Brur + - + Bruk — Bryrtugsr — - — Bptn = 0.
Since {uy, ..., ug, Ugys1,- -, Uy} is a basis for V, 5; = 0 for all i. Therefore, x = 0. Hence,
UNW = {0}. This completes the proof. O
Exercise 1.4.12. Let {vy,vs,...,v,} be a basis for a vector space V and let W; = {rv; : r €

R} be the subspace of V' spanned by v;. Show that V =W, & Wo @ - -- & W,.

1.5 Row and column spaces

Let A be m X n matrix with rows and columns abbreviated as follows:

ayx Qa2 - Qip (8]
21 Q22 -+ Q2p T2
A= | ; L=
Am1 Qm2 = Qmp T'm
— |: Cl CQ P cn:| ,

where 7; is the i-th row vector of A in R™ and ¢; is the j-th column vector of A in R™

G)eﬁnition 1.5.1. Let A be am x n matrix with row vectors {ry,rs, ..., 7, } and column
vectors {cy, Ca, ..., Cp .

(1) The row space of A is the subspace in R" spanned by the row vectors {ry, ra, ..., 7},
denoted by R(A).

(2) The column space of A is the subspace in R spanned by the column vectors
{c1,¢2, ..., ¢y}, denoted by C(A).
(3) The solution set of the homogeneous equation Ax = 0 is called the null space of A,

S denoted by NV(A). )

The null space N'(A) is a subspace of the n-space R". Its dimension is called the nullity of
A. Since the row vectors of A are just the column vectors of its transpose A” and the column
vectors of A are the row vectors of AT, the row (column) space of A is just the column (row)
space of A7 i.e.,

R(A) =C(A") and C(A4)=R(A").

Note that C(A) = w1c1 + 2acp + - - - + TpCp, fOr 21, 29, .. ., 1, € R. Thus,
C(A) ={Ax |z e R"},

where © = (x1, z9, ..., z,). Thus, give a vector b € R™, the equation Ax = b has a solution
if and only if b € C(A) C R™. In other words, the column space C(A) is the set of vectors
b € R™ for which Ax = b has a solution.
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28 §1.5. Row and column spaces

Example 1.5.2 (Find a basis for the null space). Let U be in the reduced row-echelon form
given by

100 2 2
010 -1 3
U= 001 4 -1
000 0 O

Clearly the first three rows containing the leading 1’s are linearly independent and they for
a basis for R(U). So, dim R(U) = 3 (since the last two is the zero vector). Likewise, the
first three columns containing leading 1’s are also linearly independent (by Theorem 1.3.17).
However, the last two columns of U can be written as a linear combination of these three
columns. So, we have dim C(U) = 3 as the first three columns form a basis for CU).

Now, to obtain a basis for the null space N (U), we first solve the system Uz = 0 to get

1(1’1) + 0(1’2) + O(ZL’3) + 2(?[)4) + 2(1‘5)
0(z1) + 1(x2) + 0(z3) — 1(z4) + 3(x5)
0(x1) + 0(ze) + 1(w3) + 4(x4) — 1(x5)

I
o o o

We have five variables and three equations. Taking the free variables x4, = s and z5 = ¢,
rewriting each equation to isolate the basic variables (z1, x2, x3) in terms of the free parameters
(s,t), wehave xr1 = —2s — 2t 19 = s — 3t x3 = —4s + t.

Writing all the five variables back into a single column vector x, we get

T —2s — 2t -2 -2
To s—3t 1 -3
T= |x3| =|—4s+t| =s|—4| +t| 1 | =sng+tn,.
Ty s 1 0
T5 t 0 1

Thus, the two vectors ng = (—2,1,—4,1,0) and n, = (—2,—3,1,0, 1) span the null space
N (U), where s and t are arbitrary values of the free variables x4 and x5 respectively. Looking
at their last two coordinates, we can say that they are linearly independent also. Therefore,
{ns,n;} form a basis for the null space N'(U) and hence dim N (U) = 2.

C )
Theorem 1.5.3. Let U be a (reduced) row-echelon form of a matrix A. Then

R(A) = R(U) and N(A) = N(U).

Moreover, if U has r nonzero row vectors containing leading 1’s, then they form a basis for

Qhe row space R(A), so that the dimension of R(A) is r. )

Proof. Given any matrix A, we first investigate the row space R(A) and the null space N (A)
of A by comparing then with the row space of R(U) and the null space N (U) of its reduced
row-echelon form U. Since the solution set of Az = 0 and Ux = 0 is the same (because
elementary row operations do not alter the solution set of a system of equations), we have

N(A) = N(U).
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Let {71,792, ...,y } be the row vectors of an m x n matrix. The following three types of
elementary row operations change A into the matrices A;, 7 = 1,2, 3.

[71 ] o]
: r; :

Ay = |kry| fork #0; Ay=|:| fori<yj; As=|r+kr;
. v i

L7m | L Tm

Clearly, the row vectors of the three matrices A;, Ay, and A3 are linear combinations of
the row vectors of A. On the other hand, by the inverse elementary row operations, these
matrices can be again changed into A. Thus, the row vectors of A can also be written as linear
combinations of those of A;’s. This means that if matrices A and B are row equivalent, then
their row spaces must be equal, i.e., R(A) = R(B).

Now, the nonzero row vectors in the reduced row-echelon form U are always linearly
independent and span the row space of U (see Theorem 1.3.17). Thus, they form a basis for
the row space R(A) of A. This completes the proof. O

Example 1.5.4 (Find a basis for the row space and the column space of A). Let A be a matrix
given by

1 2 0 2 5 r
=2 =51 -1 =8| |n
A=10 33 4 1|7 |

3.6 0 -7 2 ry

Find bases for the row space R(A), the null space N'(A), and the column space C(A) of A.

Solution. Basis for the row space R(A) of A.
We use the Gauss-Jordan elimination on A to get the reduced row-echelon form U of A.
The pivot in Row 1, Column 1 is 1. We eliminate the non-zero entries below it using:
o Ry« Ry+ 2Ry
e Ry + Ry, —3R;

1 2 0 2 5
0O -1 1 3 2
0 -3 3 4 1
0 0 0 —-13 —-13

Multiply Row 2 by —1 (Rs + —1 - Ry):

1 -1 -3 =2
-3 3 4 1
0 0 —-13 —-13

o O O

Eliminating the non-zero entries above and below Row 2, Column 2:
® R1 — R1 — 2R2
* R3 < Rg + 3R2
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30 §1.5. Row and column spaces

1 0 2 8 9

01 -1 -3 =2
00 0 -5 -5
00 0 -13 —-13

Column 3 has no non-zero pivot candidates below Row 2, so we move to Column 4.
Dividing Row 3 by —5 (R3 < —%Rg), we get

10 2 3 9
01 -1 -3 =2
00 O 1 1
00 0 -13 —-13

Eliminating the remaining entries in Column 4, we get
e R+ Ry — 8R3
° R2 < R2 + 3R3
* Ry <+ R4+ 13R3

10 2 01
01 -1 01
U= 00 0 11
00 0 00O

Since elementary row operations preserve the row space, R(A) = R(U). The non-zero rows
vi=(1,0,2,0,1), vs=(0,1,—-1,0,1), wv3=(0,0,0,1,1)
of U form a basis for R(A) as they are linearly independent. So,
dimR(A) = 3.

Note. Note that, the elementary row operations did not involve interchanging of rows. Thus,
the first three rows of U were obtained from the first three rows 71, 79, 3 of A. Consequently,
the first three rows of A also form a basis for the row space R(A) of A.

Basis for the null space \/(A) of A

Since N'(A) = N (U), it is enough to solve the homogeneous system Uz = 0. Since the
first, second and the fourth columns of U contain the leading 1’s, the basis (or pivot) variables
are r1, 2, and x4 while the free variables are z3 = s, x5 = t. Thus, Ux = 0 gives

T1+2r3+25=0 —= 21 =—-25—1
To—23+x5=0 = a9 =5—1
ZE4+I5:0 — £B4:—t

In vector form, we have

s} —2 —1
T2 1 —1
r=|xz| =s| 1| +t|0|,=sns+1tn
Ty 0 —1
Ty 0 1
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where n, = (—2,1,1,0,0) and n, = (—1,—1,0,—1,1). The two vectors n, and n; are
solutions when (ng,n;) = (s,t) is (1,0) and (ng, n;) = (s,t) is (0, 1). Also, they are linearly
independent (looking at their 3rd and 5th coordinate). Thus, the set {n,, n;} forms a basis for
N(A), and so dim N (A) = 2.

Basis for the column space C(A) of A

Let c1, ¢a, c3, ¢4, c5 denote the column vectors of matrix A. Since these column vectors
span C(A), we only need to discard the columns that can be expressed as linear combinations
of the other column vectors.

The linear dependence equation is given by
T1C1 + XoCo + 1303 + X404 + 1505 =0, ie., Ar =0
This holds if and only if z = (1, ...,25)" € N(A). By taking the basis vectors of N'(A):
ne=(-2,1,1,0,00" and n, = (-1,-1,0,—1,1)"
we obtain two non-trivial linear dependence relations among the columns of A:

—261+CQ+03:O

—Cl—CQ—C4+C5:O

Hence, the column vectors c3 and ¢ (corresponding to the free variables in Az = 0) can be
expressed as:

C3:261—CQ
Cs =C1+Ca+ ¢y

Since ¢ and c; are linear combinations of ¢, ¢y, ¢4, the reduced set {c;, ¢a, ¢4} still spans
C(A).

To show that {c;, c2, ¢4 } is linearly independent, define the submatrices:

1 2 2 1 00
~ -2 -5 -1 ~ 010
A = [Cl Ca 04] = 0 _3 4 ) U - [ul U2 u4] = O 0 1 )
3 6 -7 0 00

where u; is the j-th column vector of U.

« Clearly, U is the reduced row-echelon form of A, so N'(A) = N(U).

e The columns uy, us, 14 contain the leading 1’s and are clearly linearly independent.
Thus, Uz = 0 has only the trivial solution.

« This implies Az = 0 also has only the trivial solution, proving that {c1, 2, ¢4} is linearly
independent.

Therefore, {c1, ca, ¢4} is a basis for C(A) and so dim C(A) = 3 = number of basic variables.

That is, the column vectors of A corresponding to the basic variables in Uz = 0 form a
basis for the column space C(A). O

Summarizing, given a matrix A, we first find its reduced row-echelon form U of by Gauss-
Jordan elimination. Then
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* abasis for R(A) = R(U) is the set of nonzero row vectors of U,

* a basis for N (A) = N(U) can be found by solving Uz = 0, Note that, in general,
C(U) # C(A), since the column space of A is not preserved by Gauss-Jordan elimination
(see Exercise 1.5.7) However, we have dim C(A) = dim C(U), and a basis for C(A)
can be formed by selecting the columns in A, not in U, which correspond to the basic
variables (or the leading 1’s in U).

Alternatively, a basis for the column space C(A) can also be found with the elementary
column operation, equivalent to finding a basis for the row space R(AT) for AZ.

Exercise 1.5.5. Find bases for R(A) and N (A) of the matrix

1 -2 0 0 3
2 =5 =3 -2 6
A= 0 5 15 10 O
2 6 18 8 6

Also, find a basis for C(A) by finding a basis for R(AT).

Exercise 1.5.6. Let A and B be two n X n matrices. Show that AB = 0 if and only if the
column space of B is a subspace of the null space of A.

Exercise 1.5.7. Find an example of a matrix A and its row-echelon form U such that C(A) #
C(U). What is wrong in C(A) = R(AT) = R(UT) =C(U)?

1.6 Rank and nullity

Theorem 1.6.1 (The fundamental theorem). For any m x n matrix A, the row space and
the column space of A have the same dimension; that is, dim R(A) = dim C(A).

Proof. Let dim R(A) = r and let U be the reduced row-echelon form of A. Then the number
of non-zero rows (or columns) of U containing leading 1’s is , which is equal to the number
of basic variables in Uz = 0 or Az = 0. We shall prove that dimC(A) = r = dim R(A) by
showing that the r columns of A corresponding to the leading 1’s (or basic variables) form a
basis for C(A).

(1) They are linearly independent.
Let A denote the the submatrix of A whose columns are those of A corresponding to the
7 basic variables (or leading 1’s) in U, and let U denote the submatrix of U consisting
of the r columns containing leading 1’s. Then, clearly, U is the reduced row-echelon
form of A. Therefore, Ax = 0if and only if Ux = 0. But Uz = 0 has only trivial
solution since the columns of U containing the leading 1’s are linearly independent (by
Theorem 1.3.17). Thus, Ax = 0 also has only trivial solution. So, the columns of A are
linearly independent.

(2) They span C(A).
The goal is to show that every column of A can be written using only the pivot columns
(i.e., the columns in A which corresponds to the basic variables).

P2SOINCMTHO3 2026-27



§1.6. Rank and nullity 33

Let the columns of A corresponding to free variables be {c;,, c;,, . .., c;, }. Choose one
specific free variable column, say ¢;.. The corresponding free variable is ;. Consider
the homogeneous system of equations:

Ax = xic1 + w909 + -+ - + 10, =0

Now, assign specific values to the free variables as follows.
* Set z;, = 1 (for our chosen free column).
* Set all other free variables equal to 0.
Since all other free variables are set to 0, their corresponding terms vanish from Az = 0.
The remaining equation contains only the following
* The chosen free column ¢;; (with coefficient 1).
¢ The basic columns (in fl) with their calculated non-zero coefficient values.
Thus, Az = 0 simplifies to

ci, + (linear combination of columns of A)=0
Rearranging the terms, we get
c;; = —(linear combination of columns of A)

This proves that c;; is a linear combination of the columns of A. Since this argument
holds for every free column ¢;; (j = 1,2,..., k), all free columns are redundant for
spanning C(A). Therefore, the columns of A span C(A). This completes the proof.

U

Remark 1.6.2. Suppose dim R(A) = r. Then there are r linearly independent rows. Then in
the reduced row-echelon form U of A, there are  non-zero rows. There are r leading 1’s and
so there are r pivot-columns (in the reduced row-echelon form U of A), i.e., columns corre-
sponding to basic variables. These  columns are linearly independent (by Theorem 1.3.17).
Thus, dim C(A) > r.

On the other hand, since the inequality holds for arbitrary matrices, using AT in place of
A, we get dimC(AT) > dimR(A”). But C(A) = R(A) and R(AT) = C(A). This gives
dimR(A) > dimC(A). Hence, dim R(A) = dim C(A).

In summary, Theorems 1.5.3 and 1.6.1 establish the fundamental relationships among the
row space, column space, null space, rank, and nullity of a matrix. These results are collected
below for our convenient reference.

dim N(A) = dim NV (U)

= the number of free variables in Uz = 0,

dimR(A) = dim R(U)
= the number of nonzero row vectors of U
= the maximal number of linearly independent row vectors of A
= the number of basic variables in Uz = 0

= the maximal number of linearly independent 1column vectors of A
=dimC(A).
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34 §1.6. Rank and nullity

The first group of equalities shows that elementary row operations preserve the null space
dimension, so the nullity can be computed directly from a row-echelon form. The second
group shows that the dimensions of the row and column spaces are equal, and this common
dimension is called the rank of the matrix.

Definition 1.6.3. For an m x n matrix A, the rank of A is defined as the dimension of its
row space (or its column space), and is denoted by rank A.

Since, dimR(A) = dimC(A), either space may be used to compute the rank. Clearly,
rank(7,,) = n, and rank(A) = rank(A7).

[Corollary 1.6.4. If A is an m x n matrix, then rank(A) < min{m, n}. ]

Proof. For an m x n matrix A, since dim R(A) < m, and dim C(A) < n, the result follows

immediately. |
Since

dimR(A) = dimC(A) = rank(A),
and the nullity of A equals the number of free variables in the homogeneous system Az = 0,
we obtain one of the most important results in linear algebra.

C )
Theorem 1.6.5 (Rank-Nullity Theorem). For any m x n matrix A,

dim R(A) 4+ dim N (A) = rank(A) + nullity(A) = n.
dim C(A) + dim N(AT) = rank(A) + nullity(A") = m.
S ~/

Proof. Since
dimR(A) = dimC(A) = rank(A),

the rank of A equals the number of pivot (basic) variables in the homogeneous system Az = 0.
Likewise, dim A/ (A) = nullity(A) is the number of free variables.

Every variable in the system is either a basic variable or a free variable. Since there are n
variables altogether,
rank(A) + nullity(A) = n.

Replacing rank(A) by dim R(A) gives
dimR(A) 4+ dim N (A) = n.
Applying the same argument to the transpose matrix A”, which has m columns, yields

rank(A”") + nullity (A")

m.
Since rank(AT) = rank(A) = dim C(A), we obtain
dim C(A) + dim N (AT) = m.

This completes the proof. B
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An important consequence of the Rank—Nullity Theorem occurs when the null space is
trivial, which is given by the following corollary.

[Corollary 1.6.6. Let A be an n x n square matrix. Then A is invertible if and only l]j
rank A = n.

Proof.

A s invertible < Az = 0 has only trivial solutionz =0  (by a theorem)

< N(A) = {0}
< dim N (A) = nullity(A) =0
& dimR(A) =rank(A) =n (by the Rank Theorem).
g
Example 1.6.7. Find the rank and nullity of
1 2 0 2

1

-1 -2 1 1 0
A_12—3—72’

3

1 2 -2 -4

Solution. To determine the rank and nullity of A, we reduce it to row echelon form using
elementary row operations. Since the first entry of the first row is already a pivot, eliminate
the entries below it.

RQ(—RQ+R1,
R3 < R3 — Ry,
R4FR4—R1.

This gives

12 0 2 1

00 1 3 1

00 -3 -9 1|°

00 —2 —6 2
Now use the pivot in Row 2 (column 3). First, R3 < R3 + 3R,, which yields Ry =
(0,0,0,0,4). Next, Ry < R4 + 2R,, giving R4 = (0,0,0,0,4). Hence, the matrix take the
form

1 20 21

001 31
000 0 4|

0000 4

Finally, R, < R4 — R3, to obtain

1 20 21
001 31
U= 00 0O0 4
00 0O00O0
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For convenience, divide the third row by 4, to get

o o O
oS O O N
o O = O
S O W
O = ==

Observe that there are three nonzero rows. Therefore, rank A = 3. The pivot columns are
columns 1, 3, 5. Thus the corresponding columns of the original matrix form a basis for the

column space. By the Rank-Nullity Theorem,

dim(N(A)) =5 —dim(R(A)) =5 -3 =2.

Therefore,

rank A = dim R(A) = dimC(A) = 3,

nullity A = dimN'(A) = 2.

O
-
Theorem 1.6.8. For any two matrices A and B for which the product AB is defined,
(1) N(AB) 2 N(B).
(2) N((AB)") 2 N(A").
(3) C(AB) C C(A).
_ (4) R(AB) C R(B). )
Proof. Suppose A € R™*" B € R"P. Then AB € R"*P.
() N(AB) 2 N(B).
re€N(B)= Br=0
= A(Bz) = (AB)z =0
=z € N(AB).
Hence, | NV (B) C N(AB).
) N((AB)T) 2 N(AT).
ye N(AT) = ATy =0
= BT(ATy) = (BTAT)y =0
= (AB)"y =0 (- (AB)=B"AT)
=y c N((AB)").
Hence, | V' (AT) C N((AB)™).
(3)C(AB) CC(A).
y€C(AB) =y = (AB)x for some vector = (by definition)
=y = A(Bx) (by associativity)
=y =Au (taking u = Bx)
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=y € C(A).

Hence, |C(AB) C C(A).
(4) R(AB) C R(B).

R(AB) =C((AB)")
=C(BTAT) (. (AB)" = BTAT)
c ¢(B") (by (3))
— R(B)
Hence, | R(AB) C R(B). O

Corollary 1.6.9. For any matrices A and B for which the product AB is defined,

rank(AB) < min{rank(A), rank(B)}.

Proof. We know that rank(A) = dimR(A) = dim C(A). By (3), we have
C(AB) C C(A) = rank(AB) = dimC(AB) < dimC(A) = rank(A).
Similarly, by (4), we have
R(AB) C R(B) = rank(AB) = dimR(AB) < dim R(B) = rank(B).

Combining the two inequalities gives

rank(AB) < min{rank(A),rank(B)}.

g

In some particular situations, equality holds. For example, if A is a square matrix and
invertible, then multiplication by A does not change the rank of another matrix. The following
exercise explains this result.

Exercise 1.6.10. Let A be an invertible square matrix. Show that, for any matrix A,

rank(AB) = rank(B) = rank(BA).

1.7 Bases for subspaces

Let VV and W be two subspaces of R". In this section, we shall see two ways of finding bases
for the subspaces V' + W and V N W and hence deduce an important relation between the
dimension of these spaces in terms of the dimensions of Vand WW.

Let S = {v1,v2,...,v;} and S = {wy, we,...,w;} be bases for Vand W respectively.
Let () be the n x (k + [) matrix whose columns are those basis vectors, i.e.,

Q:[Ul U wl}nx(k—f—l)'
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38 §1.7. Bases for subspaces

Theorem 1.7.1. Let V and W be two subspaces of R", and () be the matrix defined above.

(1) C(Q) =V + W, so that a basis for the column space C(Q) is a basis for V. + W.
(2) N(Q) can be identified with VN W so that dim(V N W) = dim N (Q).

Proof. (1) From the definition of the matrix @ it is clear that C(Q) = V + W.
(2) Letx = (ay,...,ax, b1, ...,b) € N(Q) C R¥! Then Qz = 0, which gives

avy + - -+ agvg + bywy + - - + bw, = 0.

Then we get
avr + s ARy = —(b1w1 +- blwl).

Let ajv; +- - -+ agvy, = y = —(bywy + - - - + bw;). Since ajvy + - - - + agvy, € V (being
linear combination of basis elements of V') and byw; + - - - + bjw; € W (begin linear
combination of basis elements of 1), y € V N W. Thus, given any vector x € N (Q),
thereisa vectory € VN W.

Conversely, let y € V N . Then y can be written as a linear combinations of the bases
of V' and IV independently as follows.

Y = a1V + - + aplg,
Yy =biwy + -+ by,

for some aq,...,a; and by, ...,b; in R. Then
alvl+---+akvk—b1w1+---—blwl:0.
Then Qx = 0 for x = (ay,...,ay, —by,...,—b) € R¥ Thatis, z € N(Q). Thus,

given any vector y € V N'W C R, there is a corresponding x € N (Q) C RFF,
Hence, the function 7' : N (Q) — V N W defined by T'(x) = y is a one-one corre-
spondence between the sets N'(Q) and V' N W (Why is T one-one? Check!), where
x = (a1,...,a5,be,...;0) and y = ajv; + -+ + apvpy = —(bywy + -+ + bwy) as
defined before.
Further, if 7'(z1) = y; and T'(z3) = y», then we shall show that T'(z1 + 23) = y1 + ¥
and T'(«wrq) = ay for any o € R. This proves that the spaces N (Q)) and V NV can be
identified as vector spaces (we shall see that this identification 7" is called isomorphism
in Section 27?).
To prove this, let

Ty = (a117 oy gy i, 7515)
and

Ty = (Cbgl, <oy A9, bgl, e 7b2l)

be two vectors in N (), and suppose they correspond to
Y1 = apvy + -+ Qg

and
Yo = QA21V1 + - -+ + GopVk.

Now,
1+ 2y = (ann + 21, ..., Q1 + o, by + boy, ..., by + bay).
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The vector corresponding to z; + x5 is therefore

y = (a1 + ag1)vr + - - + (a1 + ao)vk
= (CL11U1 + -+ alkvk) + (CL21U1 + -+ Clzkvk)

=1+ Yo
Hence x; 4 x5 corresponds to y; + y». Similarly, for any scalar «,
ar) = (aayy, ..., aa, abyy, . .., aby).
The corresponding vector is

Yy = a11v1 + -+ aapUk
= Oé(a111)1 + -+ alkvk)

= ayi.-

In particular, for a basis for N'(Q), the corresponding set in V' N TV is a basis for V N V.
That is, if the set of vectors

xrr = (a117 cee aa1k7b117 cee 7bll)7

Ts = <a817 s 7ask7bsl7 s 7bsl)

is a basis for V(@) then the set of vectors

Y1 = a1V + - - + a1y, y1 = —(bnywy + - -+ + bywy),
. Or .
Ys = As1U1 + - -+ + QU ys = —(bs1wy + - - - + bywy)

is a basis for V N W, and vice-versa. Therefore,

dim N(Q) = dim(V N W).

In general,
dim(V + W) # dim V + dim W.

The reason is that the spaces V' and I/ may have some vectors in common. These common
vectors are counted twice in dim V' + dim W, and the next theorem will give the precise
relation between these dimensions.

Theorem 1.7.2. For any subspace V' and W of the n-space R",

dim(V + W) =dim(VNW) =dimV + dim W.

Proof. Let S = {vy,vg,..., v} and S" = {wq, wo, ..., w;} be bases for Vand W respectively.
Let () be the n x (k + [) matrix whose columns are those basis vectors, i.e.,

Q= {Ul U W wl}nx(ml)'
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Then by the Rank Theorem (see Theorem 1.6.5) and the above theorem (Theorem 1.7.1), we
have

dimV +dimW =k + [ =dimC(Q) + dim N (Q) = dim(V + W) + dim(V N W).
U

In particular, dim(V + W) = dimV + dim W if and only if V N W = {0}. That is,
dim(V + W) =dimV + dim W ifand only if V + W = V & W or we can say that

dim(V e W) =dimV + dim W.
Example 1.7.3 (Find a basis for subspace). Let VV and W be two subspaces of R® with bases

v = (1737 _27273)7 w1 = (2737 _17 _279>7
vy =(1,4,-3,4,2), and {ws = (1,5,—6,6,1),
V3 = (1737072a3)) w3 = (274a47278)7

respectively. Find bases for V + W and V N W.

Since V + W = span{vy, v, v3, wy, Wy, w3}, the matrix () is of the form

1 1 1 2 1 2

3 40 3 5 2

Q=1]-4 3 3 -1 —6 4.
—2 4 2 -6 6 2
3 2 3 9 1 8

To find the independent columns, we derive the reduced row-echelon form of (). First eliminate
the entries below the first pivot using the operations

Ry + Ry — 3R1,

Rg FR;} -+ 4R1,

Ry + R4+ 2R1,

R5 %R5 —3R;.

to get

1 1 1 2 1 2
o -7 -3 -3 2 -4
o 7 7 7 =2 12
0O 6 4 -2 8 6

0o -1 0 3 -2 2

Making the second pivot equal to 1 using

R2<——?R2,
we get
11 1 2 1 2
0122 24
o 7 7 7 =2 12
0O 6 4 -2 8 6
0O -1 0 3 -2 2
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Eliminate the remaining entries in column 2 by applying

Ry <Ry — Ry,
R3 <R3 — TR,
Ry <R, — 6R,,
Ry +Rs5 + R».

Continue the Gauss—Jordan elimination until all pivots become 1 and all other entries in pivot
columns become zero. The final reduced row-echelon form is

100 5 0 0
010 -3 2 0
RREF(Q)=U=10 0 1 0 -1 0
000 0 0 1
000 0 0 0

The basic variable columns (leading 1’s) in Q)= = 0 are located in columns 1, 2, 3, and 6.
Therefore, the corresponding original columns of () form a basis for V' + W. Thus,

By yw = {v1, 02,03, w3}

and so the dimension is:
dim(V+W) =4.

To find a basis for VN W, we solve Uz = 0. Solving Ux = 0 yields the basic variables in
terms of free variables x4 and x5 as follows.

Ty = —51'4

To = 324 — 225

Choosing (z4,25) = (1,0) and (24, 25) = (0, 1) gives two linearly independent vectors in

N(Q) C RS as
m=(=530100), 2=(0-21010)
We translate these back to vectors in R for V N W. From Qz; = 0, i = 1,2, we get

—5U1+3U2+w1 =0
—2?)2+U3+w2:0

Therefore, (as in the proof of the above theorem), {y1, y»} is a basis for V.1 W, where

2 1
3 5
Yy1=0ov1 — 3y =w; = | —1], Yo = 209 — V3 =Wy = | —6
-2 6
9 1
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42 §1.7. Bases for subspaces

Therefore,

Byew={[2 3 =1 =2 9], [1 5 =6 6 1]}

is a basis for V. N W, and dim(V N W) = 2.
We can verify our result using the dimension theorem for subspaces:

dim(V + W) +dim(VAW) =4+2=6=3+3 = dimV + dim W,

Remark 1.7.4 (Another method for finding bases). Another method for finding their bases by
constructing a matrix () whose rows are basis vectors for V' and basis vectors for . In this
case, clearly V + W = R(Q). By finding a basis for the row space R(()), one can get a basis
forV+W.

A basis for V' N W can be found as follows: Let A be the £ x n matrix whose rows are
basis vectors for V', and B the ¢ x n matrix whose rows are basis vectors for W. Then
V = R(A) and W = R(B). Let A denote the matrix A with an additional unknown vector
x = (r1,%2,...,%,) € R™ attached as the bottom row, i.e.,

[

and the matrix B is defined similarly. Then it is clear that R(A) = R(A) and R(B) = R(B)
ifandonly if x € VNW = R(A) N R(B). This means that the row-echelon form of A
and that of A should be the same via the same Gaussian elimination. Thus, by comparing
the row vectors of the row-echelon form of A with those of A, one can obtain a system of
linear equations for 2 = (21, 2, . . ., =,,). By the same argument applied to B and B, one gets
another system of linear equations for the same x = (x1, 23, ..., x,). Common solutions of
these two systems together will provide us a basis for VN W.

Example 1.7.5 (Find a basis for a subspace). Let V' be the subspace of R® spanned by

U1 = <1a37 _27273)7
Vg = (174’ _3747 2)7
vs = (2,3,—1,-2,10),

and W the subspace spanned by

wy; = (1737072a 1>a
Wo = (1757 _67673)7
ws = (2,5,3,2,1).

Find a basis for V + W and for V N W.

Solution. Form the matrix whose rows are the generators of V':

13 -2 2 3
A=1|1 4 -3 4 2
2 3 -1 =2 10

Applying elementary row operations,

Ry < Ry — Ry,
Rg < Rg — 2R1,
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gives
1 3 -2 2 3
0o 1 -1 2 -1
0 -3 3 -6 4

Next, 3 < R3 + 3R», yielding its reduced row-echelon form as

3
-1
1

—2
—1

o O =
O = W
O NN

0

There are three nonzero rows. Hence, |dim V' = 3. | Similarly, the matrix B whose row vectors
are w;’s 1s reduced to a row-echelon form:

13 0 21
02 —6 4 2|,
00 0 00

so that .

Since V + W = span{vy, va, v3, wy, wy, w3}, consider the 6 x 5 matrix

13 -2 2 3]
14 -3 4 2
2 3 -1 -2 10
@=113 0 2 1
15 -6 6 3
25 3 2 1]

whose row vectors are v;’s and w,’s, then V + W = R(Q), the row space of (). By Gaussian
elimination, () is reduced to a row-echelon form, excluding (the last two) zero rows:

13 -2 2 3
01 -1 2 -1
00 1 0 -1
00 0 0 1

Hence, the four nonzero rows form a basis of V + W:

{(1,3,-2,2,3), (0,1,-1,2,-1),(0,0,1,0,—1), (0,0,0,0,1)}.

Therefore, | dim(V + W) = 4.

We now find a basis for V N W. A vector x = (z1, 72, 73,74, 75) € R® is contained in
V' N W if and only if x is contained in both the row space of A and that of B.

Let A be A with x attached as the last row:

1 3 -2 2 3
- 1 4 -3 4 2
A= 2 3 -1 =2 10

Ty T2 T3 T4 Ts
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44 §1.7. Bases for subspaces

Perform exactly the same row operations used to reduce A:

RQFRQ—RL R3 <—R3—2R1, R4(—R4—I1R1,

followed by
Rg — Rg + 3R2, Ry < Ry — (fL’Q — 3$1)R2.
to get
1 3 —2 2 3
01 -1 2 -1
0 0 0 0 1
0 0 —$1+ZE2+JZ3 4ZL‘1 —2$2+ZE4 0

The last row becomes (0,0, —z1 + xg + x3, 421 — 229 + 24,0).

Therefore, x € R(A) = V if and only if R(A) = R(A). By comparing the row vectors
of the row-echelon form of A with those of A, one can say that 2 € R(A) if and only if the
last row vector of the row-echelon form of A is the zero vector, that is,  is a solution of the
homogeneous system of equations:

—I1+I2+I3:O,
4[E1-2[L‘2+l’4:0.

Similarly, attaching = to B and carrying out the same row operations gives

—9x1 4+ 3z + 23 = 0,
dxy — 229 + 14 = 0,

2371 — To + Ty =0.
Therefore (solving these two homogeneous systems together), z € V' N W if and only if
—$1+$2—|—$3 :O,
—91’1 + 31‘2 + 23 = 0,
4371 — 25172 + x4 = O,

2:)31—172+ZL‘5:0.

Subtracting the first equation from the second, —8z; + 2x5 = 0, so that x5 = 4z;. Substituting
into the remaining equations,

T3 = T1 — T = —31‘1,
Ty = —41’1 + 2$2 = 4(1]1,
Ty = —233'1 + Ty = 233'1.

Letting x1 = ¢, we obtain = #(1,4, —3,4,2). Thus,

VW =span{(1,4,-3,4,2)} = {t(1,4,-3,4,2) : t € R}.

Hence a basis for VN W is |{(1,4,—3,4,2)} | and |dim(V N W) = 1. | Finally,

dim(V + W) =dimV + dimW —dim(V N W) =3+2—1=4,

which agrees with the result obtained above. =
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1.8 Invertibility

We know that non-square matrix A may have only one-sided inverse (if exists), i.e., a left
inverse or a right inverse. In this section, we shall show that the existence of such a one-sided
inverse of A implies the existence of the uniqueness of the solutions of a system Ax = b.
C )
Theorem 1.8.1. Let A be a m x n matrix. Then the following are equivalent.
(1) Foreachb € R™, Ax = b has at least one solution in R".
(2) The column vectors of A span R™, i.e., C(A) = R™.
(3) rank(A) = m (hence m < n).
S (4) A has a right inverse (i.e., B such that AB = I,).

Proof.

(1)< (2) Assume (1). We have to show that C(A) = R™. Clearly, C(A) C R™. For the reverse
inclusion, let b € R™. By hypothesis (i.e., by our assumption), there is € R"™ such that
Az = b. This means that b can be written as a linear combination of column vectors of
A. Thus, b € C(A).
Conversely, assume that (2) holds. We have to show that for each b € R™, there is at
least one = € R™ such that Ax = b. So, let b € R™. By hypothesis (i.e., (2)), b € C(A).
Thus, b can be written as a linear combination of n columns of A with coefficients, say
x1,Ta,. .., T, in R. Then Ax = b has a solution x = (21, %3, ...,x,) € R™.

(2) & (3) We know that dim C(A) = rank A = dim R(A) < min{m,n}. Now,

C(A)=R™ & dimC(A) =m
< rank A = m (and so m < min{m,n}).
Consequently, m < n.
(1)=(4) Assume (1). Leteq,es, ..., e, be the standard basis for R™. By our assumption, there

existz; € R",i=1,2,...,m, such that Ax; = e;. Let B = [xl Ty - xm} be the
n X m matrix with columns x, xs, . .., z,,. Then by matrix multiplication, we have

AB=A|xy 29 --- xm}:[el €y - em}:[m.

(4) = (1) Assume that B is a right inverse of A. Then AB = [,,,. Then for any b € R™, we have
ABb = I,,,b = b. Taking x = Bb proves (1).
O

-
Theorem 1.8.2. Let A be a m x n matrix. Then the following statements are equivalent.
(1) Foreachb € R™, Ax = b has at most one solution © € R".
(2) The column vectors of A are linearly independent.
(3) dimC(A) = rank A = n (hence n < m).
(4) R(A) =R"
(5) N(4) = {o}.
S (6) A has a left inverse (i.e., C such that CA = I,).

Proof.
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(1) = (2) Note that the column vectors of A are linearly independent if and only if the homo-
geneous equation Ax = 0 has only trivial solution. However, Az = 0 always has a
trivial solution z = 0. By (1), it is the unique solution. Thus, if a linear combination of
columns of A is zero, then all its coefficients are zero (as x = 0 is the only solution).
This proves (2).

(2) <= (3)

Columns of A are LI <> the columns of A form a basis for C(A)
< dimC(A) =n
< rank A = dimC(A) = n < min{m, n}.

Consequently n < m.
(3) < (4) Clearly, R(A) C R™. Now,

dimC(A) =rankA=n < dimR(A)=n (. dimR(A) =rank A)
& R(A) =R" (" R(A) C R" and dim is same).

(4) < (5) By the Rank theorem (Theorem 1.6.5), we know that

dimR(A) + dim N (A4) =n

R(A) =R" < rank A =dimR(A) =n
< dimN(A) =0 (by Rank-Nullity theorem)
< N(A) ={0}.

(2) = (6) Assume (2), i.e., the column vectors of A are linearly independent. Then rank A = n.
Extend these column vectors of A to a basis for R™ by adding m — n additional
independent vectors to them. Construct an m x m matrix S with those basis vectors in
its columns. Then the matrix S has rank m, and hence it is invertible.

Let C be the n x m matrix obtained from S~ by discarding the last m — n rows. Sine
the first n columns of S constitute the matrix A, we have C'A = I,,.

. Chrsm - I,,0
[m = 1S — [ 777777777 ] Aan : * = [ 77777 ] .
I %

(6) = (1) Let C be a left inverse of A. We have to show that for each b € R™, Ax = b has at most
one solution z € R".
Let b € R™. If Az = b has no solution, then we are done. Suppose Az = b has two
solutions xz; and x,. Then

Ty = CA.I‘l = Cb == CAI'Q = I3.

This proves (6).
[l
Remark 1.8.3. (1) In the above two results, we proved that an m x n matrix A has a right

inverse if and only if rank A = m, while A has a left inverse if and only if rank A = n.
Therefore, if m # n, then A cannot have both left and right inverses.
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(2) If m = n, then A is a square matrix. Then A has a right inverse (and a left inverse) if and
only if rank A = m = n. Furthermore, in this case, the inverses are same. Therefore, a
square matrix A has rank n if and only if A is invertible.

This means that for a square matrix, “Existence = Uniqueness” and the ten statements
listed in Theorems 1.8.1 and 1.8.2 are all equivalent. In particular, for invertibility of a
square matrix it is sufficient to show the existence of a one-sided inverse.

1.9 Applications

1.9.1 The Wronskian

Let V' be the vector space of all infinitely many times differentiable functions on R. Then
clearly V' is an infinite dimensional vector space.

Let fi, fo, ..., f, be n functions in V. Let
cafitefat - +enfn =0,

where 0 is the zero function taking the value zero at all the points in the domain. Then the n
functions are linearly independent in V' if ¢; = O for all 7. Differentiating n — 1 times, one can
obtain n equations as:

af (@) + e f @)+ A+ enfO(z) =0, 0<i<n—1,

for all x € R. In the matrix form, we get

Ax)  folx) - ful@) | Ta] [0
A @ o Rl el o
(@) @) - 10w)] le) o
The determinant of the coefficient matrix is called the Wronskian for { f1(z), fa(x), ..., fu(z)}

and denoted by W (z). Therefore, if there is a point zy € R such that W (xy) # 0, then the
coefficient matrix is nonsingular (i.e., invertible) at x = z, and so all ¢; = 0. Therefore,

if the Wronskian W (x) # 0 for at least on = € R,
then f1, fo, ..., f, are linearly independent.

However, the Wronskian W (z) = 0 for all x does not imply the linear dependence of the
given functions f;’s. In fact, W(x) = 0 means that the functions are linearly dependent at
each point x € R, but the constants ¢;’s giving nontrivial linear dependence may vary as x
varies in the domain.

Example 1.9.1 (Test the linear independence of functions by Wronskian). (1) For the sets
of functions
Fy = {x,cosz,sinx}, Fy={x,e" e "},
the Wronskians are '
T COST sin x
Wi(x) =1|1 —sinx cosz
0 —cosz —sinx
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Expanding along the first row,

1 —sinz
0 —coszx

1 cosx
0 —sinx

—sinz  cosx
) — COST
—cosx —sinx

Wi (x) :a:’

=z [(—sinz)(—sinz) — (cosz)(— cosx)] — cos x(— sin ) + sin x(— cos z)

= 2(sin® x 4 cos® ) + sin x cos x — sinx cos

= .
Hence,
Wi(x) ==z
Similarly,
r et e”
Wy(x) =11 e* —e®
0 e e*
Expanding along the first row,
et —e " .11 —e® <11 e
WQ(‘/E) =T P e T —€ 0 e*® +e 0 z

Hence,

Since

for every x # 0, both sets
Fy ={z,cosz,sinz}, Fy=A{z,e" e}

are linearly independent.
(2) Consider the functions

{z|z], °}.
The Wronskian is )
|xlz| =z
W) =loa 20|
Since
2 (alal) = 2Jaf
dz N ’
we have

W(z) = (z|2])(22) — 2*(2)
= 22%|z| — 22%|z|

=0.
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Therefore,
W(z) =0.

Notice that

—2? <0,

wlrl =9 ,

T, x> 0.

Thus,
e on (—00,0), x|x| = —z?, so the functions are linearly dependent;

e on [0, 00), z|z| = 22, so the functions are also linearly dependent.
However, there is no single constant ¢ such that

r|r| = cx?
for every real number x. Therefore the functions are linearly independent on the whole
real line, even though their Wronskian is identically zero.

Thus,

The Wronskian being zero does not always imply linear dependence.
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