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CHAPTER

VECTOR SPACES

1.1 Vector Spaces

(Deﬁnition 1.1.1. Let V be a non empty set and F be a field. Suppose there exists two\
opeartions: (1) vector addition, which combines two elements of V denoted by ‘+’ and (2)
scalar multiplication, which combines an each element of ' with an element of V denoted
by ‘-’ or simply by juxtaposition. Then V, along with the two operations, is called a vector
space over the field F if the following properties hold:

(A1) V is closed under addition, u+v € V for all u,v € V.

(A2) Addition is associative, u+ (v+w) = (u+v)+w forall u,v,w € V.

(A3) Addition is commutative, u+v =v+u for all u,v € V.

(A4) There is an element O € V, called the zero vector, such that u +0 =wuforallu € V.

(A5) For each element u € V there exists an element —u € V, called the inverse of u, such
that u+ (—u) = 0.

(M1) Closure property for scalar multiplication, ocu € V forallc € F andu €'V.

M2) a(fu)=(af)uforall ,fp e FandueV.

(M3) Vector addition is distributive, o/(u+v) = au+av forall @ € F and u,v € V.

(M4) Distributivity over scalar addition, (ot + )u = au+ Bu forall o, € F andu € V.

\(MS) Unit scalar, lu =uforallu €V. )

The elements, no matter what they might really be, of V' are called vectors and the elements
of the field F are called scalars. Obeserve that properties (A1)-(AS) shows that (V,+) is an
abelian group. Another important observation to make here is that the vector space V is a
composite object consisting of a non empty set V along with the two operations defined above
and a field F of scalars. The same underlying set V may be a part of a number of distinct
vector spaces by considering a different field F' (see Example 1.1.3 and Example 1.1.5) or
altering the operations (see Example 1.1.3 and Example 1.1.7). When there is no ambiguity or
scope of any confusion, we may just state that V' is a vector space or else we shall say that V' is
a vector space over the field F thereby specifying the field.
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10 §1.1. Vector Spaces

1.1.1 Examples of vector spaces
In this section we give a variety of examples to be comfortable with the notion of vector space.

Example 1.1.2. The trivial vector space V = {0} for any field F. One may define the singleton
vector space V = {z} for some element z with the following operations:

z+z=2z and az=z.

Here, the zero element is also z since V' being singleton. So, z behaves like a zero vector is a
singleton vector space.

Example 1.1.3. Question: Is a field F also a vector space over itself? The answer is Yes. In
general, the set of n-tuples, F") = {(vy,...,v,) :v; € F, 1 <i < n} is a vector space over the
field F with vector addition and scalar multiplication defined as follows:

(U, eoyttn) + V1, s o) 2= (U V1o lty + V)5
o(uy,...,uy) = (0uy,...,0u,).

In particular, for n € N, R" is a vector over R of reals and C" is a vector space over the field C
of complex numbers.

Example 1.1.4. The set of infinite sequences of elements of a field F is a vector space over
the field F. More precisely, .7 (F) = {(x(n))nen : x(n) € F} is a vector space over the field F
with vector addition and scalar multiplication defined as follows:

(2(1),x(2),- ) + ((1),3(2),--) i= (R(1) + (1), x(2) +3(2), - )3
(1),x(2),...) = (ax(1),ax(2),...).

2
=
—

In particular, C* and R™ are vector spaces over C and R respectively.

Example 1.1.5. Let F be a field and K be a subfield of F. Then F" is a vector space over
the field K with vector addition and scalar multiplication defined as in Example 1.1.3. In
particular, C" is a vector space over R. Note that this is different from the one defined in
Example 1.1.3.

Example 1.1.6. The vector space of matrices: Let F be a field and m, n be positive integers.
Then the set M, ,(F) of all m x n matrices with entries from F is a vector space over F' with
usual matrix (entrywise) addition and scalar multiplication, i.e.

(A—I—B)ij = Aij —I—Bij and (OCA),']' = OCA,']'.

Example 1.1.7. Let V = {(x,y) : x,y € C} is a vector space over C with the following
opeations:

Vector addition:  (x1,y1) + (x2,y2) = (x1+x2+1L,y1+y2+1);
Scalar multiplication: o(x,y) =(ax+a—1,ay+a—1).

The zero vector here is 0 = (—1,—1) and the additive inverse of the element (x,y) is (—x —
2,—y—2). Note that the underlying set V here is C2. However, it is different from the vector
space C? over C considered in Example 1.1.3 due to the operations defined differently.

PS01CMTH24 2018-19



§1.1. Vector Spaces 11

Example 1.1.8. Let F be a field. Then the set F[x] of all polynomials in x over F is a vector
space with usual operations (addition of two polynomials and multiplication of a polynomial
by an element of F).

Example 1.1.9. The vector space of polynomials, F;[x]: Let F,[x] be the set of all polynomials
of degree less than or equal to n in the variable x with coefficients from the field F' (say
for example R or C). Then F,[x] is a vector space over F with vector addition and scalar
multiplication defined as follows:

(ap+aix+---+apx")+ (bo+bix+ -+ bpx") := (ap+bo) + (a; + b1 )x+ -+
(an + by)x",
o(ag+aix+---+ax") = (aap) + (aay)x+ -+ (qa,)x",

where o0,a;, € F, 1 <i<n.

There is a relation between Example 1.1.3 and Example 1.1.9. Every element of F,_; [x] is
of the form ag +ajx+--- —i—an_lx"_], where a; € F, 0 <i <n—1. If we map this element
onto an element (ag,ay,...,a,—1) of F (") then we have one-one correspondence between
F,_1[x] and F (). Once homomorphism and isomorphism are defined, we can expect that they
are isomorphic.

Observe that F, [x] is a subset of F[x] and it is also a vector space over F under the same
operations as of F[x]. F,[x] is said to be a subspace of F [x]. Before we give more examples we
define subspace of a vector space.

Definition 1.1.10. Let V be a vector space over F. A subset W of V is called a subspace of
V if itself forms a vector space over F under the operations of V.

Exercise 1.1.11. Show that W is a subspace of V if and only if for every wi,w, € W and
o,BEF,aw +PwyeW,ie.,w;+wy €W and aw; € W if and only if aw; + Bw, € W.

Now, we consider some examples which are subspaces of the vector space .7 (K) where
the field K is either R or C.

Example 1.1.12. Vector space of summable sequences. Let ¢! be the set of all sequences
(x(n))nen over R (or C) such that Y2, |x(n)| < eo. Then £! is a vector space over R (or C).
Hint: Using triangular inequality.

Example 1.1.13. Vector space of pth power summable sequences. Let ¢7 is the set of all
sequences (x(n)),en over R (or C) such that Y, |x(n)|P < oo. Then ¢ is a vector space over
R (or C).

Hint: [x(n) +y(n)| < |x(n)[+[y(n)| < 2max{|x(n)[,|y(n)[}. Hence,

e(n) + y(n)[” < 27 (max{|x(n)|, [y(n)[})” = 27 max{|x(n)[”, |y (n)["}
< 2°((m)[” +|y(m)[P).

One can also use Minkowski’s inequality given below:
1
»

(i\x(rzmm)w) "< (ilu(n)v’)p " (iww) |

Dr. Jay Mehta jay_mehta@spuvvn.edu
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12 §1.1. Vector Spaces

Example 1.1.14. The vector space ¢ of all bounded sequences.

Example 1.1.15. The vector space ¢ of all convergent sequences.

Note that if x(n) — @ and y(n) — a then x(n) + y(n) — 2a. The set of all sequences
converging to a does not form a vector space unless a = 0. Thus, we have the following
example:

Example 1.1.16. The vector space ¢ of all convergent sequences whose limit is 0. ¢ is a
subspace of c.

Example 1.1.17. Let cgp be the set of all sequences with finitely many non-zero terms. Thus,
if (x(n))neN € coo then there exists ko > O such that x(n) = 0 for all n > ko, i.e.

(x(n))pen = (x(1),...,x(ko),0,0,...).

Then cqq is a vector space over the field K = R or C under the same operations of .7 (K).

Observe that, among all the spaces of sequences we saw so far, we have the following

relation:
coo CP CcogCcCl”CS(K), I<p<oo

where K = R or C. There is a relation between the spaces cqp and K[x|, where K = R or C
(Example 1.1.17 and Example 1.1.8). For any element (a(n)) = (a(1),...,a(k),0,0,...) € coo
we get an element p(x) = a(0) +a(1)x+---+a(k)x* € K[x] and vice versa. Thus we have
one to one correspondence between cgp and K [x| and once we define isomorphism, we can see
that they are isomorphic.

Example 1.1.18. Let X be a non-empty set and F be a field. Let % (X, F) denote the set of
all functions f : X — F. Then .# (X, F) is a vector space over F with pointwise addition and
scalar multiplication defined as follows:

(f+8)(x) == f(x) +g(x)
(oef)(x) == af(x).
Example 1.1.19. Let X be a non-empty set and the field K = R or C. Let (X, K) denote the
set of all bounded functions from X to K, i.e.

AB(X,K)={f:X — K : there exists M > 0 such that | f(x)| <M, forall x € X}.

Then #(X,K) is a vector space over K under the same operations as in .% (X, K).

Example 1.1.20. Let X be a metric (or topological) space and K = R or C. Then C(X,K), the
set of all continuous functions from X to K, is a vector space over K under the same operations
asin.Z (X,K).

Example 1.1.21. Is it true that intersection of two subspaces of a vector space is also a
subspace? The answer is Yes. Let C,(X, K) denote the set of all bounded continuous functions
from X to K. Then Cp(X,K) is a vector space as

Cy(X,K) =C(X,K)NB(X,K).

If we assume X to be a compact metric (or topological) space and f € C(X,K) then
Ff(X)(C R or C) is compact as we know that continuous image of compact set is compact.
By Heine-Borel theorem, f(X) is bounded and hence in case of compact space, Cp(X,K) =
C(X,K).

PS01CMTH24 2018-19



§1.1. Vector Spaces 13

[ )
Definition 1.1.22. Let f € C(X,K) (continuity of function is not necessary) for a metric
(or topological) space X. Then f is said to be vanishing at infinity if for every € > 0, there
exists a compact subset Y of X such that

|f(x)| < eforxeYe,

where x € Y° denoted the complement of Y. In other words, for each positive &, the set
{xe X :|f(x)] > &} is compact. The set of all continuous functions on X vanishing at
infinity is denoted by Cy(X).

For example, X = K =R, f(x) = e~ vanishes at infinity. Also the function f : R — R

\given by f(x) = ﬁ

J

[ N
Definition 1.1.23. Let X be a metric (or a toplogical) space and f € C(X,K) for K =R or
C. The support of f denoted by supp(f) is the set of points in X where f is non-zero, i.e.,

supp(f) :={x € X : f(x) # 0}

A function f : X — K is said to have compact support if there exists a compact subset Y of
X such that

f(x)=0forxeY®,

where x € Y denoted the complement of Y. In other words, the set {x € X : f(x) # 0} is
compact. The set of all continuous functions on X with compact support is denoted by
C.(X).

For example, f : R — R defined by

2 ifx <1

1—x
f(x):{o if x| > 1.

Example 1.1.24. Cy(X) and C.(X) are vector spaces over the field K with the operations of
F(X,K).
Hint: Let f,g € Co(X). Given € > 0 there exists compact subset ¥} and ¥, of X such that

- /

&
lf(x)] < 3 forall x € Y
&
lg(x)| < 3 forallx € Yy
Take Y = Y; UY5. Then

(f+2)x)| =|f(x)+gx)| < §+g —¢forallx € Y.

Thus, f+ g € Cy(X). Similarly, one can show that o f € Cyp(X) which concludes that Cy(X) is
a vector space. The proof of C.(X) is similar.
1.1.2 Properties of Vector Space

Now, we see some properties of vector spaces. We have the following lemma. The proof is
easy and left as an exercise.

Dr. Jay Mehta jay_mehta@spuvvn.edu
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14 §1.1. Vector Spaces

Lemma 1.1.25. IfV is a vector space over F then

1. The zero vector 0 € V is unique.

2. Additive inverse is unique.

3. a0=0forax € F.

4. Ov=0forallveV.

5. (—a)v=—(av) for o € F, v € V. In particular, for o« = 1 we have —v = (—1)v.
Thus we get additive inverse from scalar multiplication.

6. If av =0 then either « =0 orv =0.

/- 2\
Definition 1.1.26. Let U and V be vector spaces over F. Amap 7T :U — V of U into V is
said to be a homomorphism if for all uy,up € U and a € F

1. T(u1 +u2) = T(ul) aF T(uz);
2. T((Xul) = OCT(ul).
\If a homomorphism 7' : U — V is one-one, we call it an isomorphism. )

A vector space homomorphism is also called a linear map, linear transformation, linear
operator or simply an operator. The set of all homomorphisms from U to V is denoted by
Hom (U,V).

(

Definition 1.1.27. Two vector spaces U and V over the same field F are said to be isomor-
phic if there is an onto isomorphism from U to V. In other words, if there is a homomorphism
\J : U — V such that T is one-one and onto. We denote itby U = V. )

(- N\
Definition 1.1.28. Let U and V two vector spaces over the same field F. Let T : U — V be
a homomorphism.

1. The kernel (or the null space) of T is defined as {u € U : Tu = 0} where 0 is the
identity element of the addition in V. It is denoted by kerT'.
\_ 2. The range space of T is defined as {Tu : u € U} and is denoted by R(T). )

Exercise 1.1.29. Show that ker 7 and R(T') are subspaces of U and V respectively.

[ )

Definition 1.1.30 (Quotient Space). Let V be a vector space over F and let W be a subspace
of V. Then W is a normal subgroup of V. Considering V and W as abelian groups we
construct an abelian group V /W called the quotient group under the operation

(u+W)+V+W)=(u+v)+W (u,veV).

We want to make V /W a vector space over F. For this purpose we define scalar multiplica-
tion as follows:
ov+W)=av+W (axeFv+WeV/W).

We must first check that the operation is well-defined, i.e., if u +W = v+ W then we must

PS01CMTH24 2018-19



§1.1. Vector Spaces 15

have a(u+W) = a(v+W). Now,

u+W=v+Ww

u—vew

ou—v)ew (since W is a subspace)
ou—oveWw

ou+W=ov+W

b4l

This ensures that the scalar multiplication is well-defined. The other vector-space axioms

for V /W are easy to verify and left as an exercise. Thus, we have shown that V/W is a

vector space called the quotient space of V by W. More precisely, we have the following
\Jemma. Y,

Lemma 1.1.31. IfV is a vector space over F and W is a subspace of V, then V /W is a
vector space over F under the following operations:

L Mi+W)+m+W)=wi+vn)+W Wi+W,n+WeV/W).

2. avi+W)=avi+W (W +WeV/W, aeF).

Theorem 1.1.32 (First Homomorphism Theorem). If T is a homomorphism of U onto V
with kernel W, then V' is isomorphic to U /W. Conversely, if U is a vector space over F and
W a subspace of U, then there is a homomorphism of U onto U /W.

Proof. Since W =kerT is a subspace of U, U/W is a vector space over F. Define a map
S:U/W =V as
S(u+W)=T(u) (u+WweU/w). (1.1)

First we show that § is a well-defined map. Let u,v € U such that

u+W=v+Ww

u—vew

T(u—v)=0

Tu=Tv (since T is a homomorphism)
Su+wW)=Sv+Ww)

44l

Next, we show that S is a homomorphism. For u+ W, v+W € U /W,

S(u+W)+wv+W)) =S((u+v)+Ww)
=T(u+v) (by definition of S)
=Tu+Tv (since T is a homomorphism)
=S(u+W)+S(v+W) (by definition of S)

and

=ol(u - T 1s a homormophism
p

Dr. Jay Mehta jay_mehta@spuvvn.edu
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16 §1.1. Vector Spaces

This shows that § is a homomorphism. Now we show that S is one-one. For this, let
u+W,v+W € U/W such that

S(u+Ww)=Sv+Ww)

Tu=Tv (by definition of S)
T(u—v)=0 (since T is a homomorphism)
u—vewW(=kerT)

(u—v)+W=W=0+W

u+W=v+Ww

R

Now, finally it remains to show that S is onto. Let v € V. Since T is onto, there exists u € U
such that Tu = v. But by definition of S, Tu = S(u+ W) = v. This shows that S is onto and
hence U /W is isomorphic to V.

Conversely, for a vector space U and its subspace W define a homomorphism ¢ : U — U /W
by ¢(u) = u+W for u € U. Then clearly ¢ is an onto homomorphism. |

Note: The homomorphism ¢ defined above is called the canonical or the natural homomor-
phism of U onto U /W.

/ )\
Definition 1.1.33 (Internal Direct Sum). Let V be a vector space over F and let Uy, ...,U,

be subspaces of V. V is said to be the internal direct sum of Uy, ...,U, if every element
v € V can be written uniquely as v =uy +uy +--- +u,, where u; € U;, i =1,2,...,n. We
\write V=U1 & U, S --- D U,. J

(Deﬁnition 1.1.34 (External Direct Sum). Let V1,V,,...,V, be vector spaces over F. Con—\
sider the set V of all ordered n-tuples (vi,vy,...,v,) where v; € V;, i =1,2,...,n. We
say that two elements (vq,va,...,v,) and (V|,v},...,v,) are equal if and only if for each i,
vi=Vi. Forv= (vi,va,...,v), V.= (V| ,},...,V},) €V and & € F, we define

v+v = (vi Vv, v V)

and
o(vi,v2,. .. V) == (Qvy, vy, ..., 00).

Then V is a vector space over F with the operations defined above, called the external direct

\sum of vector spaces V1,V5,...,V, and denoted by V =V XV, X --- X V). )
C )
Theorem 1.1.35. If'V is the internal direct sum of Uy, ... ,U, then'V is isomorphic to the
Gxternal direct sum of Uy, ..., U,. )
Proof. Since V is internal direct sum of Uy, ...,U,, we write V =U; & --- & U,. Then given

u €V, u can be uniquely written as u = uy +--- +up, u; € U;, 1 <i < n. Define a map
T:V—=>U xUyx---xU,by

Tu=T(u +uy+-+uy) = (uy,uz,...,uy).

Clearly, the map is well-defined. First we show that 7" is a homomorphism. Let u,v € V. Then
u and v can be uniquely written as u = u; +---+u, and v=v; +--- +v,. Now,

Tu+v)=T(uy+vi) -+ (up+vn))

PS01CMTH24 2018-19



§1.2. Linear Independence and Bases 17

= (1 +Vviy... ty+vy)
= (ur,...,un)+i1,...,vy) =Tu+Tv.

Also

T(ou)=T(ot(uy+ur+---+uy)) =T(qu + Quz + - - -+ ctuy)
= (auy,Quy, ..., 0uy,)
= a(uy,uy,... . uy) = o (u).

Now, we show that 7" is one-one. Let u,v € V such that Tu = Tv. Then

Tui+-4u) =T+ +vn)
= (Uyy.. . tty) = (Vi,-.o,Vn)
=u;=v;foralli=1,2,...,n
=Su+-Fu,=vi+-+w,
=u=nv.

Clearly, T is onto because for (uy,...,u,) € Uy X -+ X Uy, u = uy + -+ +u, €V such that
Tu=T(uy+---+u,) = (uy,...,un). Thus T is an isomorphism of V onto U; x --- x U,. O

Since internal direct sum and external direct sum are isomorphic as vector spaces, we will now
refer to it as merely direct sum without specifying internal or external.

1.2 Linear Independence and Bases

/ . A
Definition 1.2.1. Let V be a vector space over F and v{,v;,...,v, € V . Then an element of
the form o v + vy +- - -+ Q,v,, where o; € F,i=1,2, ... ,nis called a linear combination

\(over F) of vi,va,...,vy. )

/ )
Definition 1.2.2. Let V be a vector space over F' and S be a non empty subset of V. Then
the set of all linear combinations of finite sets of elements of S, denoted by L(S), is called

the linear span or the span of S, i.e.,

\ L(S):{a1v1+a2vz—|—-~+anvn:vl,vz,...,vnES, (X],(Xz,...,(XnEF,nEN}. )

Lemma 1.2.3. L(S) is a subspace of V.
Proof. Letv=A1s1+ ...+ Aysp, and w = it + ... + Upt,, be two elements of L(S) where
Ai, l; € F and s;,t; € S. Thus, for o, B € F,

v+ Bw = a(Ais1+ ...+ Ausn) + Bty + - . . + Wntm)
= (aAr)s1+...+ (0An)sp + (Bua)tr + .o+ (B ) tm
€ L(S)

Thus, L(S) is a subpace of V. O
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18 §1.2. Linear Independence and Bases

Now, we state the following lemma which gives the properties of linear span. The proof is
straightforward and easy and left as an exercise.

Lemma 1.2.4. Let S and T be two non-empty subsets of V. Then
1. S C T implies L(S) C L(T).
2. L(SUT) = L(S) +L(T).
3. L(L(S)) = L(S).
4. S is a subspace of V if and only if L(S) = S.

Definition 1.2.5. Let V be a vector space over F. Then V is said to be finite dimensional
(over F) if there is a finite set S such that L(S) = V.

For example, F () is finite dimensional over F for if § is a subset of F() consisting of n
vectors such that S = {(1,0,...,0),(0,1,0,...,0),...,(0,0,...,0,1)} then L(S) = F(",

At this stage, we have just defined only what is a finite dimensional vector space. We will
define what is dimension of a vector space later.

/Deﬁnition 1.2.6. Let V be a vector space over F and vy,...,v, € V. We say that they\
are linearly dependent over F if there exists «y,..., 0, € F, not all of them 0, such that
ovy+ -+ oy, =0.

Vi,...,V, are said to be linearly independent if they are not linearly dependent, i.e., if
o vy + vy + - -+ o v, = 0 then o = 0, Vi. Note that if vy, ..., v, are linearly independent
then none of them can be zero, for if vi = 0 (say), then for any o # 0 in F we have

\ovi +0vy+---+0v, =0. J

(- A
Definition 1.2.7. A non-empty subset M of a vector space V is called linearly independent
\over F if every finite subset of M is linearly independent over F'. )

Example 1.2.8. Clearly, in R>, (1,0,0),(0,1,0) and (0,0, 1) are linearly independent over
R. Verify that p1(x) = x4 1, pp(x) = 3x*> + x+ 3 and p3(x) = 3x> + 3x +5 are three linearly
dependent elements of R3[x] over R.

Remark 1.2.9. Observe that the notion of linear dependence is considered over the field F.
Hence it depends not only on the given vectors but also on the field. For example, the field of
complex numbers C can be considered as a vector space over R and also over C. The elements
vi = 1 and v, =i are linearly independent over R as there are no non-zero real numbers
and oy such that (o x 1)+ (ap x i) = 0. However, when considered over C, they are linearly
dependent since iv; + (—1)v, = 0.

1.2.1 Properties of linear independence and span

Let x = (—1,1,0), y = (1,—1,1) and z = (2,—2,3) denote three elements of R3. Let u =
(—4,4,0) € R3. Then clearly u € L({x,y,z}) since u can be written in as u = 5x + 3y — z.
Note that u can also be written as u = 6x + 6y — 2z. Thus in this case, the expression of
an element in the span of x,y,z is not unique. Now consider another set {e;,e;,e3} where
e1 = (1,0,0), e; = (0,1,0) and e3 = (0,0, 1) in R3. Clearly u also belongs to its span since u
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can be written as u = —e| +4e 4+ 0ez. As in the previous case, is it possible to find another
representation of u in L({ey,ez,e3})? No? It seems that such expression is unique in this case.
What is the difference! One difference is that x, y, z are linearly dependent (z = x + 3y) while
we know that e, e,, ez are L.I. This tempts us to ask the following question:

Question: If vq,...,v, € V are linearly independent then is it true that every element in their
span has a unique representation (over F)?

The answer to this question is affirmative. More precisely, we have the following lemma:

Lemma 1.2.10. Ifvy,...,v, €V are linearly independent, then every element in their linear
span can be uniquely expressed in the form Ajvy + - -+ Ayv, with A; € F.

Proof. By definition of linear span, every element in L({vy,...,v,}) is of the form A;v| +
-+ + Ayvy,. Suppose if possible v € L({v1,...,v,}) can be expressed in two different ways, say,
v=Avi+- -+ A, and v = uvy + -+ W, v,. Then

Avi+- o+ Ay =v =Wy 4+ Uy

This implies,

(M —pvi+ (A2 — to)va + -+ (A — n)vn = 0.
Since, vi,v2,...,,V, are given to be linearly independent, we conclude that A; — i; = 0 for all
i and hence every element v € L({vy,...,v,}) has a unique representation. O
Question 1.2.11. Is the converse true? That is if every element v € L({vy,...,v,}) has a
unique representation given in above lemma, then can we say that v, v,,...,v, are linearly
independent?

Theorem 1.2.12. Let V be a vector space over F, vi,vy,...,v, €V and v| # 0. Then either
they are linearly independent or there exists a k < n such that vy is a linear combination of
the preceding ones, vi,va,...,Vi_|.

Proof. Ifvy,vs,...,v, are all linearly independent then we are done. Suppose thatvy,...,v, are
not linearly independent. Then obviously n > 2 as {v; } is linearly independent. Since vi,...,v,
are linearly dependent, there exist , ..., o, € F, not all zero, such that o;vy +--- 4+ ot,v,, =
0. Let k be the largest integer such that o # 0, i.e., Qg ] = Qgip = -+ = @, = 0. This
k>?2. If k=1, then ajv; = 0. Since o # 0, vi = 0. This is not possible. So, we get
o vy + -+ ogvr = 0. Since oy # 0, we have

-1
Vi = 04 (—aqvi — vy — - — G 1Vi—1)

= (—o ton)vi+ (o Ton)va+ o (— oy ot )vit.

Thus, vy is a linear combination of its predecessors. U

Corollary 1.2.13. Let V be a vector space over F and vy,...,v, € V such that W =
L({vi,..-,vn}). Ifv1,... v are linearly independent then we can find a linearly independent
subset {vi,...,Vk,Vi,...,vi.} of {v1,...,vn} whose linear span is also W.
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(. _
Proof. If vy,...,v, are linearly independent, then we are done.

Assume that vy, ...,v, are linearly dependent. Then by the above theorem there is a v; such
that v; is a linear combination of vy,...,v;_1,1i.e.,

Vj = Bivi +"'+ﬁj71\/};1.

Since, v1,. ..,V are given to be linearly independent, j > k.
Claim: L({Vl, e Vi1, Vit ,Vn}) =W.
Since {vi,...,Vj—1,Vj+1,---sVn} C {V1,...,Vn}, We have

L{vi,.--,vj—1,Vjs1s---,Vn}) CL({vi,...,va}) = W.

Now, letw € W = L({vy,...,v,}). Then there exists ¢, ..., 0, € F such that w = Qv +---+
a,,v,,. Then, we have

W=01Vi+- -+ 0_1Vj_1 + OV + O Vit + -+ Oy
=i+t a1+ ai(Bivite 4 Bimivi—1) F 0pvisr o+ Qv
= (o +a;fi)vi+(+aif)va+--+ (i1 +0Bj—1)vj—1 + 0jr1vjp1 + -+ vy

Therefore, w € L({v1,...,Vj—1,Vj41,...,Vn}). Hence, W = L({v1,...,vj—1,Vj41,...,Vn}). If

Vi,--+»Vj—1,Vj+1,---,Vn are linearly independent then we are done. If not, then continuing
this procedure, we get a subset {vi,..., v, Vi ,...,vi.} of {vi,...,v,} such that it is linearly
independent and W = L({v1,...,vk,Vij,..-, Vi })- O

(" )
Definition 1.2.14. Let V be a vector space over F. A subset S of V is called a basis of
V if S is linearly independent (that is every finite subset of S is linearly independent) and

L(S)=V. )

C )
Corollary 1.2.15. Let V be a finite-dimensional vector space over F and vy,...,v, €V

such that L({vy,v2,...,vn}) = V. Then there exists a subset {uy,...,un} of {vi,...,v}
\such that {uy,...,un} is a basis of V. )

Lemma 1.2.16. Let V be a vector space and {v,va,...,v,} be a basis of V. If {w1,...,wp}
in'V are linearly independent then m < n.

Proof. Since {vy,vy,...,v,} is a basis of V, every element in V can be written as a linear
combination of vy, vy, ...,v,. In particular, w,, € V can be written as a linear combination of
V1,V2,...,Vy. Therefore the set {w,,,vi,v2,...,v,} is linearly dependent and clearly

L({Wm,V],Vz, . ,Vn}) =V.

Therefore, we can find a proper subset {wy,, vi,,..., v, } of {wy,,v1,v2,...,v,} which is linearly
independent and which spans V, i.e., {wp,Vvi,,...,v; } forms a basis of V. Thus, we have
inserted one w at the cost of at least on v from our set. Therefore, r <n— 1.
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Now, wy,_1 can be written as a linear combination of the new basis {wy,,vi ,...,Vv; }. Hence,
the set {wy,_1,Wm,Vi,,...,Vv; } is linearly dependent. Repeating the above procedure we can
find new basis of V of the form

{Wm—1,Wn,vj, ..V} (s<n-2).
Continuing this way, we eventually come down to a stage where the basis of V' is of the form
B={w2,W3,....Wm,Vet,Vg-- -}

Now, we write w; as a linear combination of the new basis B of V given above. Since
wi,wa,...,wy, are linearly independent, w; cannot be written as a linear combination of
wa,...,wy. Hence, the basis B must contain some v.

To obtain the basis B, we have inserted m — 1 w’s and each time removed at least one v, and
still there is some v left in B. This implies m —1 <n— 1 and so m < n. =]

Corollary 1.2.15 indicates that number of elements in a basis is less than or equal to
number of elements in a span. By Lemma 1.2.16, we can say that cardinality of any linearly
independent set is less than or equal to cardinality of a basis. Combining them, we have the
following relation:

Card(L.I. set) < Card(Basis) < Card(Span).

Corollary 1.2.17. If'V is finite-dimensional vector space over F then any two bases of V
have the same number of elements.

Proof. Let{vy,...,v,} and {wy,...,w;} be two bases of V over F. In particular, wy, ..., wy, €
V are linearly independent over F and considering {v; ..., v,} as basis of V, by Lemma 1.2.16,
we have m < n.

Now, vi...,v, € V are linearly independent over F and considering {w ...,w,} as a basis
of V, by the above lemma, we have n < m. Hence, m = n. =

Exercise 1.2.18. If T is an isomorphism of V onto W, prove that 7 maps a basis of V onto a
basis of W.

Solution. The problem is given as a seminar exercise. U

[Corollary 1.2.19. F™ and F™ gre isomorphic if and only if n = m. ]

Proof. F™ has a basis consisting of n vectors, (1,0,...,0),(0,1,0,...,0),...,(0,0,...,0,1).
F™) has a similar basis consisting of m such elements. By above exercise, an isomorphism
maps basis onto a basis. Hence, by Corollary 1.2.17, m = n. =

Exercise 1.2.20. If V is a finite dimensional vector space over F' then V is isomorphic to F ()
for some n.
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Solution. 'V is given to be a finite dimensional vector space over F. Let {v;,v,...,v,} be a
basis of V. Then every element v € V has a unique representation of the form

oV +00vy + -+ o vy, (a;€F,i=1,2,...,n).

We define amap T : V — F by Tv)=T(yvi+wva+- -+ a,v,) =(a,a,...,0p). It
is easy to see that 7 is an isomorphism of V onto F (") Thus, V = F), U

Definition 1.2.21. Let V be a finite dimensional vector space over F. The dimension of V
over F' is the number of elements in any basis of V over F'. It is usually denoted by dimV
and sometimes by dimg V' (to stress that dimension of V is over the field F).

Exercise 1.2.22. Let 7 = {V : V is a vector space over F'}. Define a relation ‘~’ on ¥  as
follows: for U,V € ¥, U ~ V if U is isomorphic to V. Show that ‘~’ is an equivalence
relation, 1.e., isomorphism of vector spaces is an equivalence relation.

Corollary 1.2.23. Let V and W be two finite dimensional vector spaces over F such that
their dimensions are same, i.e., dimV = dimW. ThenV and W are isomorphic.

Proof. If dimV = dimW = n. Then by Exercise 1.2.20, V is isomorphic to F () and W is
isomorphic to F (") Hence, by the transitivity property of the above exercise, V and W are
isomorphic. O

By Exercise 1.2.18 and Corollary 1.2.23, we have the following result:

Lemma 1.2.24. IfV and W are two finite dimensional vector spaces over F then V and W
are isomorphic to each other if and only if dimV = dimW.

We have already seen that given a spanning set we can find its subset which forms a
basis. The following lemma show that given a linearly independent set we can extend it to a
basis.

Lemma 1.2.25. Let V be a finite-dimensional vector space over F such that uy, ..., u, €
V' are linearly independent. Then we can find vectors upy1,...,Unt+r in 'V such that
ULy UmyUmi]y .- Umtr IS a basis of V.
Proof. Since V is a finite dimensional vector space it has a basis, say {vy,...,v,}. Consider
the set B = {uy,...,um,v1,...,v,}. Clearly the set B spans V. Then by Corollary 1.2.13, there
is a linearly independent subset {uy,...,um,Vi ,...,v; } of B such that it spans V. We just
WIItE Vi, = Ut 1,5 Vi) = Ungr. E

Lemma 1.2.26. Let V be finite dimensional vector space over F and W be a subspace of V.
Then W is finite dimensional and dimW < dimV. Also, dimV /W = dimV —dimW.
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Proof. LetdimV = n. Then by Lemma 1.2.16, any n+ 1 elements in V' are linearly dependent.

In particular, any n+ 1 elements in W are linearly dependent. Let {wy,...,w,, } be a maximal
linearly independent set in W, then m < n. We want to show that dimW = m. Let w € W then
set {w,wy,...,wy,} is linearly dependent and hence

ow+oqwy + -+ 0wy, =0
such that not all the scalars ¢;’s are zero. If a = 0, then we have

oWy + -+ Qpwy, = 0.

Since wy, ..., wy, are linearly independent, a; =0 forall i =1,2,...,m which implies {w, w1, ...

is a linearly independent set. This is contradiction since {wy,...,wy,} is the largest linearly
independent set in W. Hence, a # 0 and so we can write

w=(—a to)wi+-+ (= Loty wp.
This means wy,...,w,, spans W and since it is a L.I. set, it is basis of W. Thus it follows that
dimW <dimV.

Now, wi,...,wy, is a basis of W and so it is a linearly independent set in V. Then by
Lemma 1.2.25, it can be extended to a basis, {wy,...,wp,v1,...,v.},of V where dimV =m+r
and dimW = m.

If we show that {v; +W,...,v,+ W} is a basis of V /W, then we are done as dimV /W =
r=(m+r)—m=dimV —dimW. First we show that it spans V/W. Let v+ W € V /W for
some v € V. Now, since {wy,...,Wp,V1,...,V,} is a basis of V, every v € V can be written as

V=0wi+ ...+ 0wy + Bivi+ ...+ By
Then

v+EW =og(wi +W)+...+ 0 (W + W)+ Bi(vi+ W)+ ...+ B, (v, + W)
=B +W)+...4+B-(vi+ W) (asw; €W = w;+W =0)

Thus, {vi+W,...,v,+W} spans V/W. Now, we show that it is a linearly independent set.

Lety1(vi+W)+---+%(v,+W)=0. Then y3v; +--- + %,v, € W and so it can be written as
a linear combination of elements of the basis of W as follows:

Vivi+ o+ e = wr s+ AW
= yvit+ Ve — w4+ Aypywy, = 0.
Since {wy,...,Wp,V1,...,v,} is a basis of V, above equation implies
N==ph=A == An=0.
Thus, {vi +W,...,v,+ W} is a basis of V/W with r elements. Hence,
dimV /W =r=dimV —m = dimV —dimW.
U

Exercise 1.2.27. If A and B are subspaces of a vector space V then prove that (A + B)/B is
isomorphic to A/ (AN B), where

A+B={veV:v=a+b,acA, beB}.

Solution. Given as a seminar exercise. This result is known as the Second Isomorphism
Theorem. L]
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Corollary 1.2.28. If A and B are are finite dimensional subspaces of a vector space V, then
(A + B) is finite dimensional and we have

dim(A+ B) = dimA +dimB — dim(A N B).

Proof. By Exercise 1.2.27, we have
(A+B) A

>~

B (ANB)

By Exercise 1.2.18, we know that if two vectors spaces are isomorphic then their dimensions
are same. Hence,
(A+B) . A

dim dim .
(ANB)

Then by Lemma 1.2.26, we have

dim(A+ B) —dimB = dimA — dim(ANB)
= dim(A + B) = dimA + dim B — dim(A N B).

1.3 Dual Spaces

Let V and W be two vector spaces over F. We have defined Hom(V, W) to be the set of all
vector space homomorphisms from V into W. We intend to make it a vector space over F. For
S,T € Hom(V,W), we define S+ T as

(S+T)(v):=SWv)+T(v)
for all v € V. Now, we check that S+ T is a homomorphism. If vi,v, € V and a € F, then

(S+T)vi+v2) =Svi+wv2)+T(vi+v2) (by definition of S+ T)
= (S(v1)+S(v2))+ (T (vi)+T(v2)) (since S,T are homomorphisms)
= (W) +T (1)) + (S(v2) +T(v2))
=(S+T)vi)+(S+T)(v2) (by definition of S+ T)

and

(S+T)(avy)=S(avy)+T(avy) (by definition of S+ T')
=aS(vy)+oaT(v;) (since S, T are homomorphisms)
=a(S+T)(v) (by definition of S+ T').

Thus, (S+ T) is a homomorphism of V into W i.e., S+ 7T € Hom(V,W). The zero homo-
morphism 0 € Hom(V, W) is defined by 0(v) = 0 for all v € V and we have S+ 0 = S for all
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S € Hom(V,W). Also, for any S € Hom(V,W), let (—S) be defined by (—S)(v) = —(S(v)).
Thus, it is evident that Hom(V, W) is an abelian group under the addition defined above.

Now, we define scalar multiplication on Hom(V, W) to make it into a vector space over F.
For A € F and S € Hom(V,W). We define A.S by

(AS)(v) := A(S(v)) (forallveV).

One can check that AS defined above is in Hom(V,W). The other properties of vector space
can easily verified. Thus, we have the following result:

Lemma 1.3.1. Let V and W be vector spaces over F. Then Hom(V,W) is a vector space
over F under the operations defined above.

Proof. Seminar exercise (partly discussed in class). U

Exercise 1.3.2. If S, 7 € Hom(V,W) and {vy,...,v;,} be abasis of V over F. If S(v;) = T (v;)
foralli=1,...,m, then prove that S = T'. In other words, if two homomorphisms agree on
the basis then they must be same.

Solution. Seminar exercise. O

When V and W are finite dimensional vector spaces, the following theorem relates the
dimension of Hom(V, W) to that of V and W.

Theorem 1.3.3. Let V and W be vector spaces over F of dimensions m and n respectively.
Then Hom(V, W) is of dimension mn over F'.

Proof. We prove the theorem by finding a basis of Hom(V, W) containing mn elements. Let
{v1,...,vm} be a basis of V over F and {wy,...,w,} be a basis of W over F. If v € V then
v=Avi+- -+ Aypvy Where A1,..., A, are uniquely determined elements of F.

For1 <i<nand 1< j<m,defineT;;: V — W by T;;(v) = A;w; for v € V. Observe that
on basis elements 7;; is defined as

w; if j=k
Tu(Vk):{ 0 ifj‘;ék.

First we show that 7;; is a homomorphism. For this, let u,v € V such that u = ot vy +- - - + 04V,
andv=Byvi+-- -+ Bnvnm and y,u € F. Then

Tij(yu+ ) = T (v(avi + -+ uvm) + L(Bivi+ -+ Buvm))
= Ti((you +pBr)vi+ -+ (Y0m + LBm) Vi)
= (yaj+ uBj)wi (by definition of T;;)
= yoyw;+ uBjwi
= ¥T;j(u) + uTij(v).

Thus, 7;; € Hom(V,W). Let B={T;; : 1 <i<n, 1 < j <m}. Then B consists of mn elements
of Hom(V,W). If we show that B is a basis of Hom(V,W) over F then we are done.
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For this, first we shall show that B spans Hom(V,W). Let § € Hom(V,W). Then we have
to show that S = L(B), i.e., S is a linear combination of 7; i’s. For a basis element v of V,
S(vi) € W. So, S(v;) can be written as a linear combination of elements in the basis of W. Let
S(Vl) = w1+ 0wy + -+ oy wy. Infact, forall j=1,2,...,m,

S(vj) = o w1+ 0w+ -+ Oy jwy. (1.2)

Now, consider

So= Y T
1<i<n
1<j<m
=oanTi+oo T+ + T+ aipTio+ 0 To + -+ O T+ +

+ QimTim + CmTom + -+ + CumTum
Note that Sy € L(B). If we show that S = S, then we have S € L(B) and we are done. By
(above) Exercise 1.3.2 it suffices to show that So(vi) = S(vx) for all basis elements v of V.
Now, we compute the value of Sy at vy.

Sov)= | Y ouTij | (vi)
1<i<n
1<7<m
=anTi(vi)+-+ 01 Ty (i) + a2Ti2(vi) + -+ -+ 02 T (Vi) + - - -+

+ almTlm(Vk) + aannm(Vk)
n
= Z Wi (by definition of 7;;)
i=1
= Ow1 + Oggwp + -+ - + Ohyewy
= S(v) (by equation (1.2)).
Thus, S(vx) = So(vx) forall k =1,2,...,m and hence S € L(B).

Now, we show that the set B is linearly independent. For f3; jEF, let

Y, BT =0.
1<i<n
1<j<m

Then we have to show that f;; =0foralli=1,2,...,nand j=1,2,...,m. Applying this to
the basis element v, of V, we have

Y. BT | () =0

1<i<n
1<j<m
n
= ) Bywi=0 (by definition of T;;)
i=1
= Buwi + Pauwz + -+ + Buwr = 0.
Since, {wy,wy,...,w,} is a basis of W, we have ;; = 0 forall i = 1,2,...,n. This is true for
allk=1,2,...,m. Hence, B;j =0 Vi, . This shows that B is a linearly independent set and
hence a basis of Hom(V,W). Hence, dim(Hom(V,W)) = mn. O
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Remark 1.3.4. As a consequence of above theorem, if V # {0} and W # {0} are finite
dimensional vector spaces of dimension m and n respectively then m > 1 and n > 1 and hence
dim(Hom(V,W)) = mn > 1. This means Hom(V, W) does not just contain only one trivial
homomorphism 0, i.e. Hom(V, W) # 0.

[Corollary 1.3.5. [fdimpV = m then dimp Hom(V,V) = m?. ]
Proof. In the theorem put W = V. So m = n and hence mn = m?. B
[Corollary 1.3.6. If dimpV = m then dimp Hom(V,F) = m. ]

Proof. We know that F(") is a vector space over F' of dimension n. Here, F is a vector space
of dimension is 1 over F. Put W = F in the above theorem, then we have dimr Hom(V,F) =
m. U

(Deﬁnition 1.3.7 (Dual space). Let V be a vector space over a field F. A homomorphism\
from V to F 1is also called a linear functional. The collection of all linear functionals on V
is denoted by V= Hom(V, F) is a vector space over F and called the dual space or simply
the dual of V over F. Thus,

Y V={f:V —F: fisahomomorphism}. )

Remark 1.3.8. By Corollary 1.3.6, if V is finite dimensional then dimV = dimV. Then
we can say that V' is isomorphic to its dual V. However, this is true only when V is finite
dimensional. If V is not finite dimensional then no such isomorphism exists.

4 N\
Definition 1.3.9. Let V be a finite dimensional vector space over F and let {v{,vs,...,v,} be
a basis of V over F. Let V; be an element of V defined as V;(otjv + apva + -+ - + avy) = @,

1.e.,
) 1 ifi=j
ilvj) :{ 0 ifi .

Then ¥; are same as T;; in the previous theorem with W = F' here which is one dimensional

\over F. Thus, v{,".. v}, forms a basis of V. This basis is called the dual basis of Vi, Vn-)

Lemma 1.3.10. Let V be a finite dimensional vector space over F and v € V, v # 0. Then
there is an element f € V such that f(v) # 0.

Proof. If v # 0 then {v} is linearly independent. Therefore by Lemma 1.2.25, it can be
extended to a basis {v =vi,va,...,v,} ofAV. As in above definition, define f : V — F by
flav+ vy + -+ oyvy) = a. Then f € V and f(v) = 1 # 0. Hence, the lemma. O

The above lemma is true for infinite dimensional vector spaces also but here we are concerned
only for finite dimensional vector space V.
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1.3.1 Second dual

Let V be a vector space over F and vo € V. For every f € V denote the map f — f(vo) by Ty,.
That is 7,,,(f) = f(vo) for f € V. Thus, T, is a map from V to F. Furthermore, we check that
T, is a homomorphism. For any f,g € Vand A € F,

Ty (f+8) = (f+g)(vo) =
Ty (Af) = (Af)(vo) = A(f(v0)) = ATy, (f)-

Thus, T, : Vo Fisa homomorphism, i.e., it is an element of dual space of V. We say that
T,, is an element of second dual of V' defined as follows:

4 - )
Definition 1.3.11. Let V be a vector space over F' and V denote the dual space of V. Then

the set of all homomorphisms from V to F is a vector space over F called the second dual
of V and denote by Vie.,

_ V ={T:V — F : T is a homomorphism}. )

As seen above for every vop € V we get an element T,,, € V. We can thus define a map

vo = T, from V to V and we expect it to be isomorphism. More precisely, we have the
following theorem:

Theorem 1.3.12. Let V be a vector space over F. ThenV is isomorphic to a subspace of

-~

V, i.e., there is an isomorphism of V into V. If'V is finite dimensional then V = V (Vis

isomorphic to 1% ).

Proof. Define a map y:V — V by w(v) =T, where T, is defined as above, T,(f) = f(v)
for f € V. First we show that y is a homomorphism. For this we have to show that for any
vwweVand A €F,

y(v+w)=y)+y(w) and y(Av)=2Ay(v).
That is we have to show that

Tyrw=T,+T, and Tp,=AT,.

Now,
Torw(f) = f(v+w) (by definition of T')
=f(v)+f(w) (since f is a homomorphism of V into F)
=T,(f)+T,(f) (by definition of T')
= (I, +T,)(f)
Also,
T, (f) = f(Av) (by definition of T')
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=Af(v) (since f is a homomorphism of V into F)
=A(T,(f)) (by definition of T').
= (AT)(f)

Thus, y:V — V is a homomorphism. Now we show that Y is one-one. To show this, we shall
show that if y(v) = 0 then v = 0. Now,

y(v)=0=T,=0
= T,(f)=0forall f eV
:>f(v):Ofora11f€‘7.

Thus, y(v) = 0 implies f(v) =0 forall f € V. If v # 0 then by Lemma 1.3.10, there exists at
least one f € V such that f(v) # 0. But here we have f(v) = 0 for all f € V. Hence v must be
0 which concludes that y is one-one.

When V is finite dimensional we know that

~

dim(V) = dim(V) = dim(V).

Since, y is an isomorphism, by equality of dimensions, we conclude that y is onto. Hence, V

is isomorphic to its second dual V. U

The above theorem holds even when V is infinite dimensional. However, in case of infinite
dimensional vector space V, the isomorphism ¥ is not onto.

Definition 1.3.13. Let V be a vector space and W be a subspace of V. The annihilator of
W is denoted by W and defined as

WO={feV|f(w)=0forallweW}.

Exercise 1.3.14. If V is a vector space and U, W are subspaces of V then prove that:

1. WY is a subspace of V.
2. IfU C W, then WO c U°.

Question 1.3.15. Is the converse of (2) in above true? That is, given WO c U can we say that
Ucw?

Definition 1.3.16. Let V be a vector space and W be a subspace of V. If f € V, ie.,
f :V — F be a linear functional, then the restriction of f to W, f or f ‘W is a map from W
to F and defined as

f:f‘W:W%F such that  f(w) = f(w), forallw € W.

Forwi,wo e Wand o, € F,

Flawy +Bwa) = [, (awi + Bws)
= f(aw; + Bwy) (by definition of f)
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=af(w;)+Bf(wz) (since f is a homomorphism)
= af|, (wi) +Bf|, (w2)
= af(wi)+Bf(w2)

Thus, f : W — F is a homomorphism. Hence, if f € V then f= f|W ew.

Theorem 1.3.17. Let V be a finite dimensional vector space over F and W be a subspace
of V. Then W is isomorphic to V/W0 and dimW° = dimV — dimW.

Proof. Define amap ¢ : V — W by o(f)= f:f‘W forall f € V. If we show that ¢ is an onto
homomorphism with ker ¢ = W, then by Theorem 1.1.32 (First Homomorphism Theorem),
we have W = V /WO and we are done.

First we show that ¢ is a homomorphism: For fi, f> € Vand o € F,

O(fi+ )W) = (fi+f2)]y (W)
= (fi+f2)(w)
= filw) + fa(w)
= fily )+ fa|yy (W)
=(0(f1)+90(f2)(w)

Thus, ¢ (f1+ f2)(w) = (¢(f1) + ¢ (f2))(w) for all w € W. This implies,
O(fi+ 1) =0(f1)+0(f2). Also,

o(afi)(w) = (afi)|y(w)
= o fi(w)
= a(f1],) (W) = ad(w).

Thus, ¢ (af1) = o (f1). Hence, ¢ is a homomorphism.
Now, we show that ker ¢ = W9: By definition,

ker¢ = {f €V :9(f) =0}
:{feﬁ;f:f]W:O} (where f € W)
={feV:f(w)=0forallwe W}
=w.

Next, we show that ¢ is onto. Let 2 € W. Then we want to find f € V such that O(f)=Ff=h

ie., f‘w = h. Let {wy,...,wy, } be a basis of W. Then by Lemma 1.2.25, it can be extended to
a basis {wy,...,wp,vi,...,v.} of V. Let Wy = L({vy,...,v,}). Then V =W @& W}, i.e., every
v € V can be uniquely written as v =w+ w;, where w € W and w; € Wj. For h € W, define a
function f: V — F by f(v) = f(w+w;) = h(w). Then by definition of f, clearly f‘W = h,

i.e., 9(f) = h. We have to just check that f € V. Let v,/ € V and &, B € F. Then v = w+w,
and V' =w' +w| where w,w' € W, wy,w| € W) and

flav+Bv') = fla(w+wi)+B(w +w)))
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= f((aw+Bw') + (ow1 + Bw)))

= h(aw+ Bw') (by definition of f)
= ath(w) + Bh(w') (since A is a linear functional on W)
=af(v)+Bf(H) (by definition of f).

Thus, f is a linear functional on V, i.e., f € V and by the definition of ¢ (f) = f = h. Hence,
¢ is onto. We have proved that W~V /WY, Hence, by Lemma 1.2.26, we have dimW =
dimV — dim WP, Since, V is given to be finite dimensional, we know that dimV = dimV and
hence,

dimW° = dimV — dimW.

g

From the technique used to prove that ¢ is onto in the above theorem, we can deduce the
following result:

Exercise 1.3.18. If V is finite dimensional and W is a subspace of V prove that there is a
subspace W of V such that V =W @ W,.

Solution. Seminar exercise. =]

Example 1.3.19. Consider a subspace W = {(x,y,z) : x +2y +z = 0} of R?. Find W and
state its dimension.

Solution. By definition of annihilator,
wo = {f((xﬁ,}/) € R3 Zf(W) =0,we W}
Note that

W= {(x7y7_x_2y) “X,y € R}
= {x(1707_1)+y(0717_2) LX)y € R}

and hence dimW = 2. Then by above theorem,
dimW° = dimR? —dimW =3 -2 = 1.
Now, let f(a7ﬁ7},) € WO. Then
fapyp(1,0,=1) = flapy(0,1,-2) =0.
This implies, &« — y =0 and  —2y = 0. Therefore, x =y and [ =2y. Thus,
fapy) = firary-
S0, WO = {fiy2yy ER?: y€R}. O

Exercise 1.3.20. If F is the field of real numbers, then find W where
(a) W is spanned by (1,2,3) and (0,4,—1).
(b) W is spanned by (0,0,1,—1), (2,1,1,0) and (2,1,1,—1).
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Solution. Seminar exercise. =

Now, observe that W C V and W C V are subspaces of V and its second dual respectively.
As such they are not comparable. However, as seen before, we have an identification of V to

1% by the isomorphism y : V — V defined as vy — T,,. In this sense, we have the following
corollary:

[Corollary 1.3.21. w0 =w. ]

Proof. First we show that W C W% For this, let w € W. Then we have to show that
v(w) =T, € W%, Observe that for any f € WY (i.e., f(w) = 0 for all w € W),

Thus, T,, € V such that 7, (f) =0 for all f € W°. Then by definition of annihilator 7;, € W
and hence W c W%,

Now, considering W as a subspace of 1% by Theorem 1.3.17 (above), we have
02y /w0

and hence

im (W im(
= dim(W%) = dim(V) — dlm(WO )
= dim(V) — dim(W) = dim(V) — dim(W®) (by previous theorem)
= dim(W) = dim(W%).

We have W € W% and dim(W) = dim(W %), it follows that W = W%, O

1.3.2 An application to the system of Linear equations

Theorem 1.3.17 has an application to the study of systems of linear homogeneous equations.
Consider the system of m equations in n unknowns

anxy+---+apx, =0,
axxy+---+axx, =0,

Am1X1+ -+ AQunXp = 07

where a;; € F. Let U be the subspace of F (") spanned by the m vectors (aiy,...,ai,),
(az1y-.-,a20),--,(aml,--.,amyn). Then the dimension of U is called the rank of the above
system. The following theorem gives the number of linearly independent solutions to such a
system of rank r:
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Theorem 1.3.22. [f the system of homogeneous linear equations:

anxi+---+ax, =0,
axy+---+axx, =0,

Am1X1+ 4 Gmnxn = 0,

there ajj € F is of rank r, then there are n — r linearly independent solutions in F (),

/

Proof. LetU = L({(ai1,...,a1n),(@21,...,a2,),...,(dm1,...,am)}) be the subspace of F").
Since the system is given to be of rank r, we have dimU = r.

Let v; = (1,0,...,0), v» = (0,1,0,...,0),...,v, = (0,...,0,1) be standard basis of F ")
and {V{,%,...,V),} be its corresponding dual basis in F (") Then every f € F (") can be written
as f = x vy +x2Vo + - - - +x,V,, where x; € F. Now,

f < UO = f(a,-l,aiz,...,ain) =0
& flanvi+apva+---+apvy) =0
& (V1 x4 - xVy) (@i vi +apva + -+ aipvy) =0
S x1a;1 +xap + - +xpai, =0

since by definition of dual basis ¥;(v;) = 0 for i # j and V;(v;) = 1.
Thus, if f € U° then the equations in the system are satisfied. Conversely, if (xi,...,x,) is
a solution then there is an element x| +x2% + - - - + x,,V%, in U°. Hence, we conclude that
the number of linearly independent solutions of the above system is same as dimU°. By
Theorem 1.3.17,

dimU° = dimF™ — dimU =n —r.
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CHAPTER

LINEAR TRANSFORMATIONS

We have seen that Hom(V, W) is a vector space over the field F' given that V and W are vector
spaces over F. Furthermore, if V and W are finite dimensional then we know that

dim(Hom(V,W)) = dim(V) x dim(W).

In the last chapter, we considered its special case when W = F, i.e., Hom(V,F) = V with
dim(Hom(V,F)) = dimV if V is finite dimensional over F.

In this chapter, we will concentrate on the case where W =V, i.e. Hom(V,V), where V
is considered to be a finite-dimensional vector space over F. Thus, Hom(V,V), the set of all
homomorphisms of V into itself, is a vector space over F under the following operations: for
Ti,T, € Hom(V,V) and ¢ € F,

(Tl + Tz)(v) =T (V) + T2(V)
(aTi)(v) = a(Ti(v)).

Also, if V is finite dimensional over F then

dim(Hom(V,V)) = (dimV)?.

2.1 The Algebra of Linear Transformations

Let V be a vector space over a field F. Let 71,7, € Hom(V,V). Since T5(v) € V forany v € V,
Ti(T>(v)) makes sense. So, we define the product of two linear transformations 7} and 7, by

(T\'T»)(v) =Ti(Tr(v)) foranyveV.

We have to check that 77> € Hom(V,V), i.e., T} T is a homomorphism from V to V. For any
u,veVand a,B € F

(hiT2)(ou+ Pv) = Ti(Ta(au + Bv))

35
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=T (oTr(u)+ BTr(v)) (since T, € Hom(V,V))
=aTi(T>(u))+ BTi(Tr(v)) (since T} € Hom(V,V))
= a(TiT2)(u) + B(Ti T2) (v).

As an easy exercise one can also check the following properties of the product in Hom(V,V):
1. Tl(T2+T3):T1T2+T1T3;
2. (T2+T3)T1 =111+ 1:1y;
3. T] (T2T3) = (T]Tz)Tg,;
4. OC(T] Tz) = (OCT])TQ =T (OCTz);
forall Ty, T>,T5 € Hom(V,V) and all @ € F'.

Properties 1, 2 and 3 makes Hom(V, V) an associative ring. Property 4 involves both scalar
multiplication and product in Hom(V,V) and hence connects its character as a vector space
and an associative ring. In addition to these, Hom(V,V) has a unit element with respect to
multiplication. Let / € Hom(V,V) defined by I(v) = v for all v € V. Then [ is the unit element
as for any T € Hom(V,V), one has IT = T1 = T. This makes Hom(V,V) a ring with unit
element.

Thus, Hom(V,V) is an associative ring as well as a vector space over F. We call such an
algebraic structure as an algebra over F, formally defined as follows:

Definition 2.1.1. An associative ring A is called an algebra over F if A is a vector space
over the field F such that for all a,b € A and all o € F, o(ab) = (aa)b = a(ab).

Examples 2.1.2. We consider some examples of algebras (vector spaces which are also
associative rings):

1. As seen above, Hom(V,V) is an algebra over F. From now and in what follows,
we use the notation A(V) for Hom(V,V). Thus, A(V) is an algebra (over F) of all
homomorphisms (linear transformations) of V into V. Sometimes we shall also denote
it by Ar(V) to emphasis the role of F.

2. The vector space F () is an algebra over F' where the product of any two elements
(ay1,az,...,ay),(b1,b2,...,by) € F™ is defined as follows:

(ar,az,...,a,)(b1,b2,...,by) = (a1b1,asby, ... ,anby).

3. The vector space F[x] of all polynomials with coefficients from a field F becomes an
algebra with the product defined as product of two polynomials.

Remark 2.1.3. The vector space F; [x], i.e. the space of all polynomials with coefficients in a

field F and of degree at most n, fails to be an algebra as it is not closed under multiplication.
X x X = x*" ¢ Fx].

Theorem 2.1.4. If <7 is an algebra over F with unit element then </ is isomorphic to a
subalgebra of A(V) for some vector space V over F.

Proof. Since ./ is an algebra over F it is also a vector space over F. We shall use V = &7 to
prove the theorem i.e., we show that ¢ is isomorphic to a subalgebra of A(.<7).
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Foraec o/, letT,: o/ — o/ by T,(v) = av, (v € o/). We now show that 7, is a linear
transformation on .«7. For vi,v, € &/, and o € F,

T,(vi+vz2) =a(vi+v2) =avi +avy = T,(vi) + T, (v2).
T,(avy) = a(avy) = alavy) = aT,(v).

Thus, T, € A(<).
Now, define amap y : &7 — A(«/) by w(a) =T, for every a € <. We prove the theorem

by showing that y is an isomorphism of .7 into A(.%7). First we show that y is an (algebra)
homorphism. For this we have to show that for any a,b € o/ and o, 3 € F,

y(aa+ Bb) = oy(a)+ By (b), (for vector space homomorphism)
i.e. Taa—i—ﬁb = OCTa—f-ﬁTb.

and

y(ab) = y(a)y(b), (for ring homomorphism)
ie., Tab = TaTb.

Now, for every v € &7,
Toasrpp(v) = (@a+Pb)y = afav) + B (bv) = aTa(v) + BT (v) = (T + BTp)(v).

Also,
T (v) = (ab)v = a(bv) = Ty(Ty(v)) = (T, Tp) (v).

Thus, v is an algebra homomorphism of .7 into A(</).
Now, we show that y is one-one. For this we shall show that ker y = {0}.

kery = {a € & : y(a) =0}
:{aG%ZTQZO}
={ac o :T,(v)=0forallv e o}.

Thus, we have a € kery if T,(v) = 0 for all v € &/. Since .o/ is an algebra there is a unit
element e € 7. In particular, T,(e) = 0 which implies ae = a = 0. Hence, kernel of y
consists of only one element 0. This proves that y is a one-one map and hence it is an
isomorphism. U

Definition 2.1.5. Let .27 be an algebra over F with unit element e and let p(x) = g+ o x +
-+ 0" be a polynomial in F[x]. Then for any a € <7, by p(a) we mean the element
ope + oa+ -+ apa” in of . We say that a satisfies p(x) if p(a) = 0.

Lemma 2.1.6. Let <7 be an algebra, with unit element, over F. Suppose that dimension of
</ is m over F. Then every element in </ satisfies some nontrivial polynomial in F[x] of
degree at most m.
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Proof. Let e be the unit element of .7 and let a € <7. Consider m+ 1 elements e,a,a?, ... ,a"

in /. Since, dim.e/ = m, these m + 1 elements must be linearly dependent over F. This
implies, there exists &, &1, ..., %, in F, not all zero, such that

ope+oaja+---+ aud” =0.

This means that a satisfies the nontrivial polynomial g(x) = o+ a;x+ - - - + @, X" of degree
at most m in F[x]. O

Theorem 2.1.7. If V is an n-dimensional vector space over F, then given any element
T € A(V), there exists a nontrivial polynomial q(x) € F|x] of degree at most n*> such that

q(T)=0.

Proof. Here dimV = n over F. Then A(V) is an algebra and dimA(V) = n? over F. By
previous lemma, every element 7 € A(V) satisfies a polynomial g(x) € F|x] of degree at most
n?ie. q(T)=0. d

Definition 2.1.8. Let V be a finite dimensional vector space over F. A nontrivial polynomial
p(x) in F[x] of lowest degree such that p(7T') = 0 is called a minimal polynomial for T over
F.

If T satisfies another polynomial 4(x) then p(x)|h(x).

Exercise 2.1.9. Let V be a finite dimensional vector space over F and T € A(V). Then
p(x) € F|x] is a minimal polynomial for 7 if and only if for any other polynomial, say A(x),
satisfied by T, we have p(x)|h(x).

Solution. Hint: Use division algorithm. Given as a seminar exercise. =

Definition 2.1.10. An element 7 € A(V) is said to be right invertible if there exists an
S € A(V) such that TS = 1. Here, 1 denotes the unit element of A(V), i.e. 1(v) = v for all
vevV.

Similarly, an element 7 € A(V) is said to be left invertible if there exists a U € A(V)
such that UT = 1.

Exercise 2.1.11. If T € A(V) is both left invertible and right invertible then prove that the left
inverse and the right inverse must be equal and that the inverse is unique.

Definition 2.1.12. An element 7 € A(V) is said to be invertible or regular if it is both left
invertible and right invertible; that is, if there is an element S € A(V) such that ST =TS = 1.
We write S as 7.

An element in A(V) is said to be singular if it is not regular, i.e., if it is not invertible.

It may be possible that an element in A(V) is left invertible but not right invertible or
vice-versa. We consider one such instance in the following example:
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Example 2.1.13. Consider the vector space V = R|x], the set of all polynomials in x with real
coefficients, over the field R. For any ¢(X) € V, g(x) = ap+aix+ - - - + a,x" define elements
S, T € A(V) by

S(g(x)) = Sq()

Tgt) = [ godx
Then

ST (q(x)) = S(T(q(x))

X X X
:S(ao/ 1dx+a1/ xdx+~-«+an/ x"dx)
1 1 1

2 n+1
x*  a X a
- S _ >4 _
((aox ao)—l—(a12 2>—|— +(ann+1 n+1))
x).

= ap+aix+---+a" = q(

Thus, ST (¢(x)) = g(x) for all g(x) € V which means ST = 1. However, TS # 1 as
TS(q(x)) = T(ay +2a0x+ - -+ na,x" ")
=a /lx 1dx+2a2/]xxdx—i— -+ nay, /lxx"_ldx
= (a1x—ay) + (ax® —az) + -+ (anx" — ay)
7 q(x)-

Thus, T is left invertible but not right invertible. In other words, we can say that S is right
invertible but not left invertible.

Remark 2.1.14. Notice that in above example V = R|[x] is an infinite dimensional vector
space. However, it is not possible that a linear transformation only left invertible or only right
invertible in case of finite dimensional vector space. We shall show that, for finite-dimensional
vector space V, an element in A(V) which is left invertible or right invertible is invertible.

Theorem 2.1.15. [fV is finite dimensional over F, then T € A(V) is invertible if and only
if the constant term in the minimal polynomial for T is not Q.

Proof. Let p(x) = oo+ ax+ - - - + agx* € F[x], o # 0 be the minimal polynomial for T’ over
F. First assume that the constant term in p(x) is non-zero i.e., oy # 0. Since, T satisfies p(x),
we have P(T) = 0. This implies,

OCka—f-OCk_]Tkil +---+(X1T—|—(X()I=0
= T(uTF'+o (TF 2+ o) = —opl

= T (—%(akafl +Otk_1Tk72+"'+061)> =1

Similarly,

1
(—%(Oéka_l +(Xk_1Tk_2+--'+(X1)) T=1I
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Therefore,
1 k—1
S=——(o4T" " +---+ayl
(0 )

acts as an inverse of 7 and hence T is invertible.

Conversely, assume that 7 is invertible then we have to show that o # 0. Suppose if
possible, ap = 0. Then p(T') = 0 implies

T+ 0T+ +oyTr = T((X11+(X2T2+"'+OCka_]) =0.

Since, T is invertible, multiplying by 7! to the left on both sides of the above relation, we get
o+ 0T +---+ o T*! = 0. This means T satisfies the polynomial g(x) = o + 0px +--- +
oy x* =1 with deg(g(x)) = k—1 < k = deg(p(x)). This is contradiction as p(x) is the minimal
polynomial of 7. So our assumption that &gy = 0 must be false and hence o # 0. ]

Corollary 2.1.16. Let V be a finite dimensional vector space over F. If T € A(V) is
invertible then T~ is a polynomial expression in T over F.

Proof. Since T is invertible, by above theorem, ol + 0T + - -+ Ocka = with ¢ # 0. Then,
as seen in the theorem, 77! = I where

1
77! = —%(alH— ool +---+oTY) (g eF).

Clearly, T~ ! is a polynomial expression in T over F. E

Corollary 2.1.17. Let V be a finite dimensional vector space over F. If T € A(V) is singular,
then there exists an S # 0 in A(V) such that ST =TS = 0.

Proof. Since T is singular (not invertible), by above theorem, the constant term in the minimal
polynomial for 7 must be zero. Then the minimal polynomial for 7" will be of the form
p(x) = apx+ opx® + - - + agxk. Hence, p(T) = 0 implies

T(oul+ 0T+ ogT" ) = (I + T + - o4 T* T = 0.

If we take S = i I+ 0T + - - Ocka_1 then S £ 0 as @ + apx+ - - Ockxk_l is of lower degree
than p(x). Hence, we found S € A(V') and S # 0 such that ST =TS = 0. E]

Corollary 2.1.18. Let V be a finite dimensional vector space over F. If T € A(V) is right
invertible (or left invertible) then T is invertible.

Proof. Suppose T is right invertible. That is there exists a U € A(V) such that TU = I. Let
if possible, T is not invertible (singular). Then by above corollary, there exists an S € A(V),
S # 0 such that ST = T'S = 0. Then, we have

0=ST = (ST)U = S(TU) =S1 =5 #0,

which is a contradiction. So, 7 must be regular. U

PS01CMTH24 2018-19



§2.1. The Algebra of Linear Transformations 41

Theorem 2.1.19. Let V be a finite dimensional vector space over F. Then T € A(V) is
singular if and only if there exists av € V, v # 0 such that T (v) = 0.

In other words, T is regular if and only if it is one-one (or kerT = {0}).

Proof. First, let us assume that 7 is singular. We know that, 7" is singular if and only if there
exists an S # 0 in A(V) such that ST = T'S = 0. Since S # 0, there is an element w € V such
that S(w) # 0. Let v=S(w). Then T(v) = T(S(w)) = (TS)(w) = 0 (since TS = 0). This
proves the first part.

Conversely, assume that 7'(v) = 0 for some v # 0 in V. We have to show that 7 is singular.
Suppose, on the contrary, that T is regular. Then since 7 (v) = 0, multiplying both sides by
T-!, we have T~!(T(v)) = T~'0 = 0 and hence v = 0. This is a contradiction since we have
assumed v # 0. Thus, T must be singular. U

Definition 2.1.20. If 7 € A(V), then the range of T is denoted by 7'(V') and defined by

T(V)={T(v)|veV).

Clearly, the range of T is a subspace of V. Note that the range of T is all of V, i.e.,
T(V) =V if and only if T is onto.

Theorem 2.1.21. IfV is a finite dimensional vector space over F, then T € A(V) is regular
if and only if T maps'V onto V.

Proof. First we consider that 7" is regular and show that 7 is onto. Since T is regular, for
any v € V (co-domain), we can write it as v = T(T~1(v)), where T~ (v) € V (domain). Thus
T(V)=V.

Conversely given that T is onto we have to show that T is regular. Suppose, if possible,
T is singular. Then there exist a vi # 0 in V such that T(v;) = 0. Since v; # 0, the sin-
gleton set {v;} is linearly independent. We extend it to a basis {vi,vy,...,v,} of V. Then
{T(v1),T(v2),...,T(v,)}is abasis of T(V) and so every element in 7'(V) is spanned by the el-
ements wy,w,...,w, where w; =T (v;) fori=1,2,...,n. But, we have w; = T'(v;) = 0. Thus,
T (V) is spanned by only n— 1 elements, wy, ..., w,. Therefore, dim7 (V) <n—1<n=dimV.
Thus, T (V) # V and hence T is not onto, which is a contradiction. So, T must be regular. [

Remark 2.1.22. Above theorem indicates the difference between regular elements and singular
elements of A(V) in terms their range, in finite dimensional cases. In other words, by above
theorem, T € A(V) is regular if and only if dim7 (V) = dimV. Thus, we can compute and use
dim(7T'(V)) to check whether given T € A(V) is regular or singular.

Combining Theorems 2.1.19 and 2.1.21, when V is finite dimensional, we can say that T is

regular if and only if T is both one-one and onto. In other words, if T fails to be either one-one
or onto or both then 7" must be singular.

Definition 2.1.23. Let V be a finite dimensional vector space over F and T € A(V). Then
the dimension of the range of T over F is called the rank of T. We denote the rank of 7" by
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r(T). That is,
r(T) =dim(T(V)).
Exercise 2.1.24. Prove that S € A(V) is regular if and only if whenever vy,...,v, € V are
linearly independent, then S(v;),S(v2),...,S(v,) are also linearly independent.
Solution. Seminar exercise. g

Lemma 2.1.25. Let V be a finite dimensional vector space over F and S,T € A(V). Then
1. r(TS) <r(T);
2. r(ST) <r(T);
3. If S is regular then r(ST) = r(TS) = r(T).

Proof. 1. Since S(V)CV,(TS)(V)=T(S(V)) CT(V). By Lemma 1.2.26, dim((TS)(V)) <
dim(T(V)), i.e., r(TS) < r(T).
2. Suppose that (T ) = m. Therefore, T(V) has a basis of m elements wy, ..., w,, and so

T(V)=L{wi,...,wn}).
But then

S(T(V)) =S(LH{w1,-.-,wm}))
= L({Swl, cee ,SWm})

Then, dimension of (ST)(V) = S(T(V)) is at most m. Hence
r(ST) =dim((ST)(V)) <m=dim(T(V)) = r(T).
3. Since S is regular, by Theorem 2.1.21, S(V) = V. Therefore, (TS)(V)=T(S(V)) =

T (V) and hence r(TS) = r(T).
On the other hand, if #(T') = m and {w,w2,...,wy,} is a basis of T'(V'). Then,

T(V)=L{wi,...,wn}).

Then as before,

S(T(V)) = S(LH{w1,-.-,wm}))
= L({Swl, cee ,Swm})

Since S is regular, it maps linearly independent set to a linearly independent set (by
above exercise). So, {Swy,...,Swy,} is linearly independent and hence forms a basis for
S(T(V)) over F. Hence,

F(ST) = dim(ST)(V) = dim(S(T(V))) = m = dim(T(V)) = r(T).
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Corollary 2.1.26. Let V be finite dimensional over F and S,T € A(V). Then
1. r(ST) < min{r(T),r(S)}.
2. If S is regular then r(T) = r(S™'TS).

Proof. First part easily follows from the above theorem. We shall show the second conse-
quence. If S is regular, then by above theorem, we have

r(STITS) = r((S7'T)S) = r(S(ST'T)) = r((S7'8)T) = r(T).

g

Definition 2.1.27. Let V be a finite dimensional vector space over F. Two elements
S,T € A(V) are said to be similar if there exists a regular element C € A(V) such that
S=C-!TC. If S and T are similar, we denote it by S~T.

Exercise 2.1.28. Show that ‘~’ defined above is an equivalence relation, i.e., being similar is
an equivalence relation on A(V).

Solution. Seminar exercise. O

Exercise 2.1.29. If S,T € A(V) are similar then show that they have the same rank i.e.,
r(S) = r(T). What about the converse?

2.2 Characteristic Roots

Definition 2.2.1. Let V be a vector space over F and T € A(V). A scalar A € F is called
a characteristic root (or eigenvalue) of T if there is a non-zero vector v in V such that
Tv=Av.

The vector v # 0 in V such that Tv = Av is called the characteristic vector (or eigenvector)
of T corresponding to the eigenvalue A.

Proposition 2.2.2. Let V be a finite dimensional vector space over F. If T € A(V) and
A € F, then A is a characteristic root of T if and only if T — Al is singular.

Proof. Suppose A is a characteristic root of 7" then there exists a v # 0 in V such that Tv = Av.
Then (T — AI)(v) = 0 which implies that T is not one-one. Hence, T — A[ is singular.

Conversely, assume that 7 — A1 is singular. Then T — A1 is not one-one. So, there exists a
v # 0 such that (T — AI)(v) = 0. Then Tv = Av and hence A is a characteristic of 7. d

Lemma 2.2.3. Let V be a finite dimensional vector space over F and T € A(V). If L € F
is a characteristic root of T, then for any polynomial q(x) € F|x|, g(1) is a characteristic

root of q(T).
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Proof. Since A is a characteristic root of T, there exists v € V, v # 0 such that Tv = Av. Then
T?v=T(Tv) =T(Av) = AT(v) = A(Av) = A°v.

Continuing this way, we get Ty = A%y, Now, let g(x) = o + ax + --- + 0ot,x" be any
polynomial in F[x]. Then,

q(T)v= (ool +ouT+ -+ o, T")v
=oplvt+oyTv+---+ o, T"
= ogv+ oAV + -+ oA"Y
= (a+ oA+ +ouA")v =q(A)v.

Thus, we have ¢(T)v = g(A)v which means that g(A ) is a characteristic root of ¢(T). O

Corollary 2.2.4. Let V be a finite dimensional vector space over F and T € A(V). IfA € F
is a characteristic root of T then A is a root of the minimal polynomial of T.

Proof. Let p(x) € F[x] be the minimal polynomial of 7. Since A is a characteristic root of
T, there exists a v # 0 in V such that Tv = Av. By above theorem, p(T)v = p(A)v. Since
p(T) =0, we have p(1)(v) = 0= p(A) = 0 (by properties of vector space and as v # 0).
Hence, A is a root of p(x). d

Corollary 2.2.5. Let V be an n-dimensional vector space over F and T € A(V). Then the
number of characteristic roots of T is at most n®.

Proof. Since dimV = n, as we have seen before there exits a ¢(x) € F|[x] of degree at most n?
such that ¢(7') = 0.

Let p(x) € F|x] be the minimal polynomial of 7. Then

deg(p(x)) < deg(q(x)) <n*.

Therefore, the number of roots of p(x) is finite and at most 1.

By above corollary, if A is a characteristic root of 7' then A is a root of p(x). As the number
of roots of p(x) is at most n?, the number of characteristic roots of T is also at most n2.  [J

Theorem 2.2.6. Let V be a finite dimensional vector space over F. Let S,T € A(V) and let
S be regular. Then

1. T and S™'TS have the same minimal polynomial.
2. A € F is a characteristic root of T if and only if it is a characteristic root of S~'TS.

Proof. 1. Since S is regular, (S~!78)? = (S~!7S)(S~!TS) = S~'T2S. Similarly, for any
k € N, we have
(S7'Ts)k =s71Tks.
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Now, let g(x) = o9 + 0t x + 0px? - - - + &, x" be any polynomial in F[x]. Then
q(ST'TS) = apl + a1 (ST'TS) + o (S7'TS)? + - -+ o, (S TS)"
= ap(STIS) + o (STITS) + o (STIT28) + - - + (ST T7S)
=S Yool + oy T+ opT? +-- -+ 0, T")S
=851q(T)s.
Thus, ¢(S~'7'S) = 0 if and only if ¢(T) = 0. Therefore, T and S~ T'S have the same
minimal polyomial.
2. Let A be a characteristic root of 7. Then Tv = Av for some v # 0 in V. Since S is regular,

by Theorem 2.1.19, S is one-one and since v # 0, we have Sv # 0. Let u = S~ 'v £ 0.
Now,

Thus, (S7'TS)(u) = Au. Therefore, A is a characteristic root of S~ T'S.
Conversely, assume that A is a characteristic root of S™!T'S. Then there exists a v # 0 in
V such that (S~'7S)(v) = Av. Applying S to the left on both sides, we get

(TS)(v) =S(Av)
= T(Sv) = A(Sv).
Since S is regular, it is one-one and since v # 0, u = Sv # 0. This implies, Tu = Au and

hence A is a characteristic root of 7.
OJ

The following theorem gives the relation between the characteristic vectors of T € A(V)
corresponding to distinct characteristic roots of 7T'.

Theorem 2.2.7. Let V be a finite dimensional vector space over F and T € A(V). If

MM, A2, ..., A in F are distinct characteristic roots of T and vy,va, ..., vy are characteristic
vectors of T corresponding to A, Ay, ..., A respectively, then vi,vy,..., v are linearly
independent.

Proof. We give the proof by applying Principle of Mathematical Induction on k. Clearly, the
result holds for k = 1 as v{(# 0) is linearly independent.

Assume that the result holds for k — 1. That is, if v{,v,,...,v;_1 are characteristic vec-
tors of T corresponding to distinct characteristic roots A;,A,,...,A;_; respectively, then
vi,Vv2,...,V;_ are linearly independent.

Now, we prove the result for k. Let vi,vs,...,v; be the characteristic vectors of T cor-
responding to distinct characteristic roots Aj, A, ..., A, respectively. We have to show that
V1,V2,...,V are linearly independent. Let o, 0, ..., 04 € F such that

avi+ovy+ -+ ogvr =0. 2.1)
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Then we have to show that ; =0 forall i =1,2,... k. Applying T, we get
o Tvi+opTvy+---+oyTv, =0.
Since Tv; = A;v;, we have
o Aivi + opArvy + -+ o v = 0. (2.2)
Multiplying equation (2.1) by A; and subtracting it from (2.2), we get
o (A — A v+ 00(Ay — A )va + -+ + o1 (M—1 — M) vk—1 = 0.
By induction hypothesis, since v, va, ..., vt are linearly independent, we conclude that
0;(Ai— ) =0 foralli=1,2,...,k—1.

As, A1, A2, ..., A are distinct characteristic roots, A; — A; # 0 and hence o; = 0 for all i =
1,2,...,k— 1. Then equation (2.1) reduces to

oy =0.

Since, v # 0, we have oy = 0 and hence v{,vy, ..., v, are linearly independent. This proves
the result by induction. |

Corollary 2.2.8. If T € A(V) and dimV = n, then T can have at most n distinct character-
istic roots.

Proof. Any set of distinct characteristic roots of T gives a corresponding set of linearly
independent characteristic vectors of 7" by above theorem. Since dimV = n, any linearly
independent set can have at most n elements. Hence, 7' can have at most n distinct characteristic
roots. ]

Corollary 2.2.9. If T € A(V) and dimV = n. If T has n distinct characteristic roots in F,
then there is a basis of V over F consisting of characteristic roots of T.

Proof. Let A1, Ay, ..., A, in F be the n distinct characteristic roots of 7. Then by above theorem,

the set of corresponding characteristic vectors, {vy,v2,...,v,} is linearly independent. Since,
dimV = n, the set {vy,vy,...,v,} forms a basis of V over F. Thus, V has a basis consisting of
characteristic vectors of 7. U

2.3 Matrices

Let V be an n-dimensional vector space over F' with basis {vi,v,...,v,}. If T € A(V) then
T is completely determined by its value on the basis of V. Since T : V — V, the elements
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Tvy,Tvy,...,Tv, mustall be in V and hence can be uniquely expressed as a linear combination
of vi,va,...,v, over F. Thus,

Tvi= oquvi+omva+--+ 0y

Tvo= v +0ovo+ -+ vy

Tvp= oquvi+0gpv2+ -+ OppVp,

where o;; € F, 1 <i,j<n.

This system of equations can be compactly written as follows:
n

ij=Z(xijvi for j=1,2,...,n.
i=1

Thus, the ordered set of n” elements o; j € F completely describes T'.

/ . . . AN
Definition 2.3.1. Let V be an n-dmensional vector space over F with basis v, va,...,v,. If
T € A(V) then the matrix of T in the basis vi,vy,...,v, is denote by m(T') and defined as

o O - Oy

01 Oy -+ Oy
m(T) - : : . : ’

Op1 Oy -+ Oy

where Tv; =Y "' | 0;;v;. Instead of writing the whole square matrix every time we shall also
denote it as (). Thus,

n
m(T) = ((X,‘j), where TVj = Z O;jv;.
i=1

- /

Note: Note that if Tv; = Y/ | 0;jv; = 04 jv1 + 0V + - -+ + O jvy,, then we write the coef-

ficients o;; of v; as a column vector in the matrix (o;;), i.e., the jth column of the matrix

ay;

. . 0

m(T) = (0y;) is written as
[0/ j

Exercise 2.3.2. Let F be a field and M, (F) be the collection of all n x n matrices over F.

Show that M, (F) is an algebra with usual addition of matrices, scalar multiplication and
product of matrices.

Question: Is it always true that given an element 7" in A(V) we can always find a matrix (¢;)
in M,,(F) corresponding to T and vice-versa?

This is answered by the following theorem:

Theorem 2.3.3. IfV is an n-dimensional vector space over F, then A(V) and M,,(F) are
isomorphic as algebras over F.

More precisely, if {vi,va,...,vn} is a basis of V over F, if T € A(V) and m(T) is the

Dr. Jay Mehta jay_mehta@spuvvn.edu


mailto:jay_mehta@spuvvn.edu
jay_mehta@spuvvn.edu
jay_mehta@spuvvn.edu

48 §2.3. Matrices

matrix of T in the basis {vi,v2,...,v,} then the mapping ¢ : A(V) — M, (F) defined as
O(T) =m(T) is an algebra isomorphism of A(V) onto M,,(F).

Proof. First we show that ¢ is an algebra homomorphism.
LetS,T €A(V)and o, B € F. Let the matrix of S and T be given by (¢;;) and (;;) respectively.
That is, ¢(S) =m(S) = (o) and ¢(T) = m(T) = (B;;), where

Svj= Za,jv, and Tv;= Zﬁuv,

First we show that ¢ is a linear map, i.e., 9(aS+BT) = a¢(S)+ Bo(T).
Now, to find m(aS+ BT), consider
(aS+BT)vi=aS(v)) —l—ﬁT(vj)

n
=a Z o;vi+ B Z Bijvi
i=1 i=1

I
™= -

(aal] + Bﬁl})

1

Thus, m(aS+ BT) = (oo + BBij) and hence
¢(aS+BT)=m(aS+BT)
= (oej+ BBij)
= a(oj) + B (Bij)
= am(S)+ Bm(T)
= ag(S)+po(T).

Thus, for any S,7 € A(V) and a, € F,
¢(aS+PT)=0ap(S)+Lo(T).

Thus, ¢ is a linear map (a vector space homomorphism). To show that ¢ is an algebra
homomorphism, it remains to show that ¢(ST) = ¢(S)¢(7T), i.e., we have to show that
m(ST) = m(S)m(T).

We know that, ij™ entry of the product of two matrices (¢;) and (S;;) is given as

%j = Z B (2.3)

where (%) = (04;)(Bij)-
First we find the matrix of S7. For this, we consider (ST)vj, j=12,....,n. Now,

n
=) Br;S(vk) (since S is linear)
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n
kj Z QijVi
i=1
aikﬁkj) Vi

(by (2.3))

I
=
=

~
I
_

I
-
D=

~
I
_
~
I
_

I

™-
=
=

Il
—_

Therefore,
m(ST) = (vij) = () (Bij) = m(S)m(T ).
So, ¢(ST) = ¢(S)¢(T) and hence, ¢ is an algebra homomorphism.

Now we show that ¢ is one-one. Let T € A(V) such that ¢(7) = 0. Then m(7T) =0 and
hence Tv; =0 for all j=1,2,...,n. Then for any v € V, since v{,V7,...,v, is a basis of V,
we have

v=wvi+Hvr+--+ Uyvp
= T(v) =wTvi+wlTvy+---+u,Tv, =0
Thus, we have Tv = 0 for all v € V and hence T = 0 which proves that ¢ is one-one. Thus, ¢
is an isomorphism of A(V) into M,,(F).
Finally, we show that ¢ is onto. Let (¢;;) € M,(F) be any n x n matrix. We have to find a
T € A(V) such that ¢(T) = m(T) = (). Define T on the basis {vi,v2,...,v,} as

n
TVj = Z Ocijv,-.
i=1
Extend 7 linearly on V, then we see that 7 € A(V) and ¢(T') = (). Hence, ¢ is onto.

Another argument for showing that ¢ is onto:

We know that dimension of A(V) = Hom(V,V) over F is n?. Also, dimension of the vector
space M, (F) over F is n*>. Thus, ¢ is isomorphism of A(V) into M,(F) and dimA(V) =
dimM,(F), and so ¢ is onto. Hence,

A(V) = My(F).

Let us consider an example to see, given a linear transformation, how to obtain a matrix.

Example 2.3.4. Let F be a field and V = F,,_;[x] be the vector space of all the polynomials of
degree at most n — 1. Define D : V — V as follows:

D(OC()+ o x4+ OC2X2+ s OCn_1xn71) =0 +200x+---+ (I’l— 1)06,,_2)6}172.

Then clearly D € A(V). D is nothing but the differentiation operator. We find the matrix of D
with respect to the standard basis of F,_1[x], i.e., vi = 1, v = x, v3 =x2,...,v, = X"~ 1. Now,

D(vi)= D(1)=0=0v; +0vy+---+0v,
D(vy)= D(x)=1=lv;+0vy+-+0v,

D(v,) = D(x”_l) =(n-— 1))6”_2 =0vi+0va+---+(n—1)v,—1 +0v,

Dr. Jay Mehta jay_mehta@spuvvn.edu


mailto:jay_mehta@spuvvn.edu
jay_mehta@spuvvn.edu
jay_mehta@spuvvn.edu

50 §2.3. Matrices

Therefore, by the definition of a matrix of a linear transformation, the matrix of D in the
standard basis {1,x,x%,...,x"~!} is given by

0100 - 0
00220 - 0
0003 - 0

0000 - (n—1)
0000 - 0

We know that matrix of a linear transformation depends on the chosen (ordered) basis of V.
In the next example, we examine the matrix of D defined above but with a different basis of V.

Example 2.3.5. Let V = F,_[x] and D € A(V) defined as above. Let u; = 1, up = 1+x,
uz=1+x2,... ,u, = 1+x""1. Check! that u;,us,...,u, forms a basis of V over F. We find
the matrix of D in this basis. Now,

D(Mz): D(1—|—x) =1=1u;+0ur+---+0u,
D(uz)= D(1+x*) =2x=2(up—uy)=—2u;+2ur+O0uz+---+Ouy,

D) = D(+x) = (n— 1102 = (1= 1)(uty — )
=—(n—1Du;+0uy+---4+0u,—2+ (n—1)up—1 +0v,

Therefore, the matrix of D in the basis {1, 1 +x, 1 +x2,...,1 —|—x”_1} is given by

01 =2 =3 - —(n—1)
00 2 0 - 0

oo o0 3 - 0

S
=
)
—
S
|
[—
N—

Definition 2.3.6. Two matrices A and B in M,,(F) are said to be similar if there is an
invertible matrix C € M, (F) such that A = C~'BC.

Exercise 2.3.7. If T € A(V) is invertible then prove that ¢ (T~') = (¢(T))~".

Remark 2.3.8. We have seen from the above two examples that the same linear transformation
D has different matrices m; (D) and my(D) corresponding to two different bases of V. Is there
any relation between m; (D) and my(D)? It is therefore an interesting question to ask, at this
stage, that is there any relation between different matrices of the same linear transformation?
This question is answered by the following given below.

Theorem 2.3.9. Let V be an n-dimensional vector space over F and T € A(V). Suppose T
has the matrix m|(T) with respect to the basis By = {vi,va,...,v,} and the matrix my(T)
with respect to the basis By = {wi,wa,...,wy} of V over F, then m|(T) and my(T) are
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Qimilar i.e., there is an invertible element C € M, (F) such that my(T) = C~'m;(T)C. )

Proof. Letm(T) = (o) and my(T) = (B;j), where

Tv;= Zaljv, and Tw;= Zﬁ,,, ji=12,....n

Define Sv; =w; for j=1,2,...,n
Extend S linearly on V, i.e., for v = ot;vy + apvy + - - - + v, define

S(v) = oqwy + 0wy + -+ + Wy,

Then S € A(V) and since S maps basis B of V onto basis B, of V over F by Theorem 2.1.21,
S is regular (because S is onto). Now,

TS(V]') = T(Wj) (SiIlCC SVJ' = Wj)

Since § is regular, multiplying both sides by S~! (to the left), we get
(S 1TS (vj) Z Bijvi-

This means the matrix of (S™!T'S) with respect to the basis By of V is (B;;). Thus,
mi (S'TS) = (Bij) = ma(T).
Since ¢ : A(V) — M, (F) given by T — m(T) is an onto isomorphism, we have

mi(S™'TS) = (Bij) = mo(T)
= my(S™")my (T)m (S)
= my(S)”'my (T)m (S)

Therefore, m (T) and my(T) are similar. Particularly,
C'my(T)C = my(T),
where the matrix C can be chosen to be m (S). O

We try to understand the above theorem by an example. In Examples 2.3.4 and 2.3.5, we
saw that D has two different matrices m(D) and m(D) with respect to different bases of
V = F,_1[x]. We shall now show that they are similar.
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Example 2.3.10. As considered in Examples 2.3.4 and 2.3.5, let V = F3[x] and D be the
differentiation operator defined by

D(0 + oy x+ opx® + o3x®) = oy + 200x + 303x°.

Then, we have seen that, the matrix of D in the basis vi = 1,v) = x,v3 = x2, vy =xis given

by

S O =

my(D) =

S W oo

0
2
0
0

oS O OO
]

and the matrix of D with respect to basis u; = 1,us = 1 +x,u3 = 1 +x%,us = 1 +x> is given
by

01 —2 -3
00 2 0
mD)=14 0 o 3
00 0 0

We want to find a matrix C such that C~!m; (D)C = my(D). For this we need to find an element
S € A(V) such that C = m(S). As defined in the above theorem, let the linear transformation
S on F3[x] be defined as follows:

S(vl) Uy = 1 =V,
S(vy) =up =14+x=v;+vy,
S(v3) =uz = 1 +x* = v +v3,

S - O =
—_—0 O =

1 -1 -1 -1
0 4 lo1 0 o0
Cl=mS)" =1y o 1 o
0 0 0 1
and
1 =1 =1 =1\ /01 00\ /1 1 1 1
1 o1 0o offoo20]]0100
CmD)C= 10 o 1 ollooo3|loo1 o0
0 0 0 1 0000/\0oO0O:1
01 —2 -3
00 2 0 .
=100 0 3 =my(D). (Verify!)
00 0 0
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Proposition 2.3.11. Let By = {vi,v,...,vu} and By = {wi,wy,...,w,} be bases of a
vector space V over F. Let S,T € A(V) and let A = (¢;j) € My(F). Suppose that A is the
matrix of T with respect to the basis By and A is the matrix of S with respect to the basis B,.
Then S and T are similar.

Proof. Since A is the matrix of T and § in basis By and B, respectively, we have
n n
TVjZZOC,‘jV,‘ and SWj:ZaijWi (1§]§n)
i=1 i=1
Define P:V — V as follows: forve V,v=yvi+pva+---+ %vn put

P(v) =nwi+pwr+ -+ YaWn.

Thus, P maps basis By onto B, and hence P is onto. Therefore, by Theorem 2.1.21, P is
regular. Now, for 1 < j <n,

SPV]' = SWj (since PVj = Wj)

n
= Z (X,‘jPV,‘ (since Wi = Pvi)

n
=P (Z Oc,-jvi> (since P is linear)

~
—_

Thus, SP(v;) = PT(v;) forall j=1,2,...,n. Since B| = {vy,v2,...,v, } is a basis of V over
F, we conclude that
SP = PT.

Since P is regular, multiplying by P~! (to the left) on both sides in the above equality, we get
PlsP=T.
Hence, S and T are similar. =

We conclude this unit (chapter) by making the following remark:

Remark 2.3.12. By Theorem 2.3.9, we can say that if the same linear transformation on V
has two different matrices in two different bases of V, then the two matrices must be similar.
By Proposition 2.3.11, we say that if two different linear transformations on V has the same
matrix in two different bases of V, then the two linear transformations must be similar.
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CHAPTER

CANONICAL FORMS

We have seen the definition of similar linear transformations. It is an easy exercise (Exer-
cise 2.1.28) to see that the relation of similarity is an equivalence relation and the equivalence
class of an element of A(V) is called its similarity class.

When can we say that two linear transformations are similar? We shall exhibit that the
matrix of a linear transformation in some basis has particular nice form. These matrices are
called canonical forms. To check whether two linear transformations are similar or not, we
shall compare their canonical forms. If these forms are same then the linear transformations
are similar. There are many possible canonical forms, for example, triangular form, Jordan
form, etc. We shall study some of them in this unit.

3.1 Triangular Form

Definition 3.1.1. Let V be a vector space over F and T € A(V). A subspace W of V is
called invariant under T if T(W) C W (i.e. Tw € W for allw € W).

Example 3.1.2. Let V be a vector space over F and let I € A(V) be the identity operator on V.
Let W be a subspace of V. Then is invariant under / as W = I(W) C W.

Thus, every subspace W of V is invariant under the identity map /.

Example 3.1.3. Clearly, W = {0} is invariant under any 7 € A(V) as T{0} C {0}. Also,
W =V is invariant under any T € A(V) as T(V) C V.

Thus, {0} and V are always invariant under any given T € A(V).
Example 3.1.4.
Let V =R? and T : R? — R? be defined by
(22, 2x)

T(x,y) = (x+y,x+Y), (2. 2)

where (x,y) € R%. Let W = {(x,x) : x € R} be a subspace of 0 R
V = R2. Then clearly, W is invariant under 7 defined above,
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since for any (x,x) € W, T (x,x) = (2x,2x) € W. Thus, T(W) C
w.

4 )
Theorem 3.1.5. Let V be a finite dimensional vector space over F and let T € A(V). Let W

be a subspace of V which is invariant under T. Then T induces amap T =V /W —V /W
defined by

Tv+W)=Tv+W, wew

such that T is well defined and T € A(V /W). Further, T satisfies very polynomial in F x|
which is satisfied by T. In particular, if py(x) € F[x] is the minimal polynomial for T over

\F and p(x) € F[x] is the minimal polynomial for T, then p;(x)|p(x). )

Proof. First we show that T is well-defined. Let vi + W, v, +W €V /W such that

vi+W=wn+W
=vi—wmneWw
=TWvi—v)=Tvi—Tv,eW (".- W is invariant under 7')
=Tvi+W=Tv,+W.

This shows that T is well-defined.

Next, we show that T is a linear transformation i.e., T € A(V /W).
Letvi+W,v;+W €V/W and o, B € F. Then

T(a(vi+W)+B(v2+W)) =T((avi+pv2) + W)
=T(ow;+Bv2)+W (by definition of T)
=(aTvi+BTvy)+W (since T is linear)
=a(Tvi+W)+B(Tvy+W)
=alT(vi+W)+BT(va+W) (by definition of T).

Thus, T : V/W — V /W is a linear transformation.

Now, we show that T satisfies every polynomial satisfied by T. Before we can show this,
we have to show the following:
If W is invariant under T then T(W) C W. Then, T>(W) = T(T(W)) C W. Thus, W is
invariant under 72 also. Similarly, for any k € N, W is invariant under T*. Now, for any
v+WevV /W,

N
[\o)
I
~|
S

(v+W))
Tv+W)
Tv)+W
v+ W
2(v+W).

I |
e
N~~~

I
3

Therefore, (T)% = T2 and if follows by induction that
(T)* = T for any k € N. (3.1)

Similarly, one can easily show the following:
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e If W is invariant under S and 7 then W is invariant under S+ 7" and
S+T=S+T. (3.2)
e If W is invariant under 7 and o € F then W is invariant under &7 and
ol =aT. (3.3)
We also note that, I € A(V /W) is the identity map on V /Wand the map O is the zero map on
V/W.
Now, let g(x) = ot + ayx + x> + o4,x" € F|x] be a polynomial satisfied by T, i.e.,
q(T)=0
= ool + ouT +T?+0,T" =0
= apl +ouT+pT?+- -+ 0,T" =0
=l +ouyT+0pT?2+---+0,T"=0 (by equation (3.2))
= ool + T + T2+ + o, 7" =0

(by equation (3.3))
= ol +oyT + Ocsz +- 4o, T =0 (by equation (3.3))
= q(T)=0.

Thus, any polynomial ¢(x) € F[x] which is satisfied by 7 is satisfied by 7.

Now, let p; (X) € F[x] be minimal polynomial for T and p(x) € F [x] be minimal polynomial
for T. Then, by above, p(T) = 0= p(T) = 0. Since, minimal polynomial for T divides every
other polynomial satisfied by 7, we have p;(x)|p(x). O

Let V be finite dimensional over F and 7T € A(V). We have seen, by Corollary 2.2.4, that if
A € F is a characteristic root of T then A is a root of minimal polynomial for 7. The following
lemma exactly states its converse.

Lemma 3.1.6. Let V be a finite dimensional vector space over F and T € A(V). If A € F
is a root of the minimal polynomial for T, then A is a characteristic root of T.

Proof. Let p(x) € F[x] be the minimal polynomial for 7 and A € F be a root p(x), i.e.
p(A) = 0. Therefore,

plx) = (x=2)q(x),
where 0 # g(x) € F[x] and degg(x) < deg p(x).
As p(x) is the minimal polynomial for T and degg(x) < deg p(x), we have ¢(T) # 0. Then
there exists some w € V such that

v=¢q(T)(w)#0.
Now, 0 = p(T)(w) = (T — AI)q(T)(w). This implies
(T—AIv=0.
Hence, Tv = Av and hence A is a characteristic root of 7. |

Remark 3.1.7. Combining Corollary 2.2.4 and Lemma 3.1.6, we can say that A € F is a root
of minimal polynomial for 7 € A(V) if and only if A is a characteristic root of T'.
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4 )
Definition 3.1.8. Let G be a field and n € N. A matrix (@;;) € M,(F) is said to be upper
triangular if all its entries below the main diagonal are 0, i.e.,

OC,'J':O fori > j.

A matrix (o;;) is said to be lower triangular if all its entries above the main diagonal are
0,1.e.,

OC,']':O fori < j.

- /
Equivalently, for T € A(V), the matrix of T is said to be upper triangular if

Tvy = oqqvy

Tvy = 0jovy + 0o vo

Tvi=oqjvi+0va+ -+ Qv

Tvy, = 0t1uv1 + Qv + -+ + Oy Vi,
i.e., if T'v; is a linear combination of only v; and its preceding ones, v, V2, ...,v;_1 in the basis
of V.

Theorem 3.1.9. Let V be a finite dimensional vector space over F and T € A(V). If all the
roots of the minimal polynomial for T are in F then there is a basis of V with respect to which
the matrix of T is (upper) triangular.

Since by Remark 3.1.7, we know that, A € F is a characteristic root of 7 if and only if A is
a root of the minimal polynomial for 7', the above theorem can be restated as follows:

Theorem 3.1.9. Let V be a finite dimensional vector space over F and T € A(V). If all the
characteristic roots of T are in F then there is a basis of V with respect to which the matrix
of T is (upper) triangular.

Proof. We shall prove the theorem by principle of mathematical induction on the dimension n
of V.

oeLetdimV =1.

Let A € F be a characteristic root of 7. Then there exists a 0 # v € V such that Tv = Av.
Since, v # 0 and dimV = 1, clearly {v} is a basis of V. The matrix of T with respect to the
basis {v} is (1) which is a triangular matrix.

e Assume that the result is true for dimV =n — 1.

e LetdimV =n.
Assume that all the characteristic roots of 7 are in F. Let A; € F be a characteristic root of 7.
Then there is a vi # 0 in V such that Tv; = A;vy. Let

W=L({wn}) ={ov:acF}.
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Then W is a one-dimensional subspace of V. Also for any w € W, w = av, we have
Tw = T((le) = OC(TVI) = OC()LVl) = A(Otvl) ew.

Thus, W is invariant under T. Then by Theorem 3.1.5, T induces amap 7 : V/W — V /W
such that T € A(V /W) and minimal polynomial for 7 divides the minimal polynomial for 7.
Since all the roots of minimal polynomial for 7 are the roots of the minimal polynomial for T,
the map T also satisfies the (condition) hypothesis of the theorem.

Also, we know that
dim(V/W) =dimV —dimW =n—1.
Then by induction hypothesis there is a basis {vy +W,v3+W,... v, + W} of V/W such that
the matrix of 7, say (@ j)2§i7 j<n» 1n this basis is upper triangular. Equivalently,
T(Vz + W) = OC22(V2 + W)
T(V3 =+ W) = 003 (Vz + W) + (X33(V3 + W)

T +W) = 0n(va+W)+ 0, (v3+ W)+ + (v + W).

Claim: {vz,v3,...,v,} is linearly independent.
Let 5, B3,...,v, € F such that vy + B3vz +---+ B,v, = 0. Then

(Bova+ Bsvs+-++Buvn) +W=0+W =W
= B(va+W)+Bs(vi+W)+---+B(vp + W) =W
Since vy +W,v3 +W,...,v, + W are linearly independent (being basis of V /W), we have

B = B3 = --- = B, = 0. This proves our claim.

Also, since vy + W,v3+W,... v, + W are linearly independent, v; + W # W and hence
vig¢ W forall 2 <i<n. ButW =L({v]}) and so v; cannot be written as a linear combination

of vp,...,v,. Therefore, {vi,vy,...,v,} must be linearly independent. Since, dimV = n, the
set {vi,v2,...,v, } forms a basis of V.
Finally, we show that the matrix of T in the basis {v,v,...,v,} is upper triangular.

We have, Tvy = Ayv;. Take A; = a1, then Tvy = ot11v;. Now, we have

T(va+W)=o0pv,+W
=Tvy— 0o €W
= Tvy) — 0ova = Q2 (for some ay, € F, since W = L({v})
= Tvy, = 0pv1 + 0o Vvs.

Similarly, it follows that for any 1 < j < n, there is & ; € F such that

J
TVj — ZOC,'J'VJ' =07V € w.
i=2

Thus,
J
TVj = Z oGjv;.
i=1
Therefore, the matrix of T with respect to the basis {v,v2,...,v, } is upper triangular. O
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Exercise 3.1.10. Let V be a finite dimensional vector space over F, T € A(V) and m(T) be
the matrix of 7. Show that 7" and m(T') have the same characteristic roots.

Alternatively Theorem 3.1.9 can also be stated in the following form:
4 )
Corollary 3.1.11. If the matrix A € M,,(F) has all its characteristic roots in F, then A is
similar to a triangular matrix, i.e., there is an invertible matrix C € My, (F) such that C~'AC
is a triangular matrix. )

(&

C )
Theorem 3.1.12. Let V be an n-dimensional vector space over F. If T € A(V) has all its
characteristic roots (or roots of the minimal polynomial) of T are in F, then T satisfies a

eolynomial of degree n over F. )
Proof. Since all the characteristic roots of T are in F', by (above) Theorem 3.1.9, we can find
a basis vy, vy, ..., v, of V such that the matrix of 7 in this basis is upper triangular, i.e.,

Tvi = o1vq

Tvy = aqpv + 02v2

Tv, = 01pv1 + 0pva + - -+ Oy vy,
Now, from first equation, we have
(T —al)vi =0= (T — ap)(T — o111)v; = 0.
Also, by the second equation above, we have

(T —an)(T — oxpl)vy = (T — oy I)(Tvy — 0pav2)
= (T —anl)(apv)
= Otlz(T — 06111)\/1
=0 (by first equation)

Inductively, we get
(T—OCHI)(T— Otzz])---(T— OCl'iI)Vi =0

forall i =1,2,...,n. Therefore,
(T — o1 I)(T —oal) -+ (T — 0yl) = 0.

Hence, T satisfies a polynomial g(x) = (x—o1)(x — &tp2) - - - (x — Oy,) of degree nover F. [

3.2 Canonical Forms: Nilpotent Tranformations

Definition 3.2.1. Let V be a vector space over F and T € A(V'). Then T is called nilpotent
if there is a positive integer n such that 7" = 0. The smallest such 7 is called the index of
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nilpotence of T, i.e., if n is the index of nilpotence then

T"=0but 7" ! #£0.

Exercise 3.2.2. If T € A(V) is nilpotent and if & € F such that o # 0 then prove that ol + T
is regular and its inverse (af +T)~! is a polynomial in T

Solution. Seminar exercise. O

Lemma 3.2.3. Let V be a vector space over F and T € A(V) be nilpotent. Then o+ o T +
oo+ 04, T™, where 0y, 0y, . .., Qy, € F is invertible, if o # 0.

Proof. Note that, oy T + ...+ &, T™ = (ayl + 0T + ...+ o, T 1T.
Since T is nilpotent, 7" = 0 for some n € N. Then

(T +...4+ 0, T™)" = (I 4+ 0T + ...+ o, T )" T" = 0.

Therefore, if T is nilpotent then a7 + ...+ @, 7™ is also nilpotent. Then by the above
exercise, if o # 0 then ool + oy T + ...+ oy, T™ is invertible. E

Note: We observe that, by the above exercise, the inverse of o + o7 + ...+ o, T is a
polynomial in 7'.

Lemma 3.2.4. Let V be a vector space over F and let T € A(V) be nilpotent with the index
of nilpotence ny. Let v € V be such that T ~'v # 0. Let

Vi =L({v,Tv,...,T" " W}).

Then dimension of V1 is ny, Vi is invariant under T and the matrix of T|V1 is

0 00 0 0
1 00 0 0
M, =|0 10 00
000--10
ny Xny

Proof. Since V; is already the span of v,Tv,...,T" "y, to show that dimV; = n; we have
to show that v, Tv,..., 7"~y are linearly independent. Suppose if possible, v, Tv,..., T~y
are linearly dependent. Then for o, , ..., 0, -1 € F, we have

oV 4oy Tv+ -4y T 'v=0 (3.4)
for some @;’s non-zero. Let s be the first integer such that ¢y # 0. Then (3.4) becomes

ot TV + o T v+ + Otnl,lT"‘_lv =0
= (0l + O 1 T+ + Q1 T TSy = 0. (3.5)
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Since T is nilpotent and a; # 0, by Lemma 3.2.3, (ot + 051 T + -+ + OcnI,lT’”_l_s) 1S
regular. Applying its inverse to the left on both sides of (3.5), we get T°v = 0. Therefore,

Tn]flv — Tn]flfS(Tsv) -0

which is a contradiction, since the index of nilpotence is given to be n;. Hence, all ¢;’s must
be 0 and so the set {v,Tv,..., T™~1v} is linearly independent. Hence,

dimV1 =ni.

Now, we show that V; is invariant under 7.

T(Vi)=T(L({»,Tv,...,T" " 1v}))
L{Tv,T?v,...,T" " W}) (since T™'v = 0)
c L({v,Tv,...., T" "y} ) =V,.

Therefore, V; is invariant under 7 and as a result, TlV, : V1 — V} 1s a homomorphism.

Now, we find the matrix of T’Vl.

T‘Vl (V) =Tv (=0 +Tv+0T?v+---+0T" " 1y)
T’Vl (TV) = T(TV) = Tz(v)

T, (T""'v) =T(T""v) =T"v=0.

Therefore, the matrix of T’VI 18

00 ---00

1 -0 0
m<T|v1):Mn1 —10 1 00

00 1 I

=]

The lemma is used in proving the lemma succeeding it, i.e. to prove that there exists another
subspace W invariant under 7" such that V = V; @ W. The proof of the following lemma is
easy and is left as an exercise for the students.

Lemma 3.2.5. Let V,T,n; and V be as in previous lemma. If u € V| be such that T™ “ku=0
for some 0 < k < ny, then u = Tkuofor some ug € V.

Proof. Exercise. U

LetV,T,n; and V] be as in Lemma 3.2.4. Then we have the following result:
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Lemma 3.2.6. There exists a subspace W if V such that W is invariant under T and
View =V.

Proof. Let W be a subspace of V of largest possible dimension such that

e W is invariant under T

o VINW = {O}
Since Vi NW = {0}, to show that V = V| & W, it remains to show that V; + W = V. Suppose
if possible, we have V; +W C V. Then there exists and element z € V such that z ¢ V; +W.

Note that, n; being the index of nilpotence of 7', we have T = (. Therefore, 7"z =0 €
Vi + W. Then there exists an integer k, 1 < k < n; such that

Tz eVi+W
but Tz ¢Vi+W i<k (3.6)

Thus, T¥z = u+w, where u € V; and w € W. But then,
0= TnlZ — Tnlfk(TkZ) — Tnlik(u—i-w) — Tnlfku_i_ Tnlfkw.

Therefore, T %y = —T™ k. Since V; and W are invariant under 7, we have T %y € v,
and 7™ ~*w € W and hence

"k = —1 "k e VinW = {0}.

This implies,
Tk =0.

Then by previous lemma, T*uy = u for some ug € V. Therefore,
T'z = u4+w =T ug+w = T*(z— up) = w.
Take z; = z — ug, then T*z; = w € W. Since W is invariant under T, we have
T"z1 €W forall m>k.
Now, we show that for i < k, T'z; ¢ W. Suppose, if possible, T'z; € W (i < k). Then

Tiz=Tiz— Tiuo + Tiuo
= Tizl + Tiu() eVi+w (since Tiu() €V and Tizl eWw).

This is not possible by our choice of k in (3.6). Therefore,
Tizi ¢ W foralli<k. (3.7)
Let W be the subspace of V spanned by W and z;,Tzy,..., Tz, ie.,
Wy =L(WU{z,Tz,-. .,Tk_lzl}).

Since Tz, ¢ W for i < k, W is a proper subspace of Wy, i.e., W C Wj. Also, since Tkz, e W
and W is invariant under 7', we get that Wi must be invariant under 7.
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Due to our assumption that W is the invariant subspace of V of largest dimension such that
ViNnW = {0} and W C W, W; also being invariant, we must have

{0} cVinwy.
Then there must be an element w' # 0 in V; N W; such that
w =wo+aozy + Tz + -+ ak_lTk_lm

forsome wo e Wand o; € F,i =0,1,...,k— 1. If all the @;’s are zero then we get w = wg €
ViNW = {0} (.- wp € W) which is a contradiction as w’ # 0. Therefore, at least one o; must
be non-zero. Let 1 <s < k— 1 be the smallest integer such that ¢z # 0. Then, we have

w =wo+ Tz + -+ o1 T 'z
=wo+ (O] + Qg1 T+ 4+ 04 T TSz0 €V (oW evinwy). (3.8)
Since oy # 0, by Exercise 3.2.2, the element ol + @t T + - - - + 0 T*~17% is invertible
and its inverse, say R, is a polynomial in 7'. Since, R is a polynomial in 7 and W and V; are

invariant under 7', it is clear that W and V) are also invariant under R. Then applying R on
both sides of (3.8), we get

Rw' = Rwo+T°z1 €R(V}) C V).

Therefore, T9z; € Vi + R(W) C Vi + W, where s < k— 1 < k. This is contradiction to (3.7).
Hence, V = V| +W and since Vi "W = {0}, we have V =V, & W. =

Lemma 3.2.7. Let V be a finite dimensional vector space over F and T € A(V). Let
V=V®Vhd- - &V where each subspace V; (1 < i < k) is of dimension n; and is
invariant under T. Then there is a basis of V in which the matrix of T is of the form

A, 0 - 0
0 Ay - 0
0 0 - A

where each A; is an n; X n; matrix of T; = T!V, : Vi = V; i.e., matrix of the linear transforma-
tion induced by T on V; (1 <i <k).

Proof. Fori=1,2,...,k, choose a basis {v} v}, ... 7vﬁli} of V;. Since V=V, &V, &---dV,,
the basis of V' is given by

k
_ i i
B = U{Vl,VZ,...,Vni}
i=1
1.1 1 .2 .2 2 k k k
= {V1V2 s Vs VT Va5 Vg e o s V1 V2 o5 Vi )
Since each V; is invariant under 7', we have T(v;) € V; for all i = 1,2,...,k and for all
j=1,2,...,n;. Thus, in the matrix of T in basis B, Tv; is a linear combination of v’i , vé, e ,vf%,
only and other coefficients are zero.
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Let A; be the matrix of 7; = T |,, in the basis {v},,...,v} }. Then by the definition of the

matrix of a linear transformation, the matrix of T in the basis B is of the form

AL 0 0 --- 0 O
0O A, 0 --- 0 O
0O 0 A3 --- 0 O
0O 0 0 -+ A O
o 0o o0 --- 0 A
]
C )
Theorem 3.2.8. Let V be a finite dimensional vector space over F and T € A(V) be
nilpotent with index of nilpotence ny. Then there is a basis of V in which the matrix of T is
of the form
M, O 0
0 M, -~ 0
0 0 - My
KwheremanzmananaldimV:n]—|—ng—|—~~-—|—nk. )

Proof. Since n; is the index of nilpotence of T, 71~ £ 0. Therefore, there exists v € V such
that 7~ 1y #£ 0. Let
Vi =L({v, Tv,...,T”‘_lv}).

Then by Lemma 3.2.6, there exists a subspace W of V invariant under 7', i.e., T(W) C W,
such that

V=VieWw.
Let T} = T‘Vl , then by Lemma 3.2.4, we have a basis of V| in which matrix of 7] = T‘vl is

M,,. Let T be the linear transformation on W; induced by 7', i.e., T, =T W, Since, W is
invariant under 7', we can say that it is invariant under 75. Also, for any w € W,

Tzn'w =T"w=0.

Therefore, the index of nilpotence of 7>, say n,, (being smallest such integer) must less than
or equal to np, i.e., ny < ny. Also, we have To(W;) C Wj.
Then there is a w; € W; such that Tznrlwl #0. Let

V) = L({Wl,Tzwl,Tzzwl, e Tznz_lwl}).

Then by Lemma 3.2.6, there is a subspace W, invariant under 75 such that W; =V, & W,.
We take T, =T V- Then by Lemma 3.2.4, dimV, = n; and the matrix of 7, in the basis
{Wl y T2W1 y T22W1, ceey Tznz_lwl} of V2 is an.

Continuing this way, we get subspaces V|, Va,...,V; of V such that dimV; = n; (1 <i <k),

ny>ny > - > n,
T(V;)CV;
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and the matrix of 7; = T‘V_ is M,. Then by (previous) Lemma 3.2.7 there is a basis of V in
which the matrix of 7 is of the form

M, 0 0
0 M, 0
0 0 - M,

g

This form of the matrix above is called the canonical representation of the nilpotent linear
transformation 7.

( . . . . . )
Definition 3.2.9. The integers ny,n,,...,n; in the canonical representation of nilpotent
\T € A(V) are called invariants of T. )

( N\
Definition 3.2.10. Let 7 € A(V) be nilpotent. A subspace M of V is called cyclic with
respect to T if

1. T™(M) = {0} but T~ (M) # {0},
\_ 2. thereis an element z € M such that {z,Tz,...,T" 'z} forms a basis of M, )

Example 3.2.11. The subspaces Vi,V»,...,V; obtained in the proof of Theorem 3.2.8 are
cyclic with respect to T'.

Lemma 3.2.12. Let M be a subspace of a vector space V and T € A(V) be nilpotent. If
dim(M) = m and M is cyclic with respect to T, then dim(T*M) = m —k for all k < m.

Proof. Since M is cyclic, the set {z,Tz,...,T™ 'z} forms a basis of M, i.e.,
M =L({z,Tz,...,T" 'z}).

Then,
T*M = L({T*z, 7" 'z,..., T 12})  (since T™(M) = {0}).

Clearly, {T*z, T**'z,..., Tz} is linearly independent as it is a subset of an linearly inde-
pendent set {z,Tz,...,T" " 'z}. Therefore, {TXz, T**1z,..., T !z} forms a basis of T*M and
hence dim(7*M) = m — k. O

4 )
Theorem 3.2.13. Let V be a finite dimensional vector space over F and T € A(V) be

nilpotent. Then the invariants of T are unique.

In other words,

if Vi,Va,..., Vi are cyclic with respect to T such thatV =V, ®Vo&--- B Vi withdimV; =
ni (1<i<k),n >ny>--->ny,

and Uy,U,,...,U; are cyclic with respect to T such that V. =U; U, & --- & U; with
dimU;=m; (1 <i<Il),m >my>--->my,
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L then k = | and m; = n; for all i. J

Proof. Suppose V1, Vs, ...,V are cyclic with respect to T such that
V=VieVe - aV

with dimV; =n; (1 <i<k),n; >ny >--- >niand also Uy, Uy, ..., U are cyclic with respect
to T such that
V=UaUy®---aU

with dimU; = m; (1 §i§l),m1 >my > 2> my.
We have to show that k = [ and m; = n; for all j. If this is not the case then let i be the first
integer such that m; # n;. Without the loss of generality, we may assume that

m; < nj. 3.9
Since V=V &Vr@--- DV,
TV =T"Vi @ T" Vo & --- @ T" V.

Therefore, by (above) Lemma 3.2.12 (and considering only upto V; but not upto V;), we have

dim(T™V) > (ny —m;) + (np —m;) + - -+ (n; — my). (3.10)
Alsosince V=U; ®U, D --- D U, we have

TV =T"U, & T" Uy & - - T"U; (- T™U; = {0}, i > j).
Therefore, by previous lemma we have
dim(T™V) = (my —my;) + (my —my) + -+ - + (mi—1 —m;).

Since i was the first integer such that m; # n;, we have m; = ny, my = ny,
ldots,m;_1 = n;_1. Then, the above equation becomes

dim(T™V) = (ny —m;) + (np —m;) + -+ -+ (nj—1 — my). (3.11)
Substituting the value of dim(7™V') from equation (3.11) in equation (3.10), we have

(m—m) + (np—m) + -+ (ni-y —m;) > (ny —my) + (n2 —m;) + -+ + (n; —my)
=0> n—m;
= m; > n;.

This is contradiction to (3.9). Hence, k = [ and m; = n; for all i. E

Theorem 3.2.14. Two nilpotent linear transformations are similiar if and only if they have
the same invariants.
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Proof. LetS,T € A(V) be two nilpotent linear transformations. Suppose S and T have different
invariants, say ny,n,...,n; and my,my,...,m; respectively. Then by previous theorem and
remark, their respective matrices

M, O 0 My, 0 - 0
mo=| MY faameny = | DM Y
0 0 . M, 0 0 v My,
cannot be similar. Hence, S and T cannot be similar.
Conversely, suppose that S and T have the same invariants, say ni,na,...,n;. Then by

Theorem 3.2.8, there are bases By = {vi,vy,...,v,} and By = {wy,ws,...,w,} of V such that
the matrix of S in the basis B and the matrix of 7 in the basis B> is

M, 0 0
0 M, 0

mp,(S)=1{ . .7 . . | =m()
0 0 - M,

We have seen, in Proposition 2.3.11, that if two linear transformations have same matrix in
different bases, then they must be similar. Hence, S and 7" are similar. =

Let us compute a couple of examples of invariants.

Example 3.2.15. Find the invariants of the linear tranformation T : F3 — F3 defined by
T(x,y,z) = (,z,0), where x,y,z € F.

Solution. Tt is clear to see that the index of nilpotence of T is 3 as T°(x,y,z) = (0,0,0) for all
(x,y,z) € F3. Hence, the invariant of T is dimF? = n; = 3. Now,

7(1,0,0) = (0,0,0)
7(0,1,0) = (1,0,0)
7(0,0,1) = (0,1,0)

Thus, the matrix of T in standard basis of F* is given by

o O O
(el
o = O

Note that v = (0,0,1) and 7" ~! = T?y = (1,0,0) # (0,0,0). Hence, v, Tv, T?v forms a basis
of V| = F3 and the matrix of T in the canonical form is

000
M, =100
010

0
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Example 3.2.16. Find the invariants of 7 : R? — R3 defined by
T(X],XQ,X3) = (XQ,0,0).

Solution. The index of nilpotence of T is n; = 2 as clearly, T2 = 0. Then the invariants
(as in Theorem 3.2.8) ny and ny such that n; > n, and dimR3 = n| +ny are n; = 2, np=1.
Note that, as seen in Lemma 3.2.4 and Lemma 3.2.6, we can find v = (0,1,0) € R3 such that
T"~ly = Tv = (1,0,0) # (0,0,0). Then R? can be written as

R3 = VieV,,
where basis of V; = {v,Tv} = {(0,1,0),(1,0,0)} and V, = L({(0,0,1)}. Then the matrix of
T|,, is given by My, = (1) 8 while M,, = (0). Then the canonical representation of 7' is

as follows:
(Mnl 0 ) (Y old
0 M, 0 0
Note that this is not the matrix of 7" in the standard
basis of R? is given by

o oo O

asis. The matrix of 7 in the standard

o O O
S = O
o O O

3.3 Canonical Forms: Jordan (Decomposition) Form

Lemma 3.3.1. Let V be a finite dimensional vector space over F and T € A(V). Suppose
that V.=V & V,, where V| and V, are subspaces of V invariant under T. Let T1 = T‘Vl and

T, = T!Vz. If the minimal polynomial of Ty over F is p1(x) while minimal polynomial of T,
over F is py(x) then the minimal polynomial of T over F is the least common multiple of
pi1(x) and ps(x).

Proof. Let p(x) € F[x]| be the minimal polynomial for 7. Then p(T) = 0. Thus for v; € V,
by definition of 77, we have T;v; = Tv;. Therefore,

p(Ty)vy = p(T)vy =0.
Similarly, for any v, € V,, since Thv, = Tv;,, we have
p(T)v, = p(T)vy = 0.

Thus, p(T) =0= p(T}) =0and p(T») = 0.
Since p;(x) and p,(x) are minimal polynomials for 77 and 75 respectively,

P1(x)|p(x) and pa(x)|p(x).
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Let g(x) be the L.C.M. of p;(x) and p>(x). Then,

q(x)|p(x). (3.12)

On the other hand, we know that both p;(x) and p,(x) divides their least common multiple
q(x),ie.,
p1(x)lq(x) and pa(x)g(x).

Therefore, g(7T7) = 0 and ¢(73) = 0.
Now, let v € V. Since V = V| @& V,, there exists vi € V| and v, € V5, such that

Vv =v1+W.
Then,

q(T)v=q(T)vi+q(T)v2
= q(Ti)v1 +q(T2)v2 = 0.

Thus, ¢(T) = 0. Since p(x) is the minimal polynomial for 7', and T satisfies ¢(x), we conclude
that

p(x)lg(x). (3.13)
By equations (3.12) and (3.13), we have p(x) = g(x). Hence, the minimal polynomial for T is
the least common multiple of p;(x) and p;(x). O

Corollary 3.3.2. If V=V, &V, @®--- &V}, where each V; is invariant under T and if p;(x)
is the minimal polynomial for T; = T‘VA over F, then the minimal polynomial of T over F is

the least common multiple of p1(x), p2(x), ..., pr(x).

Notations: Suppose V is a finite dimensional vector space over F and T € A(V).
Suppose p(x) € F|x] is the minimal polynomial for 7. Consider

p(x) = q1(x) g2 (x)" -~ qr(x)",

where ¢;(x), (i =1,2,... k) are distinct irreducible polynomials in F[x| and [},1,,... I} are
positive integers. Fori = 1,2,... k, consider

Vi={veV:qT)v=0}=ker(q:(T)".
Then V; is a subspace of V which is invariant under 7. This is because, if v € V; then
qi(T)"(Tv) = T(q:(T)"v) = T(0) = 0.

Therefore, Tv; € V; and hence each V; is invariant under 7.

Theorem 3.3.3. With the above notations, V; # {0}, for each i = 1,2,....k,
V=Vi®V,®-- &V, and the minimal polynomial of T; = T{V_ is qi(x)"k.
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Proof. First we show that V; # {0} for all i = 1,2, ... k. For k = 1 there is nothing to prove.
So, we may assume k > 1. Consider

=
N—
S
A
(O8]
~
=
N—
oS
<
»4
~—~
=
N—
=~

hi(x) = qa(
ha(x) = q1(

=
=
<
(9%)
~
=
N—
o
<
»
—~
=
N—"
=~

hi(x) = g1 (X)"" -+ gim1 (0)1 iy ()41 - gre(x) .

That is

h,-(x):p(x)l,, i=1,2,... k.
gi(x)"

Clearly, fori = 1,2,... k, degh;(x) < deg p(x). Since p(x) is the minimal polynomial for T,
we have h;(T) # 0 and so h;(T)(V) # {0}. Now, forv € V,

qi(T)ini(T)v = p(T)v = 0.
Therefore, h;(T)v € ker(g;(T)%) = V; and hence we have

{0} # m(T)(V) C Vi (3.14)

| Vi #{0}.

Now, we show that V =V, &V, P --- @ V. For this we have to show that for 1 <i <k:

e Every v € V can be written as v =v{ + v + - - - 4+ v, where v; € V;.
o If uy+ur+---+up =0 with u; € V; then each u; = 0.

Since GCD of hy(x),ha(x), ...,k (x) is 1, there exists aj (x),az(x),...,ar(x) € F[x] such that

ay (x)hy (x) + ax(x)ha(x) + - - - + ag(x) b (x) = 1.

Therefore,
ay(T)h(T)+ax(T)ha(T)+ -+ ar (T ) (T) = 1.

Then for any v € V,
v=a(T)h(T)v+ax(T)hy(T)v+ -+ ap(T )y (T)v.

Now, by (3.14), h;(T) C V; forall i = 1,2,...,k and V; is invariant under T (by above descrip-
tion in Notations), we have
al'(T)]’l,'(T)V evV.

Therefore,
V=vi+vy+---F v,

where v; = a;(T)hj(T)v € V;, i =1,2,... k. Thus, we can write V as
V=Vi+WV+---+V.
To show that V is the direct sum, i.e., V =V &V, & --- SV, it is enough to show that if

u1+u2+...+uk20 (3.15)
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with u; € V; then each u; = 0.
Suppose if possible, some u; is not 0, say u; # 0. Then by (3.15), we get

h (T)ul +h1(T)u2 4+ hy (T)uk = hl(T>0 =0. (3.16)
Now, for 2 < i <k, u; € V; = ker(q;(T)") = ¢;(T)"iu; = 0 and so
h(T)u; = q2(T)q3(T)5 - qi(T) " u; = 0.

So equation (3.16) reduces to h1(T)u; = 0. Also since u; € Vi = ker(q(T)""), we have
q1(T)""u; = 0. Now, as GCD of 4 (x) and g1 (x)! is 1, there exists A (x), (x) € F[x] such that

A Ay (x) + s (x)q1 (x)1 = 1.

AT (T) +u(T)qi(T)" = 1.
A(T)hy (T )uy +u(T)g (T)llul =u.
coup =0.

This is a contradiction to our assumption that u; # 0. Therefore, all #;’s must be 0 and hence

V=VieVe eV

Now, consider T; = T‘V‘. Then we show that the minimal polynomial for 7; is g;(x )li.

By definition of V(= ker(q;(T)"), since ¢;(T)"(V;) = {0} we have g;(T;)" = 0. Therefore,
the minimal polynomial of 7; must divide g;(x)" and hence it will be of the form ¢;(x)//, where
fi <1I;. Then by Corollary 3.3.2, the minimal polynomial of T over F is the LCM of ¢ (x)/1,
q2(x)72, ... qx(x)/* and since g;(x) are distinct and irreducible, the minimal polynomial must
be their product, i.e.,

qi (x>fl ) qZ(x)fzv R Qk(x>fk'
But (by notations given above), the minimal polynomial for 7 is

p(x) = q1(x)" g2(x)" - ge(x)*

and so, we have

1) ()2 - g () = g1 (), @2 (0) 2, qu ()R

Therefore, f; = [; forall i = 1,2,..., k. Hence, | g;(x)" is the minimal polynomial for 7;.| [J

Remark 3.3.4. We know that, by Remark 3.1.7, A € F is a root of the minimal polynomial
for T € A(V) if and only if A4 is a characteristic root of 7. If all the characteristic roots of T
lie in F then the minimal polynomial p(x) € F[x] for T has the following nice form:

p(x) = (= An)" (r = 22)"2 - (e = A",

where 41,42, .., A are distinct characteristic roots of 7. The irreducible factor g;(x) is now
gi(x) = x — A;. Note that, A; is the only characteristic root of 7 on V;.

PS01CMTH24 2018-19



§3.3. Canonical Forms: Jordan (Decomposition) Form 73

C )
Corollary 3.3.5. Let V be a finite dimensional vector space over F and T € A(V) be such
that all the characteristic roots of T lie in F (i.e., all the roots of the minimal polynomial for
T areinF). If A{, Ay, ..., A € F are the distinct characteristic roots of T, then the minimal

and

\where V; = ker

polynomial p(x) for T is

p(x) = (x =AM (x—Ap)2 - (x— A )

V=VieVhd - oV,
(T—-ADi={veV: (T-A)iv=0},i=1,2,... k

/

We are now in the position to state the condition when the matrix of 7 € A(V) will be in
special recognizable form. Before we exhibit this condition, consider the following definition:

/ )
Definition 3.3.6. The matrix
A 0O 0 0
1 A 0 0 0
0 1 A 0 0
: . (3.17)
0 00 --- A0
0 00 --- 1 A
with A’s on the diagonal, 1’s on the subdiagonal (entries just under the diagonal), and 0’s
\ elsewhere, is called the basic Jordan block belonging to A. )
C )

Theorem 3.3.7 (Jordan Decomposition). Let V be a finite dimensional vector space over F
and T € A(V) be such that all its distinct characteristic roots are in F (i.e., all the roots of
minimal polynomial for T are in F ). Then there is a basis of V in which the matrix of T is
of the form
Ji
J2

where fori=1,2,... k each

ir;

\and where B;,Bi,, ... ,Biri are basic Jordan blocks belonging to A; (as given in (3.17)).

Proof. Suppose A1,A,,...,A € F are distinct characteristic roots of T (or roots of the minimal

Dr. Jay Mehta jay_mehta@spuvvn.edu



mailto:jay_mehta@spuvvn.edu
jay_mehta@spuvvn.edu
jay_mehta@spuvvn.edu

74 §3.3. Canonical Forms: Jordan (Decomposition) Form

polynomial). Then by previous corollary, the minimal polynomial for 7 is of the form

px) = (=) (x =) (x = ),
V=ViaWhe- oV,

where V; = ker(T — 4,1 )li, i=1,2,...,k. Also, each V; is invariant under 7" and the minimal
polynomial for 7; = T|V. is (x — A;)!i. Therefore, fori =1,2,... k,

(T; — Ad)' = 0.

Thus, 7; — A;I is nilpotent and hence by Theorem 3.2.8 there is a basis of V; in which the matrix
of T; — A is of the form

M, 0 0
0 M, 0
0 0 - M

Ti

Since, T; can be written as 7; = (T; — Al ) + A;, the matrix of 7; can be written as
m(T;) = m(T; — M) +m(Ad)

M; ll'
m, U Y

0o -,

Since V=V, &V, &---dV; and each V; is invariant under 7', by Lemma 3.2.7 there is a basis
of V in which the matrix of T is of the form

ir;

J 0 - 0
0 Jh - 0
0 0 - Jy

U

The above matrix J is called the Jordan canonical form of T. We conclude this section by
leaving the following result as an exercise:

Exercise 3.3.8. Two linear transformation in Ar (V) having all their characteristic roots in
F are similar if and only if they have the same Jordan form (except for the order of their
characteristic roots).
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CHAPTER

TRACE, TRANSPOSE, DETERMINANTS AND
CLASSIFICATION OF QUADRATICS

4.1 Trace and Transpose

(- N
Definition 4.1.1. Let F be a field and A € M,,(F). If A = (), then the trace of A is
n
tI‘(A) = Z O,
i=1
\J-€., the trace of a matrix A is the sum of all the diagonal entries of A. )

Note that, trace of a matrix is an element of F. Thus, trace (of a matrix is a) function
tr: M,(F) — F is given by A — tr(A).

The following lemma lists some of the fundamental properties of the trace function. The first
two properties proves that trace function ‘tr’ is a linear function.

Lemma 4.1.2. Let F be a field. Then for A,B € M,,(F) and A € F,
1. tr(AA) = Atr(A).
2. tr(A+B) =tr(A) +tr(B).
3. tr(AB) = tr(BA).

Proof. Suppose A = (0;;) and B = (f;;). Then
1. 2A = (A«;j). Therefore,

tl‘()LA) = Z Aoyi= A Z i = A '[I‘(A).
i=1 i=1

75
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2. A+B = (o + Bij). Therefore,

tI'(A +B) — ((Xll+Bll>

n
Z%+Zm
= (A) + tr(B).
Thus, tr is a linear map on M, (F).

3. Suppose AB = (¥;;), where ¥;; = Z QixPBrj and BA = (u;;), where p;; = Z Bik ot -
k=1
Then,

'M=
=

~
—

tr(AB) =

I
M=

Z alkﬁkl)

~
I
—_

ﬁkia,—k> (interchanging the order of summation)

~
I
—_

I
7=
"; /\/‘\
i ng 0

=tr(BA).

I
=

~
I
—_

Corollary 4.1.3. Let F be a field and A € M, (F). Let C € M,(F) be an invertible matrix.
Then tr(C~1AC) = tr(A).

In other words, “two similar matrices have the same trace”.

Proof. If A and B are similar matrices then there exist an invertible matrix C such that
B=C"'AC. Then,

tr(B) = tr(C"'AC)

1
= =
a
S
a

c(Cc7'A)) (by property 3 above)

U

Using the definition of trace of a matrix, we now define trace of a linear transformation.

Definition 4.1.4. Let T € A(V). Then tr(T), the trace of T, is the trace of m;(T), where
m(T) is the matrix of T in some basis of V.

PS01CMTH24 2018-19



§4.1. Trace and Transpose 77

Remark 4.1.5. Since by previous corollary, trace of similar matrices is same, the definition
of trace of a linear transformation 7 makes sense. For if my(T) is the matrix of 7 in some
other basis of V then m|(T') and my(T) are similar matrices and their trace being same, tr(7')
remains the same.

We recall the definition of a splitting field.

Definition 4.1.6. Suppose F is a field and p(x) € F|[x]. The smallest field K such that F is
a subfield of K and K contains all the roots of p(x) is called the splitting field of p(x).
Example: The splitting field of x> + 1 € R[x] or in Q[x] is C. The splitting field of
x? —2 € Q] is Q(v2).

Lemma 4.1.7. If T € A(V), then tt(T) is the sum of all the characteristic roots of T counted
according to their multiplicity.

Proof. Let A be the matrix of 7 and p(x) € F[x] be the minimal polynomial for 7 (i.e. for A).
Let K be the splitting field of p(x). Then all the roots of p(x) are in K, i.e., all the characteristic
roots of 7 are in K. Then by Theorem 3.3.7, the matrix A is similar to Jordan form matrix
J € M,(K) of T. Then,

tr(T) =tr(A) = tr(J).

Since in matrix J the characteristic roots of T appear on the diagonal, the tr(J) is the sum of
all the diagonal entries of the matrix J counted according to their multiplicities. U

As an application of the above lemma, we make the following remark:

Remark 4.1.8. The trace of a nilpotent linear transformation (or matrix) be 0.

By the above lemma, trace of a linear transformation (or its matrix) is the sum of its
characteristic roots. We know that, 0 is the only characteristic root of a nilpotent linear
transformation and hence its trace is 0.

Question 4.1.9. What about the converse of the above remark, i.e. if the trace of a linear
transformation (or its matrix) is 0, can we say that it is nilpotent?

Solution. The converse is not true in general. If trace of a matrix is 0, it may not necessarily
be nilpotent. Consider the following example: U

Example 4.1.10. Let A = (0 1) then tr(A) = 0. However, A2 =1, A3 = A. So A is not

10
nilpotent.

Thus, we now know that if tr(7) = 0 then 7' may not be nilpotent. Now, the question
remains that under what additional conditions we can conclude that 7 is nilpotent. This is
answered by the following lemma:

Lemma 4.1.11. Let F be a field of characteristic 0, V be a vector space over F and
T € A(V). Then T is nilpotent if and only if tr(T") = 0 for all i > 1.
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Proof. If T is nilpotent, then T" is also nilpotent and hence tr(7?) = 0 for all i > 1.

Conversely, suppose tr(7") =0 for all i > 1. Let p(x) = op + Qx+ - - - + 04 x™ € Fx] be
the minimal polynomial for 7. Then,

0=p(T)=0pl+ouT+---+a,T".
Taking trace on both the sides, we get
0=optr(l) +ate(T)+ -+ ap tr(T™).
Since tr(T?) = 0 for all i > 1, from above equation, we have
oon=0= ay=0 (. characteristic of F is 0).

Since the constant term in the minimal polynomial for 7" is 0, by Theorem 2.1.15, T is singular
and hence by Theorem 2.1.19, 0 is a characteristic root of 7.

Let K be the splitting field of p(x). We can consider 7 as a matrix in M, (F) and hence in
M, (K). Since K is the extension of the field F such that all the roots of p(x) (i.e. characteristic
roots of T') are in K, by Theorem 3.1.9, we can bring T to a triangular form in M, (K). Since 0
1s a characteristic root of 7', the matrix 7 is of the form

(0] B -+ Bu)
0] v " :(O *)
: 0|7 )’
0 0 oy,
where
0%]
T2: . 8
0 o

isan (n—1) x (n—1) (upper triangular) matrix and * denotes the entries in K. Now,

0| %
= ()
0|7,

and hence 0 = tr(T*) = tr(T¥). Thus, T> is an (n— 1) x (n— 1) matrix with tr(T§) = 0 for all

k > 1. Repeating the same argument for 75 and continuing this way, we get ap = --- = o, = 0.
Thus, T can be converted to a triangular matrix with all the entries of main diagonal equal to 0.
Then (by a seminar exercise) 7 is nilpotent. E

Exercise 4.1.12. Prove that there do not exists A, B € M,,(F) such that AB— BA = I, where F
is a field of characteristic 0.

Solution. Suppose there exists A,B € M,,(F) such that AB— BA = I. Then taking trace on
both the sides, we get

n=tr(I) = tr(AB—BA)

= tr(AB) — tr(BA) (" tr(A+B) =tr(A) +tr(B))
= tr(AB) —tr(AB) (" tr(AB) =tr(BA))
=0
which is not possible since characteristic of the field F is 0. Hence, the result. =
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As an immediate application of Lemma 4.1.11, we have the following result usually known
as Jacobson lemma.

Lemma 4.1.13 (Jacobson lemma). Let F be a field of characteristic 0 and V be a vector
space over F. If S,T € A(V) such that ST — TS commutes with S, then ST — TS is nilpotent.

Proof. For any k > 1, we compute (ST — TS)k. Now,

(ST — TSk = (ST —TS)*"1(ST —TS)
= (ST —TS)IST — (ST —TS)* TS
=S(ST -1 7 —(ST—T$)*'TS (- ST — TS commutes with S)
— SB— BS,

where B = (ST — TS)*~!T. Hence,

tr((ST — TS)*) = tr(SB — BS)
=tr(SB) — tr(BS) (- tr(A+B) =tr(A) +tr(B))
= tr(SB) — tr(SB) (. tr(AB) = tr(BA))
=0

for all kK > 1. Then by previous lemma, ST — T'S is nilpotent. B

Definition 4.1.14. If A = (;;) € M,(F) then the transpose of A, denoted by A’, is the
matrix A’ = (%), where ¥;j = oj; for all 1 <i,j <n.
Thus, the transpose of A a matrix is obtained by interchanging rows and columns of A.

Some of the basic properties of the transpose are given in the following lemma:

Lemma 4.1.15. For all A,B € M, (F) and A € F, prove that
. (LAY =24
2 (A+B) =A"+B.
3. (AB) B’A’
4. (A) =

Proof. Homework (given as a seminar exercise). Ll

Exercises 4.1.16. Prove the following:
1. Let p(x) € F[x]. Then p(A) =0 if and only if p(A’) = 0. Hence, the minimal polynomial
for A and A" are same.
2. A is invertible if and only if A is invertible and

(A/)—l — (A_l)/.

3. A is a characteristic root of A if and only if A is a characteristic root of A’.
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N
Definition 4.1.17. A matrix A € M,,(F) is said to be a symmetric matrix if A’ = A.
Thus, if A = (0;;) is symmetric then
O;j = Ojj (fOI‘ all i,j). )

\
Definition 4.1.18. A matrix A € M, (F) is said to be a skew-symmetric matrix if A" = —A.
Thus, if A = (o) is skew-symmetric then

aj=—oj (foralli,j,i+# j). /

Lemma 4.1.19. Let F be a field with characteristic different from 2. Then every matrix
M, (F) can be uniquely written as a sum of a symmetric and a skew-symmetric matrix.

Proof. Let A € M,(F) and let A = B+ C, where B € M,(F) is any symmetric matrix and
C € M, (F) be any skew-symmetric matrix, i.e., B = B and C' = C. Now,
A'=(B+C)=B+C=B-C.

Therefore, A+A’ =2B and A — A’ = 2C. Hence,

A+A A—A
B:(+ )andC:( )
2
Thus, A can be written as
A+A A—A
A=B+C= (A+4) + ( ) .
2 2
It is easy to verify that B = w is a symmetric matrix and C = # is a skew-symmetric
matrix. 0

4.2 Determinants

(" )
Definition 4.2.1. Let F be a field and A € M,,(F). Then the determinant of A, written as
det(A), is the element of F defined as

det(A) = Z (_1)Ga16(1)%0(2) O (n)>

cES,

where

(1) =

{ 1 if o is an even permuation;

S —1 if o is an odd permutation.

Remark 4.2.2. The determinant function is a function on M, (F) and takes values in F,

det : M,(F) — F defined by A — det(A).
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Lemma 4.2.3. The determinant of a (lower) triangular matrix is the product of its entries
on the main diagonal, i.e.,

ifA = (ayj) € My(F) is a lower triangular matrix, then det(A) = Q11022 - - - Oy

Proof. Note that, since A = (o j) is a lower triangular matrix,
o;=0if j>i. 4.1
Now by definition of determinant,

det(A) = Y (=1)°@ig(1)00(2) - Ono(n)- (4.2)

oEeS,

If 6(1) # 1. Then obviously o(1) > 1 and hence by equation (4.1), the element Qy5(1) = 0.
Thus, in the expansion of det(A) given in (4.2) above, the non-zero contribution comes from
only those terms where ¢ (1) = 1.

Now, o is a permutation (which is a one-one function) and (1) =1 and so ¢(2) # 1.
If 6(2) > 2, then again because of the condition (4.1), 0h(2) = 0. Thus, to get a non-zero
contribution in the expansion (4.2) of det(A), 6(2) = 2.

Continuing this way, we get (i) =i foralli=1,2,...,n. Then o is the identity permutation
which is an even permutation. Hence, by (4.2) we have

det(A) = 011002 - - Oy,

U

Lemma 4.2.4. Determinants of a matrix and its transpose are same, i.e., if A is in M,,(F)
and A’ is its transpose then
det(A) = det(A").

Proof. Let A = (aj) € M, (F). Then A" = (B;;), where f3;; = aj; forall i, j = 1,2,...,n and

det(A) = Y (=1)°Bis()Bas(2)** Bron)

cEesS,

= Z (—1)6050(1)1050(2)2 O (n)n

oES,

= Y (—=1)%51(1)Cg1(2) g1 (n)
cEeS,

1
= Y (=1 o1(1)%6-12) " Oo-1(n)

o~ les,
= Y (—1)%015(1)00602) *** Oug(n)
cES,

= det(A).

Note that the above sum is over all permutations o € §,, and if ¢ is a permutation then so is
~1
o . U
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Corollary 4.2.5. The determinant of an upper triangular matrix is the product of its entries
on the main diagonal, i.e.,

ifA = (ayj) € My(F) is a lower triangular matrix, then det(A) = Q11022 - - - Oy

Proof. LetA = (aj) € M,(F) be an upper triangular matrix. Then A’ will be a lower triangular
matrix. Then, by by lemma 4.2.3

det(A') = 011002 - Olyp.
But by previous lemma, det(A) = det(A’) and hence,
det(A) = 011002 " Oy

g

Notation: Given a matrix A = (@;;) € M, (F), consider the vector vi = (041, 012, ..., 01y) to
be the first row of the matrix A. Similarly, let v; = (01, 022, . . ., @2,) be the second row vector
and so on.Then we may also denote

det(A) =d(vi,va,...,v).
With this notation, we now state the next lemma which says that ‘if all the elements of in
one row of a matrix A € My,(F) is multiplied by a fixed element 'y € F then det(A) is itself

multiplied by A.’.

Lemma 4.2.6. IfA € M,,(F) and A € F then

d(vl,...,vi_l,lvi,v,url,...,vn) :la’(vl,...,vi_l,vi,vi+1,...,vn).
Proof.
d(vl,...,vi_l,lvi,viﬂ,...,vn)
= Z (—1)60‘10(1) o ai—l,o(i—l)(A‘aia(i))ai+l,0'(i+1) O (n)
ocS,
=2 Y (=1)%a5(1) i) -+ O ()
ocS,

= Ad(VI,-.-,Vifl,Vi,VH»l,---,Vn)-

Lemma 4.2.7. IfA € Mn(F) and u; = (Bil:ﬁﬂy ooc ,Bin) then

d(Vl,...,Vifl,Vi+Mi,Vj+1,...,Vn)

:d(v1,...,v,-_1,v,~,v,~+1,...,vn)—|—d(v1,...,vi_l,ui,viH,...,vn).
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Proof.
d(vl,...,vi_l,vi—l—ui,viH,...,vn)
= Z (=D s01) Ui1,6(i-1)(%ia(i) + Bio(i)) Cit1,0(i+1) " Ono(n)
ocS,
= Z (_1>6a16(1)"'aifl,c(ifl)aiO'(i)OCiJrl,O'(Hl)"'anc(n)
oES,
+ Z 0‘10 : ai—1,a(i—l)ﬁic(i)ai+1.,c(i+1)"'(Xno(n)
ocS,
:d(vl,...,vi,17vi,v,~+1,...,vn)+d(v1,...,v,-,l,u,-,viﬂ,...,vn).

O

Remark 4.2.8. The above lemma does not say that det(A + B) = det(A) + det(B); as this is

false. For example,
1 0 00
A_<O 0) andB—(0 1),

then det(A) = det(B) = 0 but A+ B = I and hence det(A+B) = 1.

The lemma says the following:
Suppose A and B in M,,(F) have all rows same except ith row. Also, all the rows of the new
matrix are same as that of A and B except the ith row. If the ith row of the new matrix is
the sum of the ith row of A and B, then the determinant of the new matrix is det(A) + det(B).
Consider the following example:

1 2 11
A= <3 4) and B = (3 4>,
23
then det(A) = —2, det(B) = 1, and det <3 4> = —1 =det(A) +det(B).

Note that the second row of all the three matrices are same while the first row of the new
matrix is the sum of the entries in first row of A and B.

Example 4.2.9. If

Lemma 4.2.10. If two rows of A = (@j) € M, (F) are equal (i.e., v, = v, for r # s), then
det(A) = 0.

Proof. Since r # s, for any permutation ¢ € S,, we have o(r) # o(s) (as a permutation is
one-one). Also, since rth row and sth row of A are same,

o, = ay; forall j=1,2,....n. 4.3)

Given o € S, consider the transposition T = (o (r),0(s)), i.e.,
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Then by (4.3) and by above relations, we have

Cro(r) = Cso(r) = Asto(s)
and
ascr(s) = arcr(s) = ar’cc(r)'
Therefore,
Uo(1)X062) " Oro(r) " Uso(s) " Ono(n) = Xlro(1)X21r6(2) " Ksto(s) " Xrro(r) " Cnto(n)-

Since 7 is a transposition, it is an odd permutation and hence

Therefore, from above we have

(_1)6a10(1)a20(2) O (r) Oso(s) T Ono(n)
= - (_l)fcalrc(l)%ra(z)  Qro(s) Orro(r) T Onto(n) - 4.4)
In the expansion

det(A) = Y (—1)°@ig(1)00(2) - Oo(n);

oeS,

we pair the term (—1)% 0 5(1) * +* Oyg(n) With the term (—1)"° 01 z6(1) ** * Qo (n)- Then by (4.4)
the paired terms cancel each other out in the sum and hence det(A) = 0. U

Lemma 4.2.11. Interchanging two rows of a matrix changes the sign of its determinant.

Proof. Since two (rth and sth) rows are equal, by (above) Lemma 4.2.10,
AWVl Ve 1,V Vs Vit 1y oo o5 Vs— 1, Ve Vs, Vi1 ooy V) = 0.

Also, by Lemma 4.2.7, we have

0=d(Viy- - Vi1, Vr Vs, Vit Ly -« oy Vs—1, Ve + Vs, Vst 1y - - -, Vi)
= d(vl, e s V13 Vrs Vel e o o5 Vs—15Vry Vst 1y -« ,vn) (two rows are same)
Fd(Viye oy Ve 13V Vit Ly - -+ s Vs—15 Vs Vsb 1y« -+ 5 Vi)
Fd(Viye ooy Vi1, Vsy Vi s - - -3 Vs—15 Vi Vst s« - 5 Vi)
Fd(Viy ooy Ve 1, Vsy Vigdy ey Vs 1y Vsy Vs Ly e -y Vi) (two rows are same)
=dVl, Ve, Vi Vit ly e ooy Vs—1,Vsy Vsl -y Vi)
Fd(Viye ooy Vi 1y Vsy Vit Ly - - -y Vs—15 Viy Vst 1y - -3 Vin) -
Therefore,
A(V1ye oy Vi 1y Vi Vit Ly« o« s Vs—1,Vsy Vsl -y Vi)
= —d(VIyeo o Vi1, Vs Vid Ly oo+ s Vs—15Viy Vsl - -+ 5 Vi) -
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4 )
Corollary 4.2.12. If the matrix B is obtained from A by permuting rows of A then

det(B) = tdet(A),

where the sign is
+1 if the permutation is even,
—1  if the permutation is even.

\[i.e., foroc €S, d(vi,...,vy) = (—l)dd("o(l)a 20c 7"0(”))]'

/
Corollary 4.2.13. For A € F,
d(vl,"'7Vr—l,vr+)~vhvr+17'"avs—17VS7VS+17'"7vn)
= d(Vl,...,Vr,I,Vr,Vr+1,...,VS,I,VS,Verl,...,Vn)
Proof. By previous lemmas,
d(vla"'avrflavr—i_z‘vbvr#»l;"'7VS717VS7VS+15"'7VI’1)
:d(vlv'-'7Vr—lvvr7vr+17"'7vs—17VS7VS+17"'7vn)
Fd(Viye oy Vi1, AVsy Vi 1y - ooy Vs—15 Vi Vst s+« + 5 Vi)
:d(v17"'7vr717vr7vr+17'"7VS*17V.§'7VS+17"'7vn)
+ld(V1,...,Vr_],VS,Vr+1,...,Vs_l,VS,Vs+],...,Vn) (two rows are same)
:d(vlv"'avrflvvrverrl?'"7stl7vS7vs+la---7vn)-
B

Remark 4.2.14. Let A € M,,(F) and let A’ or AT denote its transpose. By Lemma 4.2.4, we
know that,
det(A) = det(AT).

Then all the properties of determinants for rows discussed above also hold for columns.

Theorem 4.2.15. For A,B € M, (F),

det(AB) = det(A)det(B) |-

Proof. LetA = (0;j) and B= (B;;). Fori=1,2,...,n, let

vi= (a1, %2, ..,0y,) —be the ith row of A and
u; = (Bi1, Bi2, - .-, Bin) — be the ith row of B.

Fori=1,2,...,n,let
Wi = 041Ut + Opu + -+ -+ Otiplly.

Then
wi = i1 (Bi1, P12, - -+ Bin) + 02(Bar1, Bazs - -, Ban) + -+ + Cin(But, Buzs - - -, Bun)
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= (o1 P11+ @Bor + -+ - + CinPi,
01 B2+ cifoa+ -+ iz, - -, 01 Bin + i Pon + -+ - + CinPun)-

Thus, w; is the ith row of the matrix AB.

c.det(AB) = d(wi,wa,...,wp)
=d(oq u; + apuy + - -+ ity
01Uy + Oppupy + - - - + Ohply, . . .,

Oy + Oty + -+ -+ annun)
n

= Y o0 O d (w17, (4.5)
i1,02eesin=1
where iy,iy,...,i, runs independently from 1 to n in the above multiple sum.
If i, = iy, then u, = uy and hence d(uy,...,uy,...,us,...,u,) = 0. Thus, in the above sum
only those terms will give non-zero contribution for which iy, iy,...,i, are distinct. Take
o= (1 2 n) es, (".iy,12,...,I, are distinct).
ll 12 DY ln
Then,
d(uil,uiz, N ,u,'n) = d(uc(l),ug(z), ceey uo(n))
= (—1)%d(uy,uz,...,up).
Therefore, from equation (4.5), we get
det(AB) = Y (—1)% Q1) 05(2) -~ Cg(n) d(ut1, 112, . .., 1)
oES;,
=d(ur,uz,...,un) Y, (=1)0(1)006(2)  Cuo(n)
oEeSs,
= det(B)det(A)
= det(A) det(B).
U

[Corollary 4.2.16. If A € M,,(F) is regular then det(A) # 0 and det(A~") = detl( e

]

Proof. Tf A is regular then there exists A~! € M,,(F) such that AA~! = I. Then
det(AA™ 1) =det(I) = 1.

Therefore, by above theorem
det(A)det(A™1) =1.

Hence, det(A) # 0 and det(A™1) = detl(A).
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Corollary 4.2.17. Determinants of similar matrices are same, i.e., if f A,B € M,(F) are
similar, then det(A) = det(B).

Proof. Since A and B are similar, there is a regular C € M,,(F) such that A = C~!'BC. Then,

det(A) = det(C™'BC)
= det(C ') det(B) det(C) (by above theorem)
1
=~ det(C) det(B) det(C) (by above corollary)
= det(B).

The above corollary allows us to define the determinant of a linear transformation.

Definition 4.2.18. Let V be a finite dimensional vector space and T' € A(V). The determi-
nant of 7, denoted by det(T), is the determinant of the matrix of 7, i.e., det(m(T)).

Remark 4.2.19. If m;(T) and my(T) are matrices of 7 in two different basis of V, then
my(T) = C~'m;(T)C and hence, by Corollary 4.2.17, det(m;(T)) = det(m(T)). Thus, the
definition of det(7') is independent of the choice of basis of V.

4.2.1 Cramer’s Rule
4 )

Theorem 4.2.20 (Cramer’s Rule). Consider the system of n linear equations:

o 1X1 + Oox + -+ - + Oy pxy = B,
01X1 + 0oxp + - - - + OppXy = Pa,

Op1 X1 + 0G2x2 + -+ + Oy Xy = Bm

where Bi,Bs,...,Bn € F. Let A = (a;j) € M,(F) be the matrix of the system and let
A = det(A) be the determinant of the system. If A # O, then the above system has a unique
solution

A;
= —
1 A )
B
2
where A; is the determinant obtained by replacing ith column in A by B
. b Wy,
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Proof. Let x1,x3,...,x, be a solution of the above system. Then for 1 <i <n,

o O ... Oy
Ory Opy ... Opy
x,-A = X
On1 Op2 ... Opp
(04T I 0 4 T « SR § 4 )
B Ohp1 ... Opix; ... Oby
Ol oo Oyix; ... Oy

We know that (by Lemma 4.2.6 and Lemma 4.2.7), we can add any multiple of a column (or a
row) to another without changing the value of the determinant. Therefore, we can write

o ... -1 (oqxp+ oy 4+ 0pXs) Qipr ... Oy

O ... -1 (0pxp 40Xy + -+ 0pXy) Qpit1 ... Oy
xiA: . . . . .

Opl ..o Oqi—1 (C1X1+ Qx4+ OppXy)  Op i1 ... Oy

g e o1 P .

01y ... Opi-1 B2 ©i+1 ... Opp

Opt - Oy Bn Onit1 .. Op

= A,

[Corollary 4.2.21. If det(A) # O then A is regular.

Proof. Let A = (a;;) € My(F). Define T : F) — F(") by

T(xl,xz, e ,xn) = ((X11X1 + 02X + - - - + Ol Xy,
01X] + 02xp + - + 0pXpy - -+, 1 X] + C2 X2 + -+ + QppXy).  (4.6)

Then T is a homomorphism and clearly the matrix of T in the standard basis of F(") is A, i.e.,
m(T) =A.
Let (B1,Bs, ..., ) € F" be arbitrary. Now, consider the system of linear equations

01X + QX + -+ - + Oy pXy = i,
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Op1 X1+ 0X0 + -+ - 4 Oyp Xy = ﬁn

Since det(A) # 0, by Cramer’s rule, the above system has a unique solution. That is, there are
X1,X2,...,X, satisfying above system of linear equations. But from the definition of 7 in (4.6),

this means
T(X1,X2, cee 7xn) - (ﬁ];ﬁ% e 7[;}1)

Therefore, T is onto and so T is regular. Hence, the matrix of T, m(T) = A is regular
(invertible). E

Combining Corolllary 4.2.16 and Corollary 4.2.21, we can state the following result:

G‘heorem 4.2.22. A € M, (F) is invertible if and only if det(A) # 0. ]

Proof. Proof of Corolllary 4.2.16 and Corollary 4.2.21. (|

Proposition 4.2.23. Let A € M, (F). Then the determinant of A is the product of the
characteristic roots of A counted according to their multiplicities.

Proof. Same as proof of Lemma 4.1.7. U

4.3 Quadratic forms

We are grateful to Prof. P. A. Dabhi and Prof. A. B. Patel for providing us notes for this
section.

Definition 4.3.1. Let V be a vector space over R. Amap f:V xV — R is called a bilinear
map if for every u,v,w € V and o € R the following hold.

1. f(u,v) = f(v,u).
2. flau,v)=of(u,v).
3. flu+v,w) = flu,w)+ f(v,w).

Remark 4.3.2. Observe the linearity in the second variable too:

flu,ov+ Bw) = f(av+ Bw,u) (by property 1 above)
= af(vyu)+ Bf(w,u) (by property 2 and 3 above)
= of(u,v)+ Bf(u,v) (by property 1 above).

Fl‘heorem 4.3.3. Let f : R" x R" — R be a map. Then f is bilinear if and only if there exisq
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o;j €R, 1 <i,j <nwith a;; = oj; such that

n
y) = Z O Xiy ;-

ij=1

Proof. Suppose that there exist o;; € R, 1 <, j < n with o;; = «; such that
n
y) = Z Xy
ij=1

Then clearly, f is bilinear (Verify!).

Conversely, assume that f is a bilinear map. Let {ej,e,...,e,} be the standard basis of
R". Let o;;; = f(ei,e;). Since f is symmetric, we have

aij = f(ei,ej) = flej,ei) = aji.

Now, let x = (x1,x2,...,x,) and y = (y1,y2,...,y,) be in R”. Then

oot
folotr)
£ ()

n
Z O jixiyj = Z O Xy
J=1 i,j=1

I
HM:
uM= TM=

M: i M:

N
I
—_

g

/ )
Definition 4.3.4. Let V be a vector space over R and f: V XV — R be a bilinear map.
\Then amap g:V — R defined by g(v) = f(v,v) for every v € V is called a quadratic form.)

4 )
Corollary 4.3.5. Let g : R" — R be a map. Then g is a quadratic form if and only if there
are scalars o;; € R, 1 <1, j < n with o;j = j; such that

n
g(xp,x2,...,xp Z 0 ;055
- - V.

||M:

As a consequence of Corollary 4.3.5 we have the following result:

Corollary 4.3.6. A map g : R" — R is a quadratic form if and only if there is a unique n x n
real symmetric matrix A = () such that g(x) = x Ax for every x € R". (We consider
elements of R” as column matrices).
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Example 4.3.7. Find the symmetric matrices associated with the following quadratic forms:
1. 9x% — x% + 4x% + 6x1x — 8x1x3 + 2x2X3.
2. xy+xz+yz.
3. x% +x% —x% —xﬁ + 2x1x0 — 10x1x4 + 4x3%4.
4. —y* —27% +4xy+ 8xz— l4yz.

Solution. The matrices associated with the above quadratic forms are:

9 3 -4 1 1 0 =5
1. 3 -1 1. 3 I 1. 0 O
4 1 4 ’ O 0 -1 2
11 _ _
(1) ! ? 50 2 1
2. ? (1) 5 |- 0 2 4
110 4. |2 -1 =7
4 -7 =2
U
[ ops . .. . .. . A
Definition 4.3.8. A quadratic equation in R" is an equation in n variables x,xp, . ..,x;, of
the form
n n
fx1,x0,...,x,) = Z GO Zb,-xi+c =0,
i,j=1 i=1
\ Where () is a real symmetric matrix and b;,c € R. )

Let f : R" — R be a quadratic equation. Let A = (¢;;) and B = (by,b>,...,b,) € R" and
¢ € R. Then the above quadratic equation can be written in the form

f(x) =xTAx+Bx+c=0.

(" )
Definition 4.3.9. A quadratic equation f(x) = 0 in R” is said to be consistent if it has

a solution, i.e., there exists xo € R” such that f(xg) = 0. If a quadratic equation is not

\consistent (i.e., it does not have a solution), then it is called inconsistent. )

(Deﬁnition 4.3.10. The solution set of a consistent quadratic equation f(x) = xTAx + Bx—f—\
¢ = 0 over R" is called a level surface.

In particular, if n = 2, then the level surfaces are called quadratic curves. When n = 3,
\ the level surfaces are called quadratic surfaces. )

Now we state some definitions and results which are useful to us in identifying the level
surfaces in R? and R,

Definition 4.3.11. Let F be a field. A matrix A € M, (F) is said to be diagonalizable if
there exists a matrix C € M,(F) such that C~'AC is a diagonal matrix.

Remark 4.3.12. When a matrix A € M,,(F) is diagonalizable, the entries on the main diagonal
of the matrix C~'AC are precisely the characteristic roots of A.
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Theorem 4.3.13. Let F be a field and n € N. A matrix A € M,,(F) is diagonalizable if and
only if A has n linearly independent characteristic vectors.

(Deﬁnition 4.3.14. A matrix A € M,,(F) is said to be orthogonal if AAT = 1I. )

4 )
Theorem 4.3.15. Let A € M,(R) be a symmetric matrix. Then all the characteristic roots

of A are real and A is diagonalizable. In fact, there exists an orthogonal matrix P such that

KP’ VAP is a diagonal matrix. )

(" )
Definition 4.3.16. Let F be a field and let A € M,,(F) (n € N). Then the equation det(A —
\7LI ) = 0 s called the characteristic equation (or secular equation) of A. )

4 )
Theorem 4.3.17. Let F be a field and let A € M,(F). Then

1. (Caley - Hamilton Theorem): The matrix A satisfies its characteristic equation.
2. The roots of the characteristic equation of A are the characteristic roots of A.

- /

C )
Theorem 4.3.18 (Principal Axes Theorem). Let x'Ax be the quadratic form in n variables.
Then there is a change of coordinates of x into y = PYx such that

xTAx =y'Dy = /'Lly% —i—ﬂ,zy% 4+ /Lﬂyﬁ,

where P is an orthogonal matrix such that PYAP = D is a diagonal matrix with diagonal

entries M, Ay, ..., Ap.
\[The axes are v; = Ple; (1 <i<n).]

4 N\
Definition 4.3.19. Let A € M,,(R) be symmetric. Then A (or the quadratic form xTAx) is
called

1. positive definite if xTAx > 0 for every 0 # x € R".

2. positive semidefinite if xTAx > 0 for every x € R”".

3. negative definite if x'Ax < 0 for every 0 # x € R".

4. negative semidefinite if x'Ax < 0 for every x € R".
\_J. indefinite is xTAx takes both negative and positive values. )
C )

Theorem 4.3.20. Let A € M,(R) be a symmetric matrix. Then

1. A is positive definite if and only if all the characteristic roots of A are positive.

2. A is positive semidefinite if and only if all the characteristic roots of A are non-
negative.

3. A is negative definite if and only if all the characteristic roots of A are negative.

4. A is negative semidefinite if and only if all the characteristic roots of A are non-
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positive.
5. A is indefinite if and only if A has positive as well as negative characteristic roots.

.

-
Definition 4.3.21. The inertia of a real symmetric matrix A € M,(R) is a triple of integers
denoted by In(A) = (p,q,k), where p,q and k are the number of positive, negative and zero

\ characteristic roots of A respectively. )

The inertia In(A), for symmetric A € M, (R), determines the geometric type of the quadratic
surface xTAx = c in the following sense. Since In(—A) = (q,p,k) if In(A) = (p,q,k), it
suffices to consider the cases ¢ > 0 and p > 0. Excluding those inconsistent cases, we have
the following characterization of the solution sets for n =2 and n = 3.

Table 4.1: Level surfaces for n =2

In(A) = (p,q,k) c>0 c=0

(2,0,0) Ellipse A point

(1,1,0) Hyperbola Pair of lines

(1,0,1) Two parallel lines A line

Table 4.2: Level surfaces forn =3
In(A) = (p,q,k) c>0 c=0

(3,0,0) Ellipsoid A point
(2,1,0) Hyperboloid with one sheet A cone
(2,0,1) Elliptical cylinder A line
(1,1,1) Hyperbolic cylinder Pair of intersecting planes
(1,2,0) Hyperboloid with two sheets A cone
(1,0,2) Parabolic cylinder A plane

4.3.1 Some standard conics and quadratic surfaces

We recall below some standard quadratic curves and quadratic surfaces along with their
equations.

e Circle: e Cylinder:
x2+y2 =1.
{(x,y) eR*: x> +y* =1} {(x,7,2) €R 12+ =1},
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e Hyperbolic cylinder:

{(x,y,2) e R®: x2 —y? = 1}. 2

Figure 4.1: Hyperbolic cylinder

e Elliptical cylinder:
2
2 2
X y 0
vz eR S =1%.
{(xyZ) 2t } z )
—4
-2
X

Figure 4.2: Elliptic cylinder

e Hyperboloid with 1 sheet:

2P —2=1.
2 P22

2tp—a=h

Figure 4.3: Hyperboloid with 1 sheet
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e Hyperboloid with 2 sheets:

2 22 |
a2 o2
Figure 4.4: Hyperboloid with 2 sheets
e Ellipsoid:
2 22
Xy oz
2Tt
Figure 4.5: Ellipsoid
e Cone:
Ly =2

ax* + by = 72

(a and b are positive).

Figure 4.6: Cone
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e Paraboloid:

z=x>+y%

z=ax*+by* (a,b>0).

Figure 4.7: Paraboloid

e Hyperbolic Paraboloid:

z=x>—y%

e Parabolic cylinder:

{(x,y,z) eR’ 2y :xz}'

Figure 4.9: Parabolic cylinder
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e Hyperbola: e Pair of intersecting lines:
2 2
-y =1 ax®>—by? =0 (a,b>0)inR>.
{(x,y) eR?: x> —y? =1}
) ) The intersecting lines are
¥ oy
2 2
- ac b Vax— by =0 and \/ax+Vby =0.
e Ellipse:
P 22
MR Y . e Pair of parallel lines:
a* b2
e Parabola: P*=c (c>0).
y2 =4ax.

e Pair of intersecting planes: The parallel lines are

xz—y2=0 in R3. x=++/c.

Example 4.3.22. Identify the surface given by 11x 4 6xy + 19y? = 80. Also convert it to the
standard form by finding the orthogonal matrix P.

Solution. The symmetric matrix associated with above quadratic form is
11 3
A= ( 3 19> ’

We find the characteristic roots of A. We know that characteristic roots of A are the solutions
of det(A — AI) = 0. Now,

det(A— A1) =0
11 3 A0
we((5 n) (0 2))=
-1 3
‘3 19—/1‘20

= (11-21)(19—-21)—9=0
= A2 —301+200=0
= (A—10)(A—20)=0

Therefore 10 and 20 are the characteristic roots of A. Let (;) be a characteristic vector of A

corresponding to the characteristic root 10. Then

11 3 X X
(5 5)()=r()
. 11x+3y=10x and 3x+ 19y = 10y.

_3
ie., x+ 3y =0. Taking y = 1, we have x = —3. Therefore, % -3 = \{E is an
10\ 1 i

characteristic vector of A corresponding to the characteristic root 10.
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(3 5)()-=C)

. 11x+3y =20x and 3x+ 19y = 20y.

Similarly for A = 20,

V10
corresponding to the characteristic root 20. Therefore, the orthogonal matrix P (i.e., PPT =1I)

18

i.e., 3x —y =0. Taking x = 1, we have y = 3. Hence, <‘/3TO> is an characteristic vector of A

1
V1o V10
Now, let

X ¥ .3 _1L ¥
()=r() = (0 ) (7) e

y y o Vo y
VI BN SRN VI B
X=——X +— = —x ——y'.
v/ 10 ley Y v 10 \/IOy

Substituting these values in the given equation 11x* + 6xy + 19y> = 80, we get 10x> +
20y? = 80 or x> +2y'> = 8. Therefore, the standard form of the given quadratic equation is

x'? 42y = 8|and it is an ellipse.

e Ellipse: )ac—i +i—i =1.
Here, in this example, we have

Figure 4.10: An ellipse

]

Example 4.3.23. Reduce the quadratic form x% — x% — 4x1x7 + 4xpx3 into standard form by
finding an orthogonal matrix P. Hence determine the surface given by x% —x% —4x1x2 +
dxpx3 = 1.

1 -2 0
Solution. The matrix associated with the above quadratic formisA=| -2 0 2
0o 2 -1
Check that the roots of det(A — AI) = 0 are 3, —3 and 0 and characteristic vectors correspond-
) ~1 2
3 3 3
ing to these characteristic roots are | 5 |, ’?2 and % respectively.
1
: N3 3 3
Hence, the required orthogonal matrix is
=2 =1 2
_[3 2
T3
3 3 3
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X1 y
Let | x2 | =P | y2 |.ie,x1 =y — 332+ 33,00 =3y1— 3y + sysandx3 = §y1 + 3y +
X3 ¥3

%y3. Substituting these values in the quadratic form we get 3y% — 3y%. Therefore, the standard

form for the quadratic equation is 3y% — 3y% =1 |and it is a hyperbolic cylinder. =

Example 4.3.24. Describe the conic C whose equation is 5x> — 4xy + 8y +4+/5x — 161/5y +
4 =0.

5 =2
. Check
-2 8 )
that 4 and 9 are the characteristic roots of A and the corresponding characteristic vectors are

2 =1
<\@> and (55) Hence, the orthogonal matrix

V5 V5
x’ X . / 2 1 / 1 2 . . .. .
Let Y =P ME Le., X = Zex— 5y and y = E)H’ N2& Substituting it in the given
quadratic form we get 4x’2 4 9y + 4\/3(\%)(’ — \/Lgy’) - 16\/3(\%)5 + \%y’) +4=0,ie.,

Solution. The matrix associated with the above quadratic equation is A =

~

Il
VR
,_.& (3]
GG

4x"2 49y2 — 8x' — 36y’ +4 = 0. Therefore, | 4(x' — 1)* +9(y' —2)? = 36|, which is again an
ellipse. U
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