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CHAPTER

Lagrange’s Formulation

1.1 Mechanics of a particle

1.1.1 Basic terminology and concepts in Mechanics

There are three parts of Mechanics:
1. Statics - Theory of objects at rest.
2. Kinematics - Analysis of motions.
3. Dynamics - Analysis of the causes of motion.

The following are the components of Mechanics:

1. Observer: There exits an observer. By an observer, we mean any object or person
capable enough to take observations of any physical process, for example, motion, etc.

2. Space: There exits a space in which a physical process takes place including motion.
This space is the space around us called the physical space and is denoted by V.

V is a mathematical space when it is a set with a structure, for example vector space,
group, metric space, etc.

(V,+,-) V — set -+, — structure
(X,d) X — set d — structure.

Physical space: Passing through any point three mutually perpendicular lines can be
drawn. This number three is maximum. For any point P € V, an ordered triple (x,y,z)
can be associated with P, called the Cartesian co-ordinates of P, where x,y, z are real
numbers.

P=P(x,y,z) €V ~R>.
Thus, it can be shown that V is a vector space over R and is isomorphic to R3. The
physical space V is therefore the Euclidean space R3.

11
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§1.1. Mechanics of a particle

3. Time: Time is a real parameter denoted by 7. Any physical process occurs in some

time interval. Time flows uniformly, i.e. it does not stop. We will assume time to be an
absolute parameter, i.e. it does not depend on any physical process or observer.

. Space-time: The space and time together forms an entity called the space-time: R* ~

R3 x R.
. 4
Event: (x,y,z, t )€ R".
R R

Any event can be described by its place (location) of occurrence and the time of its
occurrence. The totality of all the events is called the universe.

Here the space is assumed to be continuum (i.e. no gap) and homogeneous, i.e. all
the points have equal status. Thus, any point can be chose as origin. The space is also
assumed to be isotropic, i.e. all directions have equal status. Then any direction can be
chose as the fundamental direction.

. Motion: It can be described by the change in position. There are two types of motion:

(a) Translation (with respect to a point) Motion on a straight line.

(b) Rotation (with respect to a straight line) Motion with respect to an axis.

Important assumption about motion

Any motion is a combination of a single translation and a single rotation.

1.1.2 Dictionary of Mechanics

1. Particle: A particle is the smallest unit of matter having inertial property and a definite

position. For example, a point (or an object) in R? has a definite position and it can be
considered as a particle. On the contrary, waves do not have definite position so they
cannot be considered as particles.

. Mass: The mass of a particle, denote by m, is the quantitative measure of its inertial

property. Different particles may have different mass and hence different inertia. The
inertia of the particle is measured by its mass.

The mass of the particle is assumed to be constant during any physical process including
motion, i.e. it does not change due to motion.

. Position: A particle has a definite position in the physical space and hence it can be

represented by a point in V = R3. The position vector of the point in R? occupied by the
particle (at any given time) is the position of the particle. It is denoted by 7.

Unlike mass, the position of the particle changes with motion or with time. Hence, we
write it as a function of time #:

PSO1EMTH?22 2018-19



1.1. Mechanics of a particle 13
§ p

z where i = (1,0,0), j=(0,1,0),k= (0,0, 1).
In other words, co-ordinated of a particle
are taken as a function of 7. A particle is

m(t described by its position and its mass.
k Different coordinates and relations be-

|
|
=  #(0) tween them:

2 | €
0 7/

J / . .
Sy(t) P(x,y,z) — Cartesian coordinates

I

|

|

_———
=(®) P(r,0,¢) — Spherical coordinates

P(p,¢,z) — Cylindrical coordinates

Spherical coordinates Cylindrical coordinates

— /X212
x =rsin6@cos @ p=vxTy
_1)_7

y=rsinBsin¢ 0 = tan p

z=rcosH =7

4. Velocity: The velocity of the particle is denoted by v(¢) and is given by

5(1) = g = 7= (4(1), (1), 2(0)).

Thus, velocity is the rate of change of position of the particle with respect to time 7.

5. Linear momentum: Linear momentum is the measure of the linear (translation) motion.
It is denote by p and is given by

p=mv=mr

6. Acceleration: Acceleration of a particle is denoted by a(¢) and is given by

) dv d [dF d*F .
a = — = — _ _ — =7.
dt dt \ dt dr?

Thus, acceleration of a particle is the rate of change of its velocity with respect to time.

7. Force: Force on a particle, denoted by F is defined as the cause of motion of the particle
(i.e. cause of change in its position). Since, a particle has inertial property this definition
of force follows from the Newton’s first law of motion which states that:

“A particle (or an object) at rest (or stationary) remains at rest and a particle in motion
remains in motion (with uniform velocity) unless and until an (external) force is applied
to it.”

Also, the Newton’s second law of motion states that: “force is the rate of change of linear
momentum.” Therefore, we have
dp  d(mv) dv

F=£_ — m— = mad=mr 1.1
dr  dr g maTm (.
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14 §1.1. Mechanics of a particle

Force in equation (1.1) is a vector quantity and hence it has three components. Thus,
(1.1) gives a system of three equations as follows:

L d%x . d*y . d*z
Fx:mxzmﬁ, Fy:my:mﬁ, FZ:mz:mﬁ. (1.2)
These equations are called Newton’s equations of motion (NEOM).

Futhermore, equation (1.1) can be used to determine the acceleration of the particle of
given mass when the force on the particle is known and vice-versa (i.e. it can be used to
determine the force when acceleration of the particle is known).

8. State of the particle: The state of a particle at time 7 is denoted by §(¢) and is given by
§(1) = (F(t), 9(2)) = (x(2),3(1),2(2), 1(2),3(1),2(r)).

9. Newton’s law of indeterminacy: If the force on a particle is known then the state of the
particle at any time ¢ can be determined provided that its initial state is given.

This is true vice-versa also, i.e. if the state of a particle at some time ¢ is given then the
force on the particle can be determined provided that its initial state is given. Let us
consider couple of exercises based on this law:

Theorem 1.1.1: Law of conservation of linear momentum

In absence of force, the linear momentum of a particle is conserved.

Proof. We know, by Newton’s second law of motion, that force is the rate of change of
momentum, i.e.

_ dp
F="L
dt
Therefore, in absence of force, we have
dp
_p =0
dt
and hence the linear momentum p is constant with respect to time ¢. U

10. Angular velocity: Rate of change of angular displacement (or angular position) is called
angular velocity. It is denote by w.

11. Angular momentum: It is the measure of angular motion. It is denote by L and given by

L=rFxp=m(FxV),
where 7 is the position vector of the particle and p is its linear momentum.

12. Torque (Angular force): It is the cause of angular (rotational) motion. It is denote by N
and given by
N=rxF.

PSO1EMTH?22 2018-19



§1.1. Mechanics of a particle 15

Remark 1.1.2. For vectors it = (uy,us,u3), v = (vi,v2,v3) € R?, the cross product of 7 and ¥
is denoted by i x v and is defined as

ik
axv=|uy wuy uz|=i(upvs—uzvy)+ j(uzvy —u1vs) +k(ujva —uzvy).
vy V2 V3

Note that, i x i = j X j = k x k = 0 and hence i x i = 0 for any vector i.

13. Work: Work done is a property of the force. It is defined as follows: Suppose a
particle is at P(x;,y1,z1) (position 1) and it is brought to Q(x2,y2,22) (position 2)

along a curve C under the force F. Then the work done by the force F is given by

2
C Wiy — / F.dF (13)

T , 2 1
Q(x2, Y2, 22) along

The integral in equation (1.3) is a line inte-
gral. Hence, the work done depends on the
P(ml, Y1, 21) path also.

(1) Kinetic Energy: Kinetic energy is
the energy of the particle due to mo-
tion and it is denoted by 7. Ki-
netic energy of a particle of mass m

m and nllovglg with speed v is given by

Tzimv.

14. Energy: Energy is the capacity to do work.
There are two types of energy:

(i1) Potential Energy: Potential energy is
[Kinetic energy] [Potential energy] the energy of the particle due to its
position and it is denoted by V. It is
called internal energy.

1.1.3 Conservative force field

— Definition 1.1.3

Any physical quantity (scalar or vector) is said to be a field quantity if it can be described
as a function of points of the space, i.e. as a function of (x,y,z).

— Definition 1.1.4: Conservative force field

A force field F' = (x,y,z) is said to be conservative if work done by F does not depend on
the path but it depends only on the initial and final positions.

Note: In nature almost all the forces are conservative. For example, gravity (gravitational force)
is a conservative force.
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16 §1.1. Mechanics of a particle

— Theorem 1.1.5

For a conservative force field F, the following statements are equivalent:

1. Force F is conservative.

2. j{ F.dF =0, where C is a closed curve, i.e. work done along a closed path is zero.
C

3. The curl of F is the zero vector,i.e. VX F =0, where V x F =

=S -
A H o~
m e~

“1'1

4. The force can be written as the negative gradient of a potential, i.e. F = —VV for

some scalar field V (x,y,z). Equivalently

vV dV a9V
(quFyan):_( )

gua_yva_z

Example 1.1.6. Is the force F = (2xy — 1,x* +2,y) conservative? If yes then determine the
corresponding potential V such that F = —VV.

Solution. We have

[ jk
P d d d
2xy—1 x*+z y

=1(500- 3202 +0) -1 (5:00- ge-1) +k (50240~ 7o)
i(1=(0+1)) = j(0—0) +k(2x—2x)
i(0) — j(0) +k(0) = 0.

Thus, the given force F is conservative.

Now, we find the corresponding potential V. F = —VV implies

vV 9V 9V
R 2 _— —_—
(2xy —1,x"+2z,y) (5)6, 3y’ az)

Therefore,
8_V ) 1 8_V — 2 8_V - _
ox S dy roo dz Y
From the first equation above, we have
Ve=— / (2xy — dx = —x>y +x+ f1(y,2).
y constant

Differentiating above partially with respect to y, we get

aV_ 2+8f1

ay - "oy

PSO1EMTH?22 2018-19



§1.1. Mechanics of a particle 17

afi

:>a—y—

Integrating with respect to y and keeping z constant, we get f1(y,z) = —yz+ f2(z). Then it has
the form

V=—x*y+x—yz+ fr(2).

Now, differentiating partially with respect to z, we get

v df>
o~ YT
df2
R
d
:>ﬁ:0:>f2:c.
dz
Therefore, |V = —x2y+x— yz+c|. O

Potential energy of a particle situated in a conservative force field F is denoted by V and
is given by F = —VV. Potential energy of a particle at point P(x,y,z) corresponding to a
conservative force is given by

P(x,y,2)
(1.4)

=
=
I
<
=
=
ap
I
|
8
Ty
L
R

where oo is the point where potential energy is zero.

Remark 1.1.7. 1. Potential energy of a particle is not unique. In fact, if V (x,y, z) is potential
energy of the particle then V] =V + A, where A is constant is also potential energy. In
other words, potential energy is unique up to addition of a constant.

2. If a particle of mass m placed at a height / in the gravitational force field of the earth then
its potential energy is given by V = mgh, where g is gravitational acceleration.

— Theorem 1.1.8: Law of conservation of energy

In a conservative force field the sum of kinetic energy and potential energy of a particle
is conserved (i.e. it does not change with respect to time). This implies £E =7 4V is
constant (E is called the total energy).
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1.2

Mechanics of a system of particles

System of particles

|

Eg. N particles

[Inﬁnite systemj

Finite system J

Countable Uncountable
Eg. natural numbers N Eg. real numbers R

1.2.1 Finite system of particles

Here we consider a system of N number of particles.

*

Position of the system: Each particle in the system has a definite position. Let 71,72, ..., ry
be the positions of the particles.

For the system as a whole the position is given by the N position vectors of the particles
in the system. Since each position vector of the particle is in R?, the position of the
system is a vector in R3V given by a 3N-tuple (X1,Y1,21,%2,Y2,22,- -, XN, YN, 2N ), Where
i = (xi,yi,2i), 1 <i<N.

Masses: Each particle in the system has a definite mass. Let m,m;,...,my be the
masses of the N particles in the system. Then the (total) mass of the system is given by

M=) mj=m;+my—+---+my.

N
=1

1=

Linear momentum of the system: Total linear momentum of the system is denoted by
P and is given by the sum of the linear momenta of the particles in the system, i.e.

_ N .
P= Zp_l = ) mjr;.
i=1

=

1

l

Center of Mass:

The center of mass of a system of N- . *.
particles can be described as a point having . . .
position vector R given by

_ mry+mary 4+ myry
mytmytetmy

PSO1EMTH?22 2018-19



§1.2. Mechanics of a system of particles 19

Remark 1.2.1. Note that the (total) linear momentum of the system of particles is given as
the sum of the linear momenta of the particles in the system. Since, the center of mass of the
system has position vector R one would also like to define the linear momentum of the system

as
— = N =
P=MR= ) m|R.

i=1

In what follows, we show that both these definitions coincide.

* Linear momentum and center of mass:
—_— N N .
P= Zp_, = Zmifi
i=1 i=1
= mry +mpiy+ -+ myiy
dr dry dry
M tim dt tootmy dt
M% (mlfl —l—mzfz—l—'“—l—meN)
M
d (vN —
di (Zi=1miri)
M

Thus, the linear momentum of a system of particles can be given as

P=MR| (1.5)

The expression in (1.5) can be interpreted as follows: the linear momentum of the system
is equal to the velocity of the center of mass multiplied by the total mass of the system.

We may thus regard center of mass as a particle having position vector R and mass equal
to the total mass of the system. In other words, we say that the total mass of the system is
concentrated at the center of mass.

N
% Conservation of total linear momentum: We know that P = Z pi. Therefore,
i=1

=

M=

P=Y =
=1 i

(1.6)

i 1

where F; is the force on the i-th particle. Now, force on the i-th particle comprises of two
parts: internal force and external force.

Internal force:

The internal force on a particle is the force the i-th particle is given by
exerted by (i.e. force due to) the other par-
ticles of the system. The internal force on

= (int)

T

1.7)

Il
M=
=

\.W.
-
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20 §1.2. Mechanics of a system of particles

2
5& Fiy
AN
Fiy 3

External force: External force on a particle is the force exerted from outside the system.
The total force on i-th particle is the sum of the external and internal forces, i.e.
S iy | plext)  mlex) | o A
F; :F}(ln)+F}(eX) — F}(CX)_i_ ZFU (1.8)
j=1
J#i

Thus, the total force on the system is given by

:ZF ZFeXt
i=1 i=1

I Mz

LY A
e

Thus, from equations (1.6) and (1.8), we have

. N _(ext) N N
SYL A Y (1.9)
i T

t%j
By Newton’s third law of motion (principle of action and reaction), F; = Fﬁ and hence
% (F;j+ Fj;) = 0 which implies P = )f:l Fl = plexy),
l,i ;é:jl i—

* Law of conservation of (total) linear momentum: Total linear momentum of the
system is conserved if the total external force is zero provided that the internal forces are
Newtonian.

* Angular momentum of a system: The angular momentum of a system of particles is
the sum of the angular momenta of the particles in the system, i.e.

AV

* Angular momentum and center of mass:
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§1.3. Constraints and their classification 21

As shown in figure, if 7; and 7’ denotes posi- .
tion of the i-th particle with respect to origin
and center of mass respectively, then

® center
of mass

- 5 =/ —/ - 5
=R+ T1; or 7, =ri—R.

Therefore, 7 = R+ 7 and so

(R+7') x mi(R+ ¥)

"
-

N
Il
—_

m,~(R><I§+r‘/><I§+R>< 77 % 'rﬁ)

I
™=

N
I
—_

. N . N . N .
(R R+ Yomi(ix R)+ L mi(R x 7)+ Y (s x )
=1 i=1 i=1

I
™=

N
I
—_

Now, clearly the last two terms in the above expression vanishes and

=

i=1 i=1

. — N - — ~ -
m;(Rx R) = (R X Zm,-R) —RXMR = Lep,.
Thus, the total angular momentum about a point O is the angular momentum of motion
concentrated at the center of mass, plus the angular momentum about the center of mass.

1.3 Constraints and their classification

1.3.1 Constraints

In many real life situations the moving objects are restricted or constrained to move such that its
coordinates and/or velocity components must satisfy some given relation at any instant of time.
It is possible to express such a restriction as an equation or inequality involving coordinates.
Mathematically this means that for a restricted motion the coordinates involved are not all
independent. We define below the constraint in this context.

Definition 1.3.1: Constraint

Constraint is defined as a restriction on motion.

A constraint is given as a part of the problem. The forces which are responsible for restricting
the motion of the object are called constraint forces. They are as such unknown forces. Also
they are very strong that they barely allow the body under consideration to deviate even slightly.
The effect of the constraint forces is to keep the constraint relations satisfied.
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22 §1.3. Constraints and their classification

Example 1.3.2. Motion of a particle on a sphere.

It is required for the particle to be on the sphere, that way a restriction on the motion is
imposed. This restriction can be expressed mathematically as an equation satisfied by the
coordinates of the particle.

Example 1.3.3. Motion of two particles con-
nected by an extensible weightless rod.

In this example two particles are connected
by the rod and hence they have to move in such
a way that they remain connected (with fixed
distance between them) throughout the motion.

Example 1.3.4. In the Example 1.3.3 we put
a further restriction on the motion by insisting
that the center of the rod moves on a circle.

Remark 1.3.5. From the above two examples we understand the constraints as restriction
on motion which is mentioned in the description of the mechanical system. We note that a
constraint is due to some unknown force. This force is not an external force or internal force
hence we call it constraint force.

Example 1.3.6. Motion of a particle on XY-plane. In general, motion of particle on any plane.

Example 1.3.7. Motion of a particle in a rectangular box.

1.3.2 Classification of constraints

The constraints are classified according to their nature. There are mainly four types of constraints
which we shall discuss in this chapter. They are as follows:

[ Constraints ]

Holonomic Non-holonomic Scleronomic .
Rheonomic
expressed by an cannot be expressed by doesn’t depend .
] ) i ) depends on time
algebraic equation an algebraic equation on time

Definition 1.3.8: Holonomic Constraint

A constraint is said to be holonomic if it can be mathematically described as an algebraic
equation between coordinates of particles in the system.

Example 1.3.9. In the Example 1.3.2 above if (x,y,z) are coordinates of the particle and if the
radius of the sphere is R then this constraint can be described as

P+P+2 =R

This relation is an algebraic equation and hence the constraint is a holonomic constraint.
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Example 1.3.10. Motion of a particle on a circle. A circle is in a plane, say XY -plane. Let the
radius of the circle be R, then there are two constraints in the system and both are holonomic.
They are x> +y> = R?> and z = 0.

Example 1.3.11. Motion of a particle in a plane. Here the constraint is that the coordinates of
the particle, say (x,y,z) satisfy the equation of the plane ax+ by + cz+d = 0 for some constants
a,b,c,d. This is the only constraint of motion.

In particular, if the particle moves in XY-plane, then the constraint is z = 0 which is
holonomic.

Example 1.3.12. Motion of a particle on a line or axis (linear motion). Suppose the particle
movies in X-axis. Then the system has two holonomic constraints which are y =0 and z = 0.

Example 1.3.13. If we take x =0, y = 0 and z = O or x, y then the system has 3 constraints and
the particle is at rest at origin, i.e. motion is not possible in this case. [f x =a,y=band z=1c¢
are constants then the particle rests at point (a,b,c). In this case also all the three constraints
are holonomic.

Definition 1.3.14: Non-holonomic Constraint

If a constraint cannot be described as an algebraic equation then it is called a non-holonomic
constraint.

We note here that the relation describing a constraint may be an inequality, a transcendental
equation or a differential equation. In these situations the constraint is no more a holonomic
constraint.

Example 1.3.15. In Example 1.3.7, i.e. motion of a particle inside a rectangular box, the
constraints can be described with the help of inequalities and hence they are non-holonomic. If
the length of sides of the rectangular box are a, b and c, then the constraints can be expressed
as three inequalities of the form

K[ <a, [y <b, |z <e.

Example 1.3.16. Motion on the carom-board
can be considered as another example of a
non-holonomic constraints. If the center of
the carom board is considered as origin then
the constraints can be given by

(—a,0)
—a<x,y<a and z=0. (1.10)

Thus, there are total three constraints here (i.e.
|x| <a,|y| <a,z=0)among which the two
constraints on x and y are non-holonomic while
the constraint z = 0 is a holonomic constraint.

Example 1.3.17. Consider a system of two particles joined by a mass less rod of fixed length.
Suppose for simplicity, the system is confined to the horizontal plane. Suppose further that
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24 §1.3. Constraints and their classification

the system is so constrained that the centre of the rod cannot have a velocity component
perpendicular to the rod.
Let (x1,y1,21) and (x2,y2,22) be the coordinates of the particles in the system. In this
example there are following restrictions
(i) the motion is confined to the plane z = 0, i.e. for the particles z; =0 and z, =0,
(i1) the particles are connected by a rod of fixed length say [, this can be described by
(x2—x1)>+ (2 —y1)? =% and
(iii) the center of the rod cannot have a velocity component perpendicular to the rod.
It is clear that the three constraints in the first two points above are holonomic constraints.
Now we analyze the last constraint. It is clear that this constraint can be described as

(X1 +x2)sin @ = (y; +y2)cos 6 (1.11)

This is a differential equation which can not be integrated and from this we can not get an
algebraic equation connecting the coordinates. Consequently, it is non-holonomic.

Remark 1.3.18. Observe that in Examples 1.3.13, 1.3.16 and 1.3.15, the number of constraints
is 3. Thus, all of them have same number of constraints. However, the difference is that in
Example 1.3.13 the particle is at rest, while in case of Example 1.3.16 motion in possible and
planner and in Example 1.3.15 the motion is possible in all the 3-dimensions.

Thus, the state or the motion of a particle cannot be determined merely from the number of
constraints.

Definition 1.3.19: Rheonomic Constraint

A constraint is said to be rheonomic if the constraint relation depend explicitly on time.

Example 1.3.20. Motion of a particle on an
expanding sphere. Here the relation describing
the constraint is

x2+y2+z2=R(t)2,

where R(t) is an increasing function of time.
This relation depends on time and hence the
constraint is rheonomic.

Similarly, motion of a particle on a contract-
ing or shrinking sphere is also a system with a z
rheonomic constraint. In this case the radius
R(t) is a decreasing function of time ¢.

Definition 1.3.21: Scleronomic Constraint

A constraint is said to be scleronomic if the constraint relation does not depend explicitly
on time.
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Most of the constraints discussed above are scleronomic. All the examples (except Exam-
ple 1.3.20) considered above are examples of scleronomic constraints.

Example 1.3.22. Describe simple pendulum and state all its constraints. Also mention the
types of constraints.

Solution. ) )
A particle (of mass m) is suspended at a point (say) P from a fixed

point (say) O by an in-extendable string (as shown in the figure).
The motion is fixed in a vertical plane under gravity. As shown
in the figure if the length of the string OP be [. Then the two
constraints are:

1. z= 0 (holonomic and scleronomic).

2. x>+ y?* = I? (holonomic and scleronomic), and x,y can be
given by x =1[cos 0, y = [sin 0, where 0 is the angle made
with the y-axis as shown in the figure.

Note that motion of a particle moving on a circle (in a plane) also has the same constraints
as that of a simple pendulum. Hence the knowledge of constraints is insufficient to determine
the motion or nature of a mechanical system.

Remark 1.3.23. There are other types of constraints also. They are based on the conservation
of energy and also on on the possibility of forward and backward motion. They are beyond the
scope of our syllabus and hence we will not discuss them.

1.3.3 Difficulties Imposed by Constraints

Consider a system of N-particles. Let 7y, 7, ..., 7y be the position vectors and my,ma,...,my
be the masses of these particles respectively. Suppose there are some constraints on the motion
of this system. Due to constraints following difficulties arise:

1. Coordinates 71,75, ...,7y are not independent.

Constraints are relations between coordinates of the particles in the system. As a result,
we have different equations which are not all independent. Hence the system becomes
difficult to solve.

2. Constraints could be interpreted as effect of some forces. We know that constraints are
due to unknown forces (i.e. constraint forces are unknown). Thus, these forces are not
specified in the problem, they are unknowns in the problem.

Equations of motion for such a system have the form,

T _ 5 pay p©
where F(@ and F(©) are applied forces and constraint forces respectively. Since constraint
forces are not known in above equation, left hand side as well as right hand side contain
unknowns. This makes the problem unsolvable. Also, #’s are not independent because of
this system of equations given in (1.12) is a coupled system.

In the next section remedy to above mentioned difficulties in some situations is discussed.
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26 §1.3. Constraints and their classification

1.3.4 Generalized coordinates and Degrees of Freedom

Suppose for a given system of N-particles the number of constraints is k. These constraints can
be expressed mathematically as k-equations,

fl(fl,fz,...,l_”]\],t) =0
fa(F1, 72,0 PN, t) =0,
(1.13)

fe(F, 72y Fyyt) = 0.

The coordinates are 3N in number namely, xi,y1,21,X2,¥2,22,---,XN,YN,2N. They are un-
knowns in the equations of motion. These 3N-parameters satisfy k-equations given in (1.13),
hence number of independent parameters in the problem is 3N — k. This leads to the following
definition:

Definition 1.3.24: Degrees of Freedom

The minimum number of independent parameters required for the mathematical description
of the given system is called degrees of freedom of the given system.

It is clear that for a system of N-particles with k-constraints the degrees of freedom is 3N — k.
Degrees of freedom of a system is denoted by n, i.e.

n=3N—k.

— Definition 1.3.25: Generalized Coordinates

Consider a system of N particles and k constraints having n degrees of freedom. Then
n=3N—k.

Thus, the number of independent variables or parameters required to describe the motion
or the position of the system is n. Let g1,¢>2,...,g, be chosen to describe the motion of
the system. These parameters are called generalized coordinates for the given system.

Example 1.3.26. Determine degrees of freedom in case of motion of a particle on a sphere and
assign generalized coordinates.

Solution. The number of particles is 1, i.e. N = 1. As seen in Example 1.3.2, we have only
constraint in this case which is x% + y2 + 72 = R?. Therefore, k = 1. Hence, degrees of freedom
is

n=3N—k=3-—-1=2.

Since the degrees of freedom is 2, we will have 2 generalized coordinates in this case.
Expressing it in usual spherical coordinates, we have

X = RsinOsing
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= RsinBOcos ¢
Z = RcosO

We assign the two generalized coordinates g; = 0 and g, = ¢. Clearly, R can be obtained from
0 and ¢ from the above three relations among them. Note that two generalized coordinates 6
and ¢ are independent. &

Example 1.3.27. Determine degrees of freedom for motion of a simple pendulum (or motion
of particle on a circle) and assign generalized coordinates.

Solution. The number of particle(s) in this case is again 1, i.e. N = 1. As seen in Exer-
cise 1.3.22, we have two constraints in this case which are z = 0 and x> + y2 = 12, where [ is the
length of the string at which the particle is tied. Therefore, kK = 2. Hence, degrees of freedom is

n=3N-k=3-2=1.

Since the degrees of freedom is 1 in this case, we have only one generalized coordinate. Writing
in terms of plane polar coordinates, x = /cos @ and y = sin 6, we see that either 6 or [ can be
assigned as a generalized coordinate. The other coordinate can be obtained from the assigned
generalized coordinate by the relations [ = \/x?>+y? and 8 =tan™! (2). So in this case there
is only one generalized coordinate. U

Example 1.3.28. Determine the degrees of freedom and assign generalized coordinates for
motion of a particle in any plane.

Solution. Let ax+ by + cz+d = 0 be the equation of the plane. Here the number of particle is
N =1 and the constraint is also 1 (given by the equation of plane). Therefore, k = 1 and hence
degrees of freedom is n = 3N — k = 2. Choosing g; = x and g, =y as generalized coordinates,
from above equations, we have x =¢q1, y=¢q2, z=—%q1— [;7.612 — %. U

1.3.5 Constraints and generalized coordinates in a rigid body

Definition 1.3.29: Rigid body

A rigid body can be defined as a system of particle in which distance between any two
particles remains constant (during the motion) and does not vary with time.

Constraints in a rigid body
If r; and r; denote the coordinates of the i" and the j™ particle in a rigid body respectively and
rij denotes the distance between them, then the constraints in a rigid body are given by

2 2
rij:Cij or (r,-—rj) _cij:()v

where c¢;;’s are constants. All the constraints in a rigid body motion are expressed by an
algebraic equation and hence they all are holonomic.
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28 §1.3. Constraints and their classification

The question is how many such constraints are there? We determine the number of constraints
in a rigid body with N particles. Since the distance of first particle of other N — 1 particles
remains constant, we have the following N — 1 constraints:

rz =~<¢12, '3 =C13,...,F'iN = CIN,

where ¢;;’s are constants. Now, consider second particle. Since its distance from all other
particles is constant and rj» = rp; = cj3 is already considered (counted) once, we have the
following N — 2 new constraints:

r23 = €23, I'24 = C24,...,12N = C2N.

1
Thus, in this manner, a rigid body with N particles has EN (N — 1) | constraints expressed as

equations of the form r;; = ¢;;.

Degrees of freedom in a rigid body

We now determine how many independent coordinates are required to specify the configuration
of a rigid body. We shall show that it should be done by just 6 independent coordinates, i.e.
degrees of freedom of a rigid body (with at least three particles) is 6, irrespective of the number
of particles (> 3) in the rigid body.

Suppose there are N particle in the rigid body. Then we have 3N coordinates. Since the dis-
tance between every pair of particles is fixed, as seen above, we have %N (N — 1) constraint equa-
tions.

Note that the degrees of freedom in this case can-
not be merely computed by subtracting %N (N—1)
from 3N as

1
3N-SN(N-1)<0, ¥N2>7.

To fix a point in a rigid body, it suffices to specify
its distances from any three non-collinear points.
Thus, once the position of the three of the (non-
collinear) particles of the rigid body are deter-
mined, the positions of all the remaining particles
are fixed by the constraints. The number of de-
grees of freedom therefore must be at most nine.
Furthermore, the three reference points are not
independent. They are related by the three con-
straints given by

2 =C12, 23 = €23, i3 = C13.

This reduces the degrees of freedom of the system to six.

1.3.6 Transformation equations

During the course of motion the configuration of the system keeps on changing with time and
hence usual coordinates as well as generalized coordinates are functions of time ¢, i.e.

qi = qi(1), i=1,2,....n
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or
Fi = Fi(t), i=1,2,....n.

Let 7y,7,...,iy be the position vectors (i.e. usual coordinates) of the particles in the system.
Then they can be expressed in terms of generalized coordinates g1, g3, ..,q, as follows:

r= fl(qlvq%'"vqnvt)v
2= ’72(61176127--~7Qn7f)7

(1.15)
'N= fN(q17q27"'7qn7t)'
In principle, these relations are invertible and hence we can write
q1 Eq1(717F27"'7fN7t)7
qr = (]2(17],1_’2, ... ,I_”N,t),
(1.16)

qdn :qn(l_’l,fz,...,fN,t).

The system of equations given in (1.15) and (1.16) are called transformations equations as
they transform usual coordinates into generalized coordinates and vice-versa. If the equations
of motions are expressed in terms of generalized coordinates then they will be independent.
Thus, the introduction of generalized coordinates resolves the difficulty of equations of motion
(i.e. the first difficulty due to constraints is resolved).

In the case of holonomic constraints the constraint equations are algebraic equations and
hence they are used to determine generalized coordinates. In other cases it is difficult to
determine generalized coordinates. We will discuss only holonomic systems.

Now, we demonstrate how the transformation equations are obtained by means of the
following example:

Example 1.3.30. Consider motion of a particle on a sphere.
2y 42 =R

As seen in Example 1.3.26, we know that, the usual coordinates are 7 = (x,y,z) and the assigned
generalized coordinates g; = 0 and ¢, = ¢. Then the transformation relation 7 = 7(q1,q2) is
given as:

X = RsinOsing
= Rsin6Ocos¢
z = Rcos6

and the transformation relations ¢; = ¢;(7) = gi(x,y,z) for i = 1,2 are given as follows:

q = tan ! (X>
X

—1 <
@ = cos | ———=
<\/x2+y2+z2)
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30 §1.4. Principle of Virtual Work

1.3.7 Generalized Velocities

In analogy with velocity defined as time derivative of position vector, we define time derivative
of a generalized coordinate g; as generalized velocity it is denoted by ¢ ;. It is easy to see from
equation (1.16) that

r;i:Za—qjcjj-l-E i=1,2,...,N. (1.17)

Above equations provide relation between usual velocities and generalized velocities. If the
constraints are scleronomic then above equations reduce to

g; i=1,2,...,N. (1.18)

= Theorem 1.3.31: Cancellation of dots

If constraints are scleronomic then
or; . orF;
dgr  Idqi’

i=1,2,...,N, k=1,2,...,n.

Proof. Equation (1.18) is differentiated partially with respect to g to get

o oy,
aqk j=1 an 8qk’

The second term inside the summation on the right hand side of above equation vanishes except
for j = k and hence the proof. 0

This theorem is referred as the law of cancellation of dots.

1.4 Principle of Virtual Work

1.4.1 Virtual Displacement and Virtual Work

— Definition 1.4.1: Virtual Displacement

Consider a system of N-particles. Let 7(,75, ..., 7y be the position vectors of the particles
of the system. The virtual displacement of the ith particle in the system is the displacement
occurring without the change in time (instantaneous), i.e. virtual displacement is the
change 67; which is infinitesimal and instantaneous. It is consistent with the forces and
constraints of the system.
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— Definition 1.4.2: Virtual Work

The work done (by the forces in system) due to virtual displacement is called virtual work.
It is denoted by OW and is given by

oW =

™M=
N.I
&
Il

—_

1

1.4.2 Principle of Virtual Work

A system of N-particles is said to be in equilibrium if the net force (i.e. total force) on each
particle is zero. In other words, if F; denotes the total force on the ith particle of the system
then the system is said to be in equilibrium if /; =0 foralli =1,2,...,N.

We know that the virtual work is the word done due to virtual displacement. The principle
of virtual work states that:

Theorem 1.4.3

Total virtual work done on a system of particles in equilibrium vanishes.

Proof. Consider a system of N-particles in equilibrium, i.e. the total force on each particles
is zero. Let F; denote the total force on the i particle fori = 1,2,...,N. Let 67; denote the
virtual displacement of the i particle.

Since the system is in equilibrium, F; = 0 for all i = 1,2,...,N. Therefore, F; - 67; = 0 for
alli=1,2,...,N and hence

F,”(Sfi:():SW:O.

=

Il
_

1.4.3 Refined version of Principle of Virtual Work

As before, consider a system of N-particles in equilibrium and let F; be the total force on the i

@) and constraint forces denoted by

particle. Then F; is the sum of applied forces denoted by F,
Fi(c), ie. fori=1,2,...,N,
F= Fla + Flo

Since the system is in equilibrium, by principle of virtual work, the virtual work dW =0, i.e.

=

5W:i _i'5fi:iﬁ‘(a)-57i+ F-(c)’5fi:()' (1.19)

i=1 i=

—
—_

1

It is observed that if the motion is on a surface then the constraint force Fi(c) is the deviation
normal to the surface and displacement d7; is along the tangential direction. Since the tangent

(©)

and normal are perpendicular to each other, their dot product is zero, i.e. F;*’ - §F; vanishes
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for alli =1,2,...,N. Hence, the work done by constraint forces is zero or in other words,
constraint forces are workless. In most of the cases, constraint forces are workless, i.e.

N
F;(C) -OF = 0.

~.
—

Using this in equation (1.19), we get

.67 =0. (1.20)

=

N
I
—_

Thus, the principle of virtual work can be rewritten as

“If a system is in equilibrium and the constraint forces are workless then the total virtual
work done by applied forces is zero.”

1.5 D’Alemberts Principle and Lagrange’s Equations

1.5.1 D’Alemberts Principle

As stated earlier constraints are due to unknown
forces and hence in the equations of motion these
forces appear as unknowns. This difficulty can be
resolved by an alternate statement of principle of
virtual work. Principle of virtual work states that,
”the virtual work done by forces in equilibrium is
zero”. D’ Alembert’s principle is derived as below.

Consider a system of N-particles. Let F; be force
on i particle and 87; denote virtual displacement
of that particle. Let Fi(a) and Fi(c) be applied forces
and constraint forces on i particle respectively. By
Newton’s equations of motion, we write

F=p Vi=12,...,N.

or

Therefore,

Thus the system is in equilibrium under effective force vazl (F; — p;) and hence by principle of
virtual work, we get

N
Y (Fi—pi)- 67 =0. (1.21)
i=1

(@)

Further the forces F; are sum of applied forces Fl and constraint forces Fi(c) and hence (1.21)

can be rewritten as

=

=

(Fi(a) —ﬁi> 87+ | Fi(c) 87 =0. (1.22)

1 1

~
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If the constraints are workless then the second term on the left hand side of (1.22) vanishes and

hence it reduces to
N

Y (£~ pi)-67=0 (1.23)
i=1

This is called D’ Alembert’s principle. From (1.23) it can be seen that the constraint forces are
removed from the equation. It is known that equations of motion can be derived from principle
of virtual work. We will derive them from D’ Alembert’s principle which is an alternate form of
the principle of virtual work.

1.5.2 Lagrange’s Equations of Motion

In this section, we shall derive equations of motion
from D’ Alembert’s principle called the Lagrange’s
equation of motion (LEOM).

Consider a system of N-particles having masses
mi,my,..,my and position vectors 71,7, ..., y re-
spectively. Let the degrees of freedom for this
system be n and ¢q1,¢>, ..., g, be chosen as gener-
alized coordinates. We shall also assume that the
constraints are workless and scleronomic, so that
D’ Alembert’s principle holds.

The transformation relations between the usual
coordinates and the generalized coordinates are Joseph-Louis Lagrange (1736-1813)
given as follows:

fiEfi(ql,CIQ,...,qn), l:1,2,,N (124)

Also, we know that these relations are invertible and so
quqJ'(fl,fz,...,fN), j=12,....n. (1.25)
D’ Alembert’s principle can be written as

N
(@)
F.

bi- OF;, (1.26)

Mz

:l

~.

where Fi(a) are the applied forces. Our aim is to derive equations of motion by transforming
above equation in terms of generalized coordinates. From (1.24), the change 87; in 7; is given
by,

IF; .
51’,—2(9;] i i=12,...N. (1.27)

Using this, the LHS of (1.26) can be written as

Dr. Jay Mehta jay_mehta@spuvvn.edu


mailto:jay_mehta@spuvvn.edu
jay_mehta@spuvvn.edu
jay_mehta@spuvvn.edu

34 §1.5. D’Alemberts Principle and Lagrange’s Equations

n
=) 0;dq;, (1.28)
j=1
where we define
0 iﬁ(‘” o i=1,2 (1.29)
P = N = N R .
J P i aq} .] )< 9

These quantities Q; are called generalized forces or components of generalized force. Now, we
simplify the RHS of (1.26). For this, consider

d (. 8?,- s (97,‘ . d 8?,-
E(ri'a—cu)—rl'a—qj—f—”z'E(aqj)' (1.30)

Also from (1.24), fori=1,2,...,N, we have

. " JF oF;
ri= — g+ =
l l;l 8qk dt

Differentiating this further partially with respect to g;, we get

n=1
Z": 0 (afiq) 0 (37’,)
_ (g A el
= dq; \ dqx dgj \ dt
" 9% 97
= Za al dx aal (1.31)
=1 949k099 j toq;
On the other hand from (1.24), we also have
d 8f,~) 1 827,' 827,~
— =)= Ik + (1.32)
dt (aqj kzl 9q;:9q: * " d1dq;
Comparing the RHS of the above two equations (1.31) and (1.32), we get
d (9r\ _on (1.33)
di \dq;) 94,
Using this in (1.30)
d (. OJF . OF . oF;
—F/ ==L =F =45 = 1.34
dt (I" aq]') ! 8qi+r’ <8qj ( )

oF; _ oF;
8qj a(]j.

Now, since the constraints are scleronomic, by Theorem 1.3.7, we have

Using this in LHS of above equation (1.34), we get

d (; 8?,) . 87,- L (8?,)
J— rl-._‘ :ri-_ R R
dt 8qj aqj' aq]'

. 871' d (; 87,) 5 (87,)
firs—=—\Ti-5— | —Fhi-| 3
8qj dt 8qj 8qj
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_d(9 (L N9 (L. .

Tdar\9g; \2"") ) T ag; \ 2"

_d(9 (1o N9 (L,

Tar\9g \2"") ) T ag; \ 27T

d(d (1, 2 (1,

~ii (a5 (7)) -3 (37) 13

Yiesii= ¥ 3om[% (57 (5
(77 (7)) 7

nld (9 /1 2) 0 N<1 2)
= — | 3 FMiv; -5 ~mv; | | 6q,
jg [d[ <8q1§{ (2mv > 8qjl.§ va i

" rd (0T oT
-¥ 14 (a—q,) ‘a—q,} 54i: (136)

where T (: f’: | %m,-v%) is the total kinetic energy of the system. Finally substituting equa-

tions (1.28) and (1.36) in (1.26), we get

& " [d [(dT oT
S — S22 2 sa
j—ZlQJ K Jg’l [df (9%’) 9611] o

i d (JdT oT
o ((5) )20 1

j=1

or

Further, if constraints are holonomic then the generalized coordinates g; are independent and
hence (1.37) holds if individual term in the summation vanishes, i.e.,

d (9T oT o
o (G (55;) ~ag) 0 sz

or

Lagrange’s equations of motion (General Form)

d (oT\ OT .
E(a_q,)_a_qj_gj’ i=12,....n. (1.38)
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36 §1.5. D’Alemberts Principle and Lagrange’s Equations

Equations (1.38) are called Lagrange’s equations of motion in general form. These equations
form a simultaneous system of second order ordinary differential equations. Solution of this
system will determine generalized coordinates ¢q1,¢q2,...,q, as functions of time.

In the discussion of constraints it was seen that due to constraints there were two types of
difficulties arise namely, (i) coordinates are not independent and (ii) constraint forces occur in
the equations of motion as unknowns. It can be noted from Lagrange’s equations of motion
that, these equations of motion are written only for the applied forces, the constraint forces no
more appear in the equations and also they are written for independent coordinates ¢;’s, thus
both the difficulties imposed by constraints are overcome.

Lagrange’s equations of motion in general form can be used for various forms of forces in
the nature. In the next section we derive special cases of Lagrange’s equations of motion.

Exercise 1.5.1: LEOM for particle moving in space

Obtain Lagrange’s equations of motion for a particle moving in space under a force F
using Cartesian coordinates.

Solution. We know that Lagrange’s equations of motion are

d (0T\ OT o
E<a_q'j)__.zgj, j=12,....n. (1.39)

In this case, we have only one particle and no constraints, i.e. N =1 and k = 0. So, we have
n = 3N — k = 3 generalized coordinates, say

Q1 =X, 2=y, q3=2.

The total kinetic energy of the system is given by

T = %mv2 = %m?z = %m(x2 +y2+2%).
Therefore,
oT . dT . dT .
%:mx, a—y:my, 8_z':mz
and so

d(or\ _ . d(dT\ _ . d [T\ _ |
a\ox) ™™ & oy ) =™ a\ a9z )™

Also, since T is independent of x,y and z, we have

T 9T IT

ox dy 0dz
Now, the generalized forces Q; are given as follows:

No_ OF;
Q': F_la ]:17273
! z; " dq;

Since, in our case, we have only one particle,

_ JF
Q':F'_a ]:17273
J aqj
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Let the position vector of the particle be given by 7 = xi + yj + zk and the force on the particle
be given by F = Fyi + Fy] + F;k. Then

_ or A N Al n
Q1=F-£=(in+ij+sz)'i=Fx~

Similarly, O, = Fy and Q3 = F;. So, Lagrange’s equations of motion can be given by

d (9T\ oT o
E(a)—nglimx—O—Fx,

i.e. Fy = mX. Similarly, the other two equations are obtained as F, = my and F, = mZ. Observe
that in this case,
Fi+ Fyj+ Fk=m(ii+j + zk) = F = mi = ma.

Thus, we obtained Newton’s equations of motion as Lagrange’s equations of motion as in this
case we have no constraints. |

1.6 Lagrange’s Equations of Motion: Special Cases

In this section various types of applied forces will be considered and appropriate form of
Lagrange’s equations of motion will be derived.

1.6.1 Conservative Force

Suppose applied forces are conservative and derivable from a potential function depending on
positions of the particles only, i.e. V =V (7|, 72,...,7y). In this case, applied forces are given
by

F9=_vv,  i=1.2,... N, (1.40)

1

where V; denotes vector differential operator at the position of i particle, i.e. V; = <W? EI $> .
Using this in Equation (1.40) we get,

N oF;
Qj = ) Fla):
N =
= Z —V,V. ﬁ
i=1 9q;
A%
= —— (1.41)
94,
using these in (1.38), we get
i(&T) B aT __3V
dt 8q, 3qj an
. d (9T\ oT av
— — | — + =0. (1.42)
di (3%') dqj  9q;
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38 §1.6. Lagrange’s Equations of Motion: Special Cases

Further we subtract a vanishing term g—c‘; from the first term on left hand side of above equation
J

to get

d<8T> v~ dT aV:O, i=12..n

) -+
dt aqj' aqj aqj' 8qj

or

R

d (dT-V)\ oT-V) .
dr( 34, ) o, O T

Now we define a function L = L(q1,42,---,49n,41,42,---,qn,t) given by
L=T-V (1.43)

Using this in above equation yields

Lagrange’s equations of motion (Conservative Force)

d (JdL JdL .
E(a_qj)_a_qj_o’ i=12,....n. (1.44)

These equations are referred to as Lagrange’s equations of motion and the function L is called
Lagrangian of the system.

Exercise 1.6.1: LEOM for Simple Pendulum

Obtain Lagrange’s equations of motion for simple pendulum.

Solution.

As we have seen earlier, simple pendulum is a system of
one particle where the particle is suspended by a rigid
weightless and inextendable string from a fixed point. The
particle is allowed to move in vertical plane and motion
takes place under gravity. The constraints are

1. 2 +y?+22 =1

2. z=0.
Therefore degrees of freedom is n =3N —k = 1.

Choosing the angle 6 made by the pendulum with the vertical axis as the generalized
coordinate, we write

x= Isin0, y= lcos®, z=0.
i= lcosH 0, y= —Isinf 6, z=0.

Therefore, the kinetic energy in terms of generalized coordinates can be written as

1 m o .
T = Em(x2+y‘2+z'2) = 51292 :
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Here, the force is the gravitational force which is conservative. We choose the potential V = 0
at the point of suspension and so potential is given by

V =mgh= —mgy = —mglcos 0.

Now, "
L=T-V = 51292+mglcos6.

Hence, Lagrange’s equations of motion is

oLy _oL_,
dt \ 06 0

From the Lagrangian, we have

aL - 9, d 8L . 254

5 mil*0 = o <%) =ml“0. (1.45)
oL )

S8 = —mglsin 6. (1.46)

Using these values in the above LEOM, we get
ml(16 + gsin6) = 0.

Therefore ml = 0 or 16 4 gsin® = 0. But ml = 0 is not possible as both m and [ are non-zero
constants. Therefore, we have

16 +gsin®@ =0
d’e g\ .
W + (7) sin@ =0.
The above equation is a non-linear differential equation. U

1.6.2 Non-conservative Force

In the previous section we discussed the case of conservative force which can be derived from
a scalar potential depending on the positions of the particles in the system. In some case
forces can be derived from a more general potential which may depend on velocities also. A
known case of such force is of electromagnetic force. In such situations also it is possible to
associate a Lagrangian function. Suppose the applied forces are derivable from a potential
U=U(q1,92,---,91:41,42,---,qn), in the following prescription

oU d (dU .
Qf__a_c“+5(8_c)j>’ j=12,...,n (1.47)

Then using these in (1.38), we get

d(or\ 9T _ U d (U
dt 8q, aqj_ 8qj dt aqj '
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40 §1.6. Lagrange’s Equations of Motion: Special Cases

4 (9T T 93U _d (U _,
dt aqj 8qj aqj' dt an o

d(aT—U)\ oT-U)
E( 94, >_ g, -

Defining Lagrangian as L =T — U, above equations read as

d (JL JL
(=) -=—==0 i=1,2,...,n.
dt(aq-j) 8qj ) .] )= 7n

or

or

From (1.47) it is clear that if velocity terms are absent in the expression of U then it reduces to
potential V, thus U is called general potential, it is also called velocity dependent potential.

1.6.3 Frictional Forces and Rayleigh’s Dissipation Function

It is known that frictional forces are not conservative and also they are proportional to the
velocity. In many cases frictional forces are derivable from a function called Rayleigh’s
dissipation function. His function is denoted by R. Let the frictional force on i particle be

denoted by Fl-(d) , then
F,-(d) = —Aifi,

where A; are constants. Here the corresponding generalized forces are given by,

N -
(d) (@) OFi
o\Y = ).
’ l; 9q;
N -
= =Y Aii- o
i—1 aqi
o (o2
i=1 o aqi ' a‘lj a‘?j

Il
1=
Q')‘Q_)
/|\
N —
o>

~N
~r
~

i=1 q/
Jd [1¥. ,
a—q] (El_zlklrl>
_ _g_;, (1.48)
J
where
1 N
R=2Y Aif (1.49)

is called Rayleigh’s dissipation function.

Now suppose in a system, there are conservative applied forces as well as frictional forces
derivable from a dissipation function R then using (1.48) in (1.38) along with (1.44), we get
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Lagrange’s equations of motion (Frictional forces)

d 8L) JdL OJR
(8%' dq;  9q; /

1.7 Kinetic Energy in generalized Coordinates

In the previous section we have seen that Lagrange’s equations of motion are written in terms
of kinetic energy expressed in terms of generalized coordinates and generalized velocities.
We now derive expression of kinetic energy of a system of particles in terms of generalized
quantities.

The expression of kinetic energy of a system of particles is given by
N 1 5
T = E —m;v; 1.51
Pt Zmlvl Y ( )

where ¥; denotes velocity of i*particle. As seen earlier it is given by

" OF; dF;
V= —q; , (1.52)
: j;&qj ot
when this is used in the above expression gives,
N
1 or; . or; . 8r,
B (50 5) (B8 5)
izl <8r,- 8rl~_ . +87i 8?,; +87,~ 8?,-, +8fi af,')
= AMi\ 55 4% T35 3.4 T35 " 3,9% T 3, 3,
1:1j,k2 l aq]' 8qk / aq]' ot 8qk ot dt ot
N - N - _
1 oJr, JF . . dF; 8}’,. 1 Jdr; OF
=YY T miat g Y w2 G (1.53)
;J7k2 aq Oqk lzijz’ j ;2 dt dt
The above equation is rewritten as,
T=T+T +Tp, (1.54)

where T; (i = 1,2,3) represents a term of i’ degree in generalized velocities and these terms
are given by,
1 dr; oF |
it
dr; (91’, _
dq; o1’

qj t

N
=Y,
i=1

=™

J

(1.55)

Mz I
™=

mi=—

~
—

=1

NS
il

i

@
ot

33
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M= |
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42 §1.8. Configuration Space and Lagrangian

1.8 Configuration Space and Lagrangian

1.8.1 Configuration space and system point

— Definition 1.8.1: Configuration space

Consider a system of n-degrees of freedom. Let q1,q2,...,q9, be chosen generalized
coordinates. The position of the system can be determined if g1,¢>,...,q, are known.
Thus a space of n-dimension, say R”, can be assumed to be associated with the system.
For this n-dimensional space, ¢1,¢>,...,q, are taken as coordinates.

The n-dimensional space, associated with a system, having g1, ¢z, . ..,g, as coordinates
is called configuration space of the system.

— Definition 1.8.2: System point

At any given time ¢, the position of the system can be determined using q1,¢q2,...,qx.
Hence we can associate a point in the configuration space with the motion of the system.
This point is called the system point in the configuration space.

1.8.2 Remarks on Lagrange’s equation of motion

Remarks 1.8.3. For a system of n degrees of freedom, let ¢g1,¢>,...,g, be the chosen gen-
eralized coordinates and let L(q1,42,---,qn, 41,42, - - - ,Gn,t) = L(q,4,t) be Lagrangian. Then
Lagrange’s equation of motion are given by

d ( JL dL
— | = | —=—=0, j=12,....n. (1.56)
dt 8qj 8qj

1. In(1.56) we have a system of n second order ordinary differential equation with ¢1,¢>,...,qn

as dependent variables and ¢ as independent variable.

2. The solution of the system is given in the form

q;=q,(t), i=12,....n (1.57)

3. The exact form of the above solution can be obtained using the initial condition. The
solution (1.57) describes a curve in the configuration space. We will say that the system
point describes the curve given in (1.57) following the motion of the system.

4. Lagrange’s equation of motion form a system of non-linear second order ordinary dif-
ferential equations. Such systems are very difficult to solve. However in many cases,
first integrals are possible (i.e. some of the equations reduce to the first order equations)
which provide some physical principles.
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1.8.3 Uniqueness of Lagrangian

We know that Lagrangian of a system is given by L =T —V, where T is the kinetic energy and
V is the potential energy of the system.

1. For a system, potential V is not unique. In fact, we have seen that, V is unique upto
addition of a constant. Thus for a system another, Lagrangian can be obtained by adding
a constant, i.e.
L=T-V4+A=T—-(V-A)=T-Vj,

where V| =V — A is also potential.

2. For any system, the generalized coordinates can be chosen in different ways. Then the
form of Lagrangian may differ in this case.

3. Let L=L(q1,92,---,49n,41,42;---,qn,t) be Lagrangian of the system. Then it satisfies
d ([ JL dL
SV j=12....n
dt aq]' 8qj

Let L' be given by L' = L+ ‘2—';, where F = F(q1,42,---,qn,t) is an arbitrary function.

Then L’ also satisfies LEOM (Prove! see Exercise 1.25), i.e.
d (oLl oL
J— - ——:0, j:1,2,...,l’l
dt\dq;) 9q;

and hence L’ is also Lagrangian of the system.

These three aspects indicates that Lagrangian of the system need not be unique.

Exercises

Exercise 1.1
Determine the degrees of freedom and assign generalized coordinates (if possible) in the fol-
lowing systems:

1. Two particles connected by an in-extensible rod of length /.

2. Two particles connected by an in-extensible rod of length / and the center of the rod
moving on a circle of radius r.

3. Simple pendulum (or a particle moving on a circle).

4. motion of a particle on a parabola or ellipse.

Exercise 1.2

Determine the degrees of freedom, assign generalized coordinates and express kinetic energy
in terms of generalized coordinates for the motion of a particle in XY -plane in terms of plane
polar coordinates.
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Exercise 1.3
Express kinetic energy of a particle moving in space in terms of spherical coordinates.

Exercise 1.4
Distance between two points (x,y) and (x +dx,y+dy) (in plane) is given by ds® = dx> +dy*.
Express this in terms of polar coordinates.

Exercise 1.5
Distance between two points (x,y,z) and (x +dx,y +dy,z +dz) is given by ds*> = dx* +dy* +
dz?. Express this in terms of spherical coordinates.

Exercise 1.6
For a particle moving on the surface of a cylinder

1. Find the constraints and classify them.
2. Determine degrees of freedom and assign generalized (cylindrical) coordinates.

3. Obtain and expression of kinetic energy in terms of generalized coordinates.

Exercise 1.7
Describe the motion of a double pendulum and determine degrees of freedom by discussing
its constraints. Also assign generalized coordinates to it.

Exercise 1.8
Define a spherical pendulum. Discuss all of its constraints, determine its degrees of freedom
and assign generalized coordinates.

Exercise 1.9
, . .. d (dT aT )
Show that Lagrange’s equation of motion in the form of — | — ) — =— = Q; (i.e. gen-
dr \ d qj 8q b
) aT aT .
eral form) can also be written as —— —2—— = Q;. These are known as Nielsen form of the

) 8 q j 8 q j
Lagrange’s equatlons.

Exercise 1.10
Obtain Lagrange’s equations of motion for a particle moving in XY -plane under the effect of
force F using plane polar coordinates as generalized coordinates.

Exercise 1.11
Obtain Lagrange’s equations of motion for a particle moving in space under the effect of force
F using cylindrical coordinates as generalized coordinates.

Exercise 1.12
Express Kinetic energy for the motion of double pendulum in terms of generalized coordinates
and hence obtain its Lagrange’s equations of motion.
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Exercise 1.13
Express Kinetic energy of a spherical pendulum (or a particle moving on a sphere) in terms of
generalized coordinates and hence obtain its Lagrange’s equations of motion.

Exercise 1.14
Describe Atwood’s machine with a diagram.

1. State its constraints and classify them. Determine its degrees of freedom.

2. Assign generalized coordinates and express kinetic energy in terms of generalized
coordinates.

3. Obtain Lagrange’s equations of motion.

Exercise 1.15
A pendulum is suspended from a point moving according to x = acos wt.

1. State the constraints and classify them. Determine its degrees of freedom.

2. Assign generalized coordinates and express kinetic energy in terms of generalized
coordinates.

3. Obtain Lagrange’s equations of motion.

Exercise 1.16
Describe Simple Harmonic Oscillator (SHO) and obtain Lagrange’s equation of motion for it.

Exercise 1.17

1
Lagrangian of a particle in one dimension is given by L = mez —V 4+ XA, where A and V are
functions of x. Obtain Lagrange’s equation of motion.

Exercise 1.18
Obtain Lagrange’s equation of motion for a two dimensional isotropic oscillator. Also express

it in terms of polar form (polar coordinates).

Exercise 1.19
Obtain Lagrange’s equation of motion for a system for which Lagrangian is given by

I . , I ;
L= 51(92 + ¢?sin? 0) + 53(111—1— ¢ cos 0)? —mglcos6.

Exercise 1.20

Two mass points of mass m; and m; are connected by a string passing through a hole in a
smooth table so that m; rests on the table surface and m, hangs suspended. Assuming m, moves
only in vertical line, what are the generalized coordinates for the system? Write the Lagrangian
equations of motion for the system.

Exercise 1.21
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Define a point transformation. Show that the form of Lagrange’s equations of motion are
invariant under a point transformation. [Refer Goldstein’s book: Derivation exercise no. 10,
page no. 301].

Exercise 1.22
A particle is falling vertically under gravity. Air friction is present and it is derivable from a
dissipation function R = %kvz. Obtain Lagrange’s equation of motion.

Exercise 1.23

T
For kinetic energy T of a system of n-degrees of freedom, evaluate Z gj=—-
=1 94j

Exercise 1.24
oT

8q]~

n
For a system of scleronomic constraints show that Z qj
j=1

Exercise 1.25
If L is given Lagrangian of a system of n-degrees of freedom satisfying Lagrange’s equations

dF ... t
of motion then show that I = L+ (91,92, 4n:1)

t
motion, where F is an arbitrary differentiable function of its arguments.

also satisfies Lagrange’s equations of

Exercise 1.26
A Lagrangian for a particular physical system can be written as

k
L= g(ax2 +2bxy + ¢y?) — E(ax2 +2bxy +¢y?),
where a,b, ¢ are arbitrary constants but subject to condition that 5> — ac # 0. What are La-
grange’s equations of motion? Examine particularly the two casesa =c=0and b =0,c = —a.

What is physical system by the above Lagrangian? Show that the usual Lagrangian for this
system defined by the equation

) i dF
Ll(Q?QJ) :L(Q7q7t) + E

is related by L’ by point transformation. What is the significance of the condition on the value
of b> —ac # 0.
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Variational principles

2.1 Hamilton’s principle

2.1.1 Action Integral

Consider a system with n-degrees of freedom. Let q;,q2,...,q, be the chosen generalized
coordinates and L = L(q1,92,---,9n,q1,42,- - -,qn,t) be Lagrangian of the system, where L =
T-V.

Suppose the system travels along a path C during the time interval [f],7,]. Then the action
integral, denoted by I or A, for the time interval [t1,,] along the path C in the configuration
space is defined as the line integral given by

— Action Integral

15)

I = / L(ql...,qn,ql,...,qn,t)dl‘

1
along C

or simply by

15}
I:/ Ldt.
n

Note: The line integral in the above expression may be evaluated in the configuration space by
associating a system point to the system.

2.1.2 Hamilton’s principle

For a system with n degrees of freedom, let g1, ¢, ..., g, be the chosen generalized coordinates
and L(q,q,t) be Lagrangian. Then Hamilton’s principle states that,

47
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— Hamilton’s principle
“among all the possible paths in the time interval [¢1,7,], the system point travels on the

path on which the action integral is extremum (or stationary).”

That is, the system point takes the path on which the integral

15}
1= [ Lg.q.0d
151

is extremum (or stationary).

Here by extremum we mean maximum or
minimum with respect to various cases. The
condition or the equivalent form of the inte-
gral I being stationary is given as follows:

15}
8I=§6 L(ql,...,qn,ql,...,(jn,t)dt:O,

t

1 2.1
where 0 denotes the variation due to the
L change in the path. Thus, the integral [ is

William Rowan Hamilton (1805-1865) extremum if the variation 81 is zero.

2.2 Calculus of Variations

Calculus of variations deals with the variational problems. For example, (2.1) is a variational
problem, i.e. we need to determine a curve on which the variation is zero. In this section and in
what follows, we discuss some techniques of the Calculus of Variations and its applications.

2.2.1 Condition for extremum

Consider a function f(y,y,x), where y = y(x), y = Z—ch and x is an independent variable. We state
the condition for extremum of the line integral

J= /x 2 Fly,y,x) dx. 2.2)

The required condition for the integral in (2.2) to be extremum. The above equation is called
Euler’s equation in calculus of variation.

Euler’s equation

of d (df\ _
a-(5)=0 22

The above equation is called Euler’s equation in calculus of variation. Next we shall state some
extensions of this condition for extremum of certain integrals.
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Certain Extensions

1. The condition for extremum of the integral of the form

X2
I:/ f(y17y27---;yn7y17y27---,yn,x) dxa
X1

is given by

Euler-Lagrange equations

of d (df\ _ o
a—yl—a(a—yl)—o, l—1,2,...,l’l.

The above equations are known as Euler-Lagrange equations.

2. Suppose there are multiple integrals as follows:

I://.../f(yla)’27...,ym)}l,yZ,...,Yn7X1,X2,...,xm)dxldxz...dxm7
N——

m integrals
where y; = yi(x1,x2,...,%u), i = 1,2,...,n. Then the condition for extremum is given by
3 () 3 a3 ()
dyi  dx; \dy, (V)  dxy \ 9y,@ dxim \ dy;(m ’

where yl(j ) = 3—){;

3. For the integral I = / f(y,y,¥,x) dx, the condition for extremum is
of _d (3rY, & () _,
dy dx \ dy dx2 \ 9y )

2.2.2 Some applications of calculus of variations

Exercise 2.2.1: Shortest distance between two points in a plane

Obtain the geodesics on a plane i.e., obtain the curve of shortest distance between two
points in a plane (with Euclidean geometry).

Solution. We shall show that the curve of shortest distance between two points in a plane is a
straight line.

Consider two points P(xy,y;) and Q(x2,y>) in the plane. The problem is to determine the
curve on which the distance between P and Q is minimum. The distance between to neighboring
points (x,y) and (x+ dx,y+dy) on a curve is given by

2
ds? = dx* +dy* = dx* (1 + (Q> )
dx
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50 §2.2. Calculus of Variations

=ds=(1 —l—yz)%dx,

where y = Z—i. The distance between P(x,y;) and Q(xp,y7) is given by the integral

X X9
1:/ ds:/ V11 2dx. 2.4)
X1 X1

Now, our problem is to determine the curve on which the integral / is minimum. We use
techniques in calculus of variations by taking

1
F.30) = (145%)2. (2.5)
Hence the condition for minimum of the integral in (2.4) is given by the Euler’s equation, i.e.
af d [(df
——-—|(==]=0. 2.6
dy dx <(9y'> (26)
We need to solve equation (2.6) for f given in equation (2.5). Now,
d
A
dy
Also,
af a 2 1 1 1 1
== =—(1+y%)? = -(1+y*) 22y = (1+5°) 2y
ER ay'( +37)7 = S(1457) 229 = (1457) 2y
Therefore,

LA )

Using this values in equation (2.6), we get

J . .
_4 Ll — 0= Ll =A (A is constant).
ax \ (14y2)2 (1+y%)2

Solving the above equation algebraically for y, we get

= y? =414y
= y(1-A%) =A?
. 2
= y2 _léAz
Therefore,
y=a,

1
2 \2 ...
where a = ( A ) which is a constant. Hence,

1-A2
b= et

where a and b are constants. The above equation represents a straight line. Thus, we have
shown that the curve between two points in a plane on which the distance is minimum is a
straight line joining these two points. U
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Exercise 2.2.2: Minimum surface of revolution

Obtain the curve for minimum surface of revolution.

Solution.

Suppose we form a surface by taking a curve in Y
xy-plane passing through two fixed end points

(x1,y1) and (x2,y2) and revolving the curve

about y-axis (as shown in figure). Our prob-

lem is to find the curve for which the area of the

surface of revolution obtained from the curve is

minimum. L
We shall show that this curve is given by

($27 y2)

y—b
x = acosh P (x1,91)
xT

which is the equation of a catenary.
(Seminar Exercise - refer Goldstein, page num-
ber 40 —41). 5

Exercise 2.2.3: Brachistochrone problem

Describe Brachistochrone problem (problem of least time) and obtain its solution, i.e.
obtain the curve of quickest descend.

Solution. ‘
Brachistochrone problem is a well-known

problem to find a curve joining two points such 1 T —
that a particle at rest at the higher point falling
under gravity travels to the lower point in least
time, i.e. to find the curve of quickest descend.

Let #1> be time taken by the particle at rest to v
travel from a higher point 1 to a lower point 2 \
under gravity with velocity v. If ds is the length
of the arc, then the time taken is %. Then the
problem is to find a minimum of the integral

-
[\

2ds
fiy = —.
1 VvV

We know that ds = \/dx* +dy* = \/1+y% dx = \/1 + %2 dy. Therefore

2.\/1 :2
t:/ X dy.
1 1%
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52 §2.2. Calculus of Variations

Suppose y is measure downwards from the higher point. Since the particle is initially at rest,
kinetic energy at point 1 is 7 = 0 and its potential energy is V = 0. Hence, its total energy is 0.
At point 2, the kinetic energy is T = %mv2 and potential energy is —mgy. Hence total energy is

T+V = %mv2 —mgy. Then by law of conservation of energy, we have

1
—mv* —mgy = 0.

2
Therefore v = /2gy which implies

2 1 )
t:/ R dy.
I \/ 2gy

By calculus of variation, we know that the condition for extremum of the above integral is given

by Euler’s equation, i.e.
of _d (9f\_,
ox dy\adx)

where we take f = ,/%. Now, clearly g—ﬁ =0and

aif 2%
i 2\1+i22gy

Hence, by Euler’s equations, we have

i(a_f>_i I SR B
dy\dx) dy\ . /(1+2)2gy)

V(1 —I—x2)2gy.

Therefore )
___r c1 (where ¢ is constant)
V(1+x2)2gy
X
or ——————=+/2¢gc1 =0 (where ¢ is constant).
vV (L+32)y
Therefore

i=co\/(1+x2)y

&% = c3y+cayity (c3=c3)
(1 —c3y) = 3y
2 c3y
1 —c3y
1
a—y a—y c3
. y
X = .
a—y

Integrating both side with respect to y, we get

fom [\
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Take y = asin’ 2, then dy = asin g cos 7 9 d6. Therefore

20

asin? @ ) 0

x—/ Z easm—cos—de
a — asin® 3 2 2

sin 2 _ sing
a sm — cos d@

\/1—sin? g
—/22s1n 50’9
= /5 (1 —cosB)do.
This implies, x = §[0 —sin 6] + b. Take § = d/, then
x=d' (0 —sin@)+b.

Now, b = 0 at point (0,0). Then x = a’(6 —sin0) + b. Also, we obtain y = a’(1 —cos0).

Thus, the parametric equation of the ab 2ma

X
required path is
x = d(6—sinB),
y = d(1—cosb).
which represents a cycloid.
g

2.3 Derivation of Lagrange’s equations from Hamilton’s prin-
ciple
Recall that Hamilton’s principle states that “among all the possible paths in the time interval

[t1,12] the system point in the configuration space will take the path on which the action integral
is extremum,” i.e. the integral

X2
I:/ L(q17QZ7"'7qnvqlvq27"'aqnat)dt (213)
x|

1S extremum.

By calculus of variations, we know that, the condition for the integral

X2
J:/ FOLY2, Y, V1,52, - -y YnyX) dx (2.14)
xq

to be extremum is given by Euler-Lagrange equations, i.e.

af (af

= 0 =1,2,...,n. 2.15
ayi ayl) l » < n ( )
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54 §2.4. Cyclic coordinates and Generalized momenta

Now, comparing equations (2.13) and (2.14), we consider the following transformation

f—L
Yi —7 {qi i=1,2,....n
X —1.

Using these replacements in equation (2.15), we get

%—i(a—‘L>=O i=1,2,...,n.
dq;

8q,~ dt
o d (L oL
E(a_q,-)_a_q,-:o i=1.2,....n (2.16)

Equations (2.16) are Lagrange’s equations of motion. Thus, we have derived Lagrange’s
equations of motion from the Hamilton’s principle.

2.4 Cyclic coordinates and Generalized momenta

— Definition 2.4.1: Cyclic coordinate

Consider a system of n-degrees of freedom. Let q1,q>,...,q, be the chosen generalized
coordinates and L be the Lagrangian. A coordinate g; is said to be cyclic coordinate if
Lagrangian does not depend explicitly on the coordinate g;.

Lagrangian L(q,q,t) does not explicitly depend on ¢; implies that a‘)—qL_ = 0. Therefore,
J

. lic o JdL 0
qd;j 1S Ccyclic — = V.
J aqj

Examples 2.4.2.

1. Consider motion of a particle in XY -plane with usual Cartesian coordinates (x,y) as
generalized coordinates and force derivable from a potential depending on the distance of
the particle from the origin. In this case, the Lagrangian is given by

L=2(@+3%) =V (V@ +)?).

Then, in this case, there are no cyclic coordinates, as V (and hence L) is dependent on
both the generalized coordinates x and y.

2. Consider motion of a spherical pendulum. Then the Lagrangian is given by

m

L
2

1?(6° +sin®> 0¢?) 4+ mgl cos 6.

Here, ¢ is a cyclic coordinates as clearly the Lagrangian L does not depend on ¢. Since
L depends explicitly on 0, the generalized coordinate 6 is non-cyclic.
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— Definition 2.4.3: Generalized momentum

Consider a system of n-degrees of freedom. Let g1, ¢3,...,g, be the chosen generalized
coordinates and L(q1,42, - - ,qn, 41,42, - - -+Gn,t) = L(q,q,t) be the Lagrangian. The gen-
eralized momentum conjugate to the generalized coordinate g; is denoted by p; and is

given by
dL

Pj:a—q.j-

Generalized momentum conjugate to a generalized coordinate is sometimes also called conju-
gate momentum. Consider some examples below:

Examples 2.4.4.

1. Consider motion of a particle in XY -plane with usual Cartesian coordinates x and y as
generalized coordinates, where the Lagrangian is given by

L=Z(@+3) =V (V@ +)).

Therefore, the generalized momenta conjugate to generalized coordinates is given by

—a—L—mx and —a—L—m'
Px—ax— Py—&y— y.

2. Consider the Lagrangian of a Gyroscope given by
i 0o I 2
L= 5(9 +¢~sin" ) + E(W+ ¢ cos0)” —mglcos,

where 0, ¢, y are generalized coordinates. Then the generalized momenta are

oL :
Pe =56 "

dL L .9 o
p¢=a—¢:11¢5111 0+ LcosO(y+ ¢cos )

JdL o
PWZW:13(II/+¢COSG)-

3. We have seen that the Lagrangian in case of simple pendulum is given by

L= %lzéz +mglcos 0.

Then the generalized momentum corresponding to the generalized coordinate 0 is

Po = FT) = ml?6.
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56 §2.5. Conservation theorems and Symmetry properties

Theorem 2.4.5

The generalized momentum conjugate to a cyclic coordinate is conserved.

Proof. Suppose for a system a generalized coordinate g; is cyclic. Now, Lagrange’s equations
of motion corresponding to g; is given by

agony o,
dt 8q] aqj'_ '

Since g is cyclic, L does not depend on ¢g; explicitly and hence

JdL
— =0.
dq;
Therefore, we have
d ( JL dL
— [ =— ) =0= —— = constant,
dt 8q j 8q j
ie. pj=0= p; = constant. Hence, the generalized momentum conjugate to a cyclic coordinate
is conserved. ]

Remark 2.4.6. We know that Lagrange’s equations of motion (LEOM) are second order
ordinary differential equations (ODE). If the coordinate is cyclic then the generalized momentum
conjugate to that cyclic coordinate is conserved. This provides the first integral to the LEOM,
i.e. we get a first order ODE. For instance, consider the following example.

Example 2.4.7. Consider the motion of a gyroscope. The Lagrangian in this case is

I . . I :
L= 51(92 + ¢2 sin? 0)+ g(l[/—l— ¢ cos 9)2 —mglcos0.

Clearly, here ¢ and y are cyclic coordinates as the Lagrangian does not depend on them
explicitly. Therefore, the corresponding generalized linear momenta are given by

Po = g—; :11¢sin20+13c059(l[/+(]3c059)

oL .
Py = Gu = (¥ +9eos).

Notice that the above equations are first order ordinary differential equations.

2.5 Conservation theorems and Symmetry properties

2.5.1 Conservation of linear momentum in Lagrangian formalism

We have Lagrange’s equations of motion given by

d ([ JL JdL
(=) - =0 i=1,2,...,n.
dt(aq‘j) aq} ) .] 9= 7”
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L
But 5, — P Therefore the above equation can be written as
4j
d Pj oL . JdL

= s pi=— =1,2,...,n. 2.17
dl aqj pJ aqj? J )< N ( )

Suppose a generalized coordinate g corresponds to translation of the system along a vector 7,
i.e. change in the coordinate g; denoted by dg; results into translational motion of the system
in the direction 7.

Suppose the constraints are scleronomic and potential depends on position only, i.e. potential
is velocity independent. Then

dL _d(T—V) 9T 3V _ aT ( oV o)
dq; dq; dq; 9q; Iq; g,
Thus, P 3
L or

Also since the motion is translational in this case, clearly g; cannot appear in T (i.e. T is

aT
independent of g;) as the velocities are not affected by shifting the origin. Therefore, o =0
4j
and hence oL AT V) v
— 2 —0, j-12,...n (2.19)
dq; dq; dq; /

Thus, for the chosen coordinate g, equations (2.18) and (2.19) when used in equation (2.17)
and Lagrange’s equations of motion gives

) d (JdT A%
et ()2 g,

9q; ey
or
pj=0j, j=12,....n. (2.20)
By definition of generalized forces for j = 1,2,...,n, we have
ﬁ" 7 O (2.21)
i=1 Clj

a_
To evaluate — 0. fi , we note that it is rate of change of 7;
qj’
with respect to ¢ ;. As shown in figure ~ dr; = i dg;
>
dr; = change in 7; *
= ri(q;+dq;) —7(q)) 5~ o)
= ﬁdq]‘. Ti
Now,
dF; ri(gi+dq;)—r(dg;
iy 11041445 ZHdq)) (2.22)
dq; dq;—0 dq;
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58 §2.5. Conservation theorems and Symmetry properties

Using equation (2.22) in (2.21), we get

M=
sl
>
[l
>

™=
sl

Qj:.

N
I
—_
~
Il
_

Therefore

Q

j=n-F| (2.23)

where F = Zfil F; is the total force. Thus, Q; is component of the total force along /. From

equation (2.18)
or od (X1,
Pi= %4, a4, (Z. 5’”)

Thus,

where p = Zﬁ\’: | Pi 1s the total linear momentum of the system. Therefore, we have

d

= 2 p). (2.24)

pj
Using equations (2.23) and (2.24) in equation (2.20), we get

_d
WF=—(-p). 2.25
7 dt(n p) (2.25)

For a single particle we know that F=p,ie F= %. Thus, recall that, law of conservation
of linear momentum for a single particle states that if ¥ = 0 then p is conserved. Here, from
equation (2.25), we get law of conservation of linear momentum of a system (in Lagrangian
formalism), which is stated as follows:

Law of conservation of linear momentum (Lagrangian formalism)

“Component of total linear momentum along a vector 7 is conserved if component of total
force along that vector 7 is zero.”

Remark 2.5.1. The derivation of law of conservation of angular momentum in Lagrangian
formalism is left as a seminar exercise.
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2.6 Energy Function and the Conservation of Energy

2.6.1 Energy function

Consider a system of n degrees of freedom. Let L(q,q,t) be Lagrangian of the system. The
total time derivative of Lagrangian is given by

JdL JdL
dt = Z aq]qﬁ—z 3 S5t 5 (2.26)

Now, by Lagrange’s equations of motion, we have

dL d (JL .
a_qj_E(a_q',-)’ ji=12,...,n. (2.27)

Using these equations in (2.26), we get

i g’di(a_qj) Zf?q] L

Therefore,
oL " d (JL dL
o —;z(a—q,)% Za an
g fa(on ,+aqu, Ll
A ldr\9g; U 94, ar dt

j
AN
q]aq] dt

|

|
™-
SIS

~
Il
_

Therefore, we write

JdL dh
= 2.28
ot dr’ (2.28)
where
Energy function
" JL
h=) gi— —L. (2.29)
j:z:l 79g;

The function £ defined in (2.29) is called energy function of the system.
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60 §2.6. Energy Function and the Conservation of Energy

— Corollary 2.6.1

If Lagrangian of a system does not depend on time ¢ explicitly, then the energy function &

) ) L .
is conserved, i.e. — = 0 = h is conserved.

ot

dL dh dL
Proof. Here, we have A 0, where h = ]Z qj 8 - — L. Hence, h is conserved. [

— Exercise 2.6.2

Lagrangian of the spherical pendulum is given by

L= %lz(é2 + ¢?sin® 0) + mgl cos 6.

Evaluate the energy function using the above formula.

Solution. The energy function % is given by

h=34;ipj—L
J
gL 4L
— 5%
mi?
= ml?6% + ml*¢?sin® 6 — 5 —— (6% +5sin? 0 ¢?) —mglcos @
2
—%( 2+ ¢?sin’> @) —mglcos 6.

— Exercise 2.6.3
Lagrangian of a system (a Gyroscope) is given by

hoo s B
= 3(67+¢7sin” 0) + 2 (Y + § cos0) — mgl cos ,

where 0, ¢, y are generalized coordinates. Find the energy function.

Solution. We know that the energy function /4 is given by

1 oL

j-Zl’aqf

oL oL JdL

=055+ Vg L
+¢a¢

= 9P9 +opy+ llfpw—L-
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From given Lagrangian

JdL :

Pezﬁ =16

p¢:§—§; :1151n28¢+13(ly+¢0089)c089
JdL .

pW:W =L(y+¢cosB).

Using these values in expression for /2, we get
h=1,6%+1;sin’ 06 + L,¢ (y + ¢ cos 8) cos 0 + Iy (y + ¢ cos 0)
I . . I .
—El (6% + ¢?sin* 6] —53 [W+(])cos@]2+mglcos9
I . . . . .
=1 [Oz—l—sinzetpz} + 1 [(plj/cose+¢200520+1j/2+1j/¢0059}
I .
_53 [1[/+¢cos@]2—|—mglcose
I . I ,
= 51 [92+sin29¢2} —53 [I[I—Hbcose}z—f—mglcose.

Remarks 2.6.4.

1. In many cases the energy function becomes the total energy of the system. (This is the
reason for giving the name ‘Energy function’).

2. If constraints are scleronomic and potential does not depend on velocities then h =T +V
is the total energy of the system.

Example 2.6.5. Lagrangian of the spherical pendulum is given by

L= %lz(éz—i— ¢?sin? 0) +mglcos 6.

Find the energy function.

Solution. Here,

T = %lz(é2 +¢*sin’@) and V = —mglcosH.
Here the generalized coordinates are 8 and ¢. The constraint in spherical pendulum is clearly
scleronomic. Observe that here kinetic energy 7' is a homogeneous function of generalized
velocities of degree 2. Also the potential V is independent of generalized velocities 6 and ¢.
Therefore, in this case, the energy function 4 is the total energy, i.e.

h=T+V = %zz(éz +¢2sin® ) — mgl cos 6.
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62 §2.6. Energy Function and the Conservation of Energy

2.6.2 Conservation of energy in Lagrangian formalism

Before we prove the law of conservation of energy using Lagrangian formalism, we state the
following theorem due to Euler which is used in proving the law of conservation of energy.

= Theorem 2.6.6: Euler

If f is a homogeneous function of degree n in variables x;, then

d
ina—j; =nf. (2.31)

— Theorem 2.6.7: Law of conservation of energy (in Lagrangian formalism)

If constraints are scleronomic, potential does not depend on the velocity and Lagrangian
does not depend on time ¢ explicitly then the total energy of the system is conserved.

Proof. 1t is known that the kinetic energy of the system of particles when expressed in terms of
generalized coordinates can be decomposed in to three parts, namely

T=Ty+T + 17, (2.32)

where 7;, (i = 0,1,2) contains i" degree terms of generalized velocities. If the constraints are
scleronomic then the transformation equations for generalized coordinates and usual coordinates
do not depend on ¢ explicitly and hence in (2.32), we will get

T =1, (2.33)

1.e. T is a function of velocities of degree 2.

In analogy with (2.32), if we write the potential as
V=W+Vi+V,
then in the case of potential which is velocity independent, we get
V="V, (2.34)

1.e. V is a function of velocity of degree zero.

Now, Lagrangian of such a system is
L=T-V=1—-W. (2.35)

Using equation (2.35), the energy function is given by

1 JdL

J; 194

- (W)

; a% (Tz_VO)
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=) 4i5—— )Y 45— (—W)
j_zl 79q; ]_Zl 794,
Vi
=21 — (T, — V) < by Euler’s theorem, 8_'0 = 0>
qj
=h+W
=T+V=E
Therefore
h=T+V =E. (2.36)

Thus, for a system with scleronomic constraints and velocity independent potential, energy
function is equal to total energy of the system. Further it is known that

JL  dh

ot dr
If Lagrangian does not depend on time explicitly, then 4 is conserved. Now, from (2.36) we get
conservation of total energy E. a

Remarks 2.6.8.
1. For the conservation of total energy we need to compute the expression of total energy.

2. Since total energy is expressed in terms of first order differentials, hence conservation of
energy provides first integral for the equations of motion.

— Exercise 2.6.9: Simple Harmonic Oscillator (SHO)

Obtain Lagrangian for Simple Harmonic Oscillator (SHO). Is total energy conserved for a
SHO?

Solution. Constraints are y = 0, z = 0. They are scleronomic. Choosing x as distance from the
fixed point on the straight line as generalized coordinate.

1 1
T=-mi* and V= Ekx2 (k > 0 constant).

2
Note that potential V is velocity independent. Also,
1 1
L=T-V= mez— Ekxz.

Here L does not depend on ¢ explicitly. Since the constraints are scleronomic, potential does not
depend on velocity and Lagrangian L does not depend on #, by law of conservation of energy in
Lagrangian formalism, the total energy of the system (SHO) is conserved. U

= Theorem 2.6.10

Consider the problem of extremum of

X2
J=/ f(y,y,x)dx.
X
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The condition for extremum is given by Euler’s equation, i.e.

of _d (If\_,
-4(3)-

d
If f does not depend on x explicitly, then for g = f — y‘a—]_c,
y

dg

0.
dx

In other words, if % = 0, then Euler’s equation implies Z—i =0, where g = f — yg—jyr

Proof. Here g = f — yg—f Therefore,
y
dg _df d (.of
dx dx dx y&y

Exercises

Exercise 2.1
Find the curve for minimum distance between two points in space (with Euclidean geometry).

Exercise 2.2

Using calculus of variation, determine the curve between two fixed end points such that the
area of the surface of revolution obtained from the curve is minimum.

Exercise 2.3
Determine the curve of shortest distance between two points on the surface of a sphere.

Exercise 2.4
Discuss law of conservation of angular momentum of a system using Lagrangian formalism.

Exercise 2.5

State the Lagrangian in the following cases. Compute the generalized momenta and the energy
function. Which of them are conserved? Justify in each of the following cases.
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1. Simple pendulum (or particle moving on a circle).
2. Double pendulum.
3. Simple Harmonic Oscillator (SHO).

4. Two dimensional isotropic oscillator.

Exercise 2.6
In the each of the following cases, compute the generalized momenta and the energy function,
where Lagrangian L for a system is given. Which of them are conserved? Why?

1. L= % (a)'cz +2bxy—|—cy2) — g (ax2 —|—2bxy+cy2).

2. L=ai® +b£ + ey + fyRiz+ gy — ky/x2 2.

-2
2

q 2 .
—— +k k .
a+bq12+ 191" + k24192

3. L=¢1+

Exercise 2.7
1 . 1
Lagrangian of a system is given by L = ) (i’2 + r292) + —. Compute all generalized momenta
r

and energy function. Which of them are conserved? Why?

Exercise 2.8

If f does not depend on x explicitly and F' = )‘7% — f, then show that
d d (d dF
a—ij o (a—§> = (0= F is constant, i.e. I =0.
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CHAPTER

Hamilton’s Formulation

3.1 Legendre Transformations and Hamilton Equations of
Motion

3.1.1 Legendre Transformation

Consider a function f(x,y) which is continuous and differentiable. Then the differential of this
function is
af af
df = =—dx+=-d
f ox + dy Y
= udx +vdy, (3.1

_9f

_df
where u = 35 andv = Iy

Now, we define another function g using f and its derivative u = '3—;0 as
g=f—ux. 3.2)
The differential of g is given by
dg=d(f —ux)
=df —d(ux)
= udx+vdy — (udx + xdu)
. dg =vdy —xdu. (3.3)

From (3.3) it is clear that g is a function of u and y, i.e. we get g(u,y). Hence we can write

J P
dg — a—idu + a—idy. (3.4)
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Comparing (3.3) and (3.4), we get
dg dg

yv=—=— and x = ——=—

~ dy du’
The function g obtained from f using (3.2) is called Legendre transformation of f.

Remarks 3.1.1.

1. Here the basis of description of f from (x,y) is changed to basis of description (u,y). It
is possible to change the basis of description from (x,y) to (x,v) also.

2. In case of function of more variables f(x,x2,...,x;) by Legendre transformation we will
get a new function g(uy,uz, ..., Uk, Xkt 1, X442, -, Xm), Where u; = %, j=12,... k.
J

In this case, g is defined as

k
g=f— Z Ujx;.
Jj=1
3. Inverse Legendre transformation is also a Legendre transformation.

3.1.2 Hamiltonian and Hamilton’s equations of motion

Consider a system of n-degrees of freedom. Let L(q,q,t) be Lagrangian of the system. La-
grange’s equation of motion are given by

d(aL) aL—O, j=12,....n.

dt\dq;) dq;
or 5
L

s T 3.5

p] aqj7 ( )
where

o JL

Pi=2aq;

< JL
Now we define a new function H given by H(q, p,t) = Z qj (—) —L,ie.
=1

Hamiltonian

H(q,p,t)=Y qjpj—L. (3.6)
j=1

Now,

n
dH =Y d(g;p;)—dL
j=1
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I
M:

dL dL JdL
dqj—f-qudp] {28 dqj—i—za dqj+ad}

J=

~.
[N

JdL

n
= ) piddj+ Z qidpj— Z pida;— Y. pidd; 5,4t
j=1 j=1 j=1 j=1
Therefore
dH = qudpj—ijdqj—Edt. (3.7)
j=1 j=1
Also since H = H(q, p,t), we get
" JH " JH JoH
dH = d d dt. 3.8
j_;aq] %+Za Pjt - (3.8)
Comparing (3.7) and (3.8), we get
JH  JL
ot ot
and for j =1,2,...,n,
Hamilton’s equations of motion
JH JoH
4j==5— Pj= -3 (3.9)
J apj J an

The expression H(g, p,t) given in (3.6) is called Hamiltonian and (3.9) are called Hamilton’s
equations of motion (HEOM).

Remark 3.1.2. In what we saw above, we derived Hamilton’s equations of motion from
Lagrange’s equations of motion.

3.1.3 Steps for deriving Hamilton’s equation for a given system

1. Obtain Lagrangian L.

L
2. Obtain generalized momenta 5. —Pi
j

n
3. Compute h = Zq'jpj—L(q,c],t).
j=1
This will be a function of q1,92,...,9n, P1,P2,---+Pn> 41,42, ---,qn and ¢.

4. The generalized velocity terms can be eliminated from above expression using generalized
momenta obtained in Step-2. This gives required Hamiltonian H (g, p,t).

5. Obtain Hamilton’s equations of motion.

Let us consider some examples (solved exercises) to obtain Hamiltonian of a system when
Lagrangian is given.
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Exercise 3.1.3: Hamiltonian for Simple Harmonic Oscillator

Lagrangian of SHO is given by L = gxz

k L. ) .
— Exz. Obtain its Hamiltonian.

Solution. The generalized coordinate is x and hence the momentum conjugate to x is given by

JdL

= — =mx
Px ox
and so x = p_x' So

h=Xxpy—L

] m . k
= XPx — (EXZ — EXZ)

n(8)-5(E) e

1

Therefore ]
2 222

where w = % Thus, H is a function of x and p, only and without generalized velocity x. [

— Exercise 3.1.4

Lagrangian for system of 2-degrees of freedom is given by

.2
) q; 2 ..

L=g@+—2+kiqg+k 3.10
q1 o+ b 191 +k2q142 (3.10)

Obtain Hamiltonian and derive Hamilton’s equation of motion.

Solution. Using (3.10), the generalized momenta are

oL
pr=5—= 241 +kago (3.11)
qi
and oL )y
q2 )
= — +korq1. 3.12
D2 95 atbd 241 (3.12)
Now,
2
h=) qjpj—L
=1

=qi1p1+qp2—L
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%)
) . . q ..
=q1p1+quz—{q%+ 2 2+k1q%+kzq1qz} (3.13)
a+bgy

Using equations (3.11) and (3.12), to eliminate ¢ and ¢,, we get

. —kapa(a+t bqt)+2p
4—k3(a+bq?)

and

(—2p2 + pik2)(a+bg?)

4—k(a+bg?)
Now substituting these values in the expression of 4 above, we get Hamiltonian.
(Complete as exercise)

g =

— Exercise 3.1.5

L=ai +b}y—c ey + YR — kA2 12,

where x, y, z are generalized coordinates, a,b,c, f,k are constants. Obtain Hamiltonian and
derive Hamilton’s equations of motion.

Solution. Generalized momenta are given by

JdL

P = $:2ax+cy+fy2z'.
dL

py = —=-=-—-+tcx
dy x
JdL ,

P = a—z.zf)’z?ﬂ

Now,
h=ipx+ypy+ip;—L

= ax® + cxy + fy* ki +k/x2 + 32

= ax® + x(cy+ fy*2) + ky/x2 +y? (3.14)
Therefore, from above three equations, we have
2ap,
e
Eliminating the generalized velocities x,y,7 from the above expression of H, we get the
Hamiltonian of the form (Verify!)

2
b= +&(px_

Pz a
= +ky/x2+y :—(px——)+k\/x2+y2.
2 fy? ) fy? fy?

Deduce HEOM (exercise). ]

cy+ fy22 = py—2ax = py —

2ap,
fy?
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3.1.4 Derivation of Lagrange’s equations of motion from Hamilton’s equa-
tions of motion

Consider a system of n-degrees of freedom. Let g1, 4>, ..., g, be the generalized coordinates and
P1,P2,-- -, Pn be corresponding generalized momenta and H(q, p,t) be Hamiltonian. Hamilton’s
equations of motion (HEOM) are given by

Gj==— Pi=—5— Jji=12,...n (3.15)

pra —H(q,p.1). (by HEOM) (3.16)

From above equation

ar Za’ (+) gH) —d(H(g.p.1))

[
M= T

d(p;jq;) —dH(q,p,t)

~.
Il
—_

jf

1 1 " JH " oH oH
= ijdc}j-l-ijdpj—{za dqj-l—Za dp,-l- 3, d}

JH ) )
pdqj—l—qudp]—i—ijqu Zc]jdpj——dt (using HEOM in (3.15))

[
M=

j=1 j=1 j=1 j=1 ot
& JoH
= Y. pidi;+ Y pida; - = (3.17)
j=1 j=1
From (3.17) it is clear that L = L(q, ¢,t) then
" JL " JL JdL
L=) —dgj+ ) —=——dq;+—=—dt. (3.18)
j—Zl aq]' J ]_Zl aqj' / ot
From (3.17) and (3.18), comparing the coefficients, for j = 1,2,...,n we get
JdL
pi= =—. (3.19)
J aqj
JdL
pi= —=—. (3.20)
J aqj
JdL oH
_— = ——. 3.21
ot ot 321
From (3.19) and (3.20), we get
.._dpj_d JdL and _8L
Pi="ar ~ar dq; P dq;’
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1.€.

d [ JL JL
(=) -=—==0 i=1,2,...,n.
dt(aq-j) 8q] ) .] )= 7n

In (3.22), we have Lagrange’s equations of motion.

Remark 3.1.6. Using Legendre transformation it is possible to construct functions

L(p,p,t) (Lagrangian like) or
G(q,p,t) (Hamiltonian like).

Derive equations of motion for L’ and G.

3.1.5 Matrix form of Hamilton’s equations of motion

(3.22)

Consider a system of n-degrees of freedom. Let H(q,p,t) be Hamiltonian. For writing
Hamilton’s equations of motion we define a 2n x 1 matrix (or a column matrix with 2n roots) N

defined as

q1
q2
dn
P1
P2

| Pn |

(3.23)

This matrix consists of generalized coordinates and generalized momenta. This matrix can also

be written as 1; = g, Nj4n = pj, for j=1,2,... ,n.
Next we define a matrix denoted by 7) given by

q1
9
qn
P1
P2

[ Dn ]

(3.24)
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74 §3.1. Legendre Transformations and Hamilton Equations of Motion

We also define another column matrix denoted by ?TI; given by

Fon ]
Jdq1
I9H
dq2

on |2
— =%, (3.25)
om |5
oH
Ip2

Hamliton’s equations of motion are given by

oH oH

-, q-:—, j:1,27...,n. (326)
dg;” ' dp;

pj=—

To represent these equations in matrix form we finally define a 2n x 2n matrix denote by J and
given by

00 0|1 07
0 0 00 1 0
oo o 0]00 1
| =1 0 000
0 —1 000 0
L 0 0 -+ —1{0 0 -+ 0
0|1
_{_J 0}. (3.27)

We note that the matrix J is formed using » X n identity matrices and n X n zero entries. Now,
using this HEOM in (3.26) are given in matrix form by by

Matrix form of Hamilton’s equations of motion

i (3.28)

The elements in J are given by, fori =1,2,...,n,
J,‘j =0
Jigjtny = Gij
S(in)j
Siitn)(j4n) = O

|

|
=g
~.
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(3.29)
where 9;; = 1 if i = j and 0 otherwise. For n = 3 we have
0 0 0|1 0 0]
0O 0O 0010
J 0O O 0001
| -1 0 0[]0 00
0O -1 0 (0 0O
0 0 —-1]0 0 O ]
Exercise 3.1.7: Matrix form of HEOM for n = 2
Verify that equation (3.28) gives Hamilton’s equations of motion for n = 2.
Solution. Forn =2,
q1 q
_ |92 2 _ |92
T=\p| T=1p
) 22) D2
Also,
ok
9, 0 0 10
0H
a_H_ s 7 0O 0 01
on | gL’ -1 0 00
p1
OH 0O -1 00
Ldp2
Then right hand side of equation (3.28) is
FoH
0 0 1 0]|%
Ja_H_ 0 0 0 1f |9g
on |-1 0 00 g_H
P1
|0 -1 00 oH
| dp> |
- oH
Ip
9H
_ | 9p
| _9H
Iq
_9H
| dgr ]
q1
_ 92| _
D1 -
| P2
O
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76 §3.2. Cyclic coordinates and Conservation Theorems

Remark 3.1.8. If J' denote the transpose of the matrix J then observe that
J=-J

1.e. J is a skew-symmetric matrix.

Exercise 3.1.9

Show that J~! = J' = —J or JJ/ = = —J?, where I is a 2n x 2n identity matrix.

3.2 Cyclic coordinates and Conservation Theorems

3.2.1 Cyclicity of a generalized coordinate in Hamiltonian

— Theorem 3.2.1

If H is Hamiltonian of a system, then

att _on
dt ot
Proof. We have
dH OH OH  OH
ar = 2ag T L o
JH OJH

= ;(—P)QjJr;éijﬂL i

— Corollary 3.2.2

If Hamiltonian does not depend on time ¢ explicitly, then it is conserved i.e.

oH dH
— =0=—=0.
ot dt

— Corollary 3.2.3

If Lagrangian does not depend on time ¢ explicitly, then Hamiltonian is conserved i.e.

JdL dH
—=0=—=0.
ot = dt
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Proof. Recall that derivation of Hamilton’s equations of motion from Lagrange’s equations of

motion yields
JL dH dH

:> JE—
Jt  drt dt
Hence, H is conserved. L]

=0.

Theorem 3.2.4

If a coordinate g is cyclic in L i.e. 9L — () then it is cyclic in H also, i.e. 9H _ ),
J dq; dq

Proof. Exercise. 0

3.2.2 Ignorable coordinate

It is known that a generalized coordinate g is called cyclic if H does not depend on g explicitly.
Suppose g is cyclic coordinate then

JH
S0 =0= p; = 0= p; = constant = o; (say).
qj

In this case the from of Hamiltonian is

H(le"'aqj—lacIj-l—la"'7Qnap17"'7pj—laaj7pj+17'"7pn7t)'

Thus, H is a function of (n — 1) generalized coordinates and (n — 1) generalized momenta (as
pj is replaced by «;). In other words, the problem reduces to a problem with (n — 1) degrees
of freedom, thus the coordinate which is cyclic is now ignored. Hence, a cyclic coordinate in
Hamiltonian formalism is ignorable.

Remark 3.2.5. Note that, it can be easily seen, a coordinate is cyclic with respect to Lagrangian
formalism if and only if it is cyclic in Hamiltonian formalism. However, we call the cyclic
coordinate ignorable in Hamiltonian but not in Lagrangian. The reason for this is the following.

Lagrangian of the system is given by

L(q17q2"'7qn7q17Q27--~aqn>t>‘

Thus, even if a generalized coordinate, say g; is cyclic with respect to Lagrangian, it cannot be
ignored as Lagrangian is also a function of the corresponding generalized velocity, i.e. L still
depends on ¢g;. On the other hand, observe that Hamilton of a system is given as

H(q17q2"'aqnap17p27-"7pn7t)'

Thus, if a generalized coordinate g; is cyclic in Hamiltonian formalism then, as seen before, the
generalized momenta p; conjugate to g; are constant and so the cyclic coordinate g; can be
ignored.

Thus, a cyclic coordinate cannot be completely ignored in Lagrangian but it is ignorable
in Hamiltonian. This fact is used in obtaining a function, called Routhian, of a system and
deriving Routhian equations of motion, as given in Section 3.3 below.
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78 §3.3. Routh’s Procedure

3.3 Routh’s Procedure

In Routhian procedure, cyclic coordinates and non-cyclic coordinates are dealt with separately.
It is known that in the Hamiltonian formalism a cyclic coordinate is ignorable. In other words,
in Hamiltonian formalism, cyclic coordinates are handled efficiently. Non-cyclic coordinates
are equally handled efficiently by Lagrangian formalism (and Hamiltonian formalism). In
Routh’s procedure both the formalism are combined.

Consider a system of n-degrees of freedom. Let q1,¢>2,...,q, be chosen generalized co-
ordinates. Suppose ¢1,¢2,...,qs are non-cyclic coordinates and ¢s1,¢s+2,-..,qn are cyclic
coordinates.

Now, using Legendre transformation, we replace the generalized velocities corresponding to
cyclic coordinates. Thus we define a new function called Routhian which is denoted by R and
given by

Routhian

n
R= Z ijj—L. (330)
Jj=s+1

It can be check that (Verify!) equation (3.30) gives the function R described as
R(ql?qz?"'7QS7q17q27'"7QS7pS+17pS+27' "7pl’l,t)'

It is also clear from equation (3.30) that, we can write

R= Hcyclic - Lnon—cyclic- (3.3D)

i.e. Routhian is Hamiltonian for cyclic coordinates and Lagrangian for non-cyclic coordinates.
The equations of motion for the system in terms of R are called Routhian equations of motion
(REOM). Thus, Routhian equations of motion are like LEOM for non-cyclic coordinates and
HEOM for cyclic coordinates. They are given by

— Routhian equations of motion

d ( JR dR
— (= )=-—==0, j=1.2.... Non-cycli 3.32
o (8q,~> 9g; 2 I hAes (Non-cyclic) (3.32)

and
JR JR

IR s . j=s+1,542,....n (Cyclic). (3.33)
9q; Pogpy Y

Let us consider one example to see how to derive Routhian equations of motion for a system
whose Lagrangian is given.
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— Exercise 3.3.1

m
=
2

Obtain Routhian equations of motion for a system with Lagrangian

(7 +r6%) LS

(3.34)

r

Solution. Clearly, here 0 is a cyclic coordinate and r is a non-cyclic coordinate. Thus,

. . . k
R:Gpg—L:9p9—§(i’2+r292)——. (3.35)
r
Since pg = — = mrzé, we have
Pe 20
o—L9. (3.36)
mr
Equation (3.35) gives
R=mr?0% — ﬂ}"2 — @rzéz — I—C
2 2 r
mr:0®: m ., k
_ _ 2z
2 2 r
2
k
- %rznﬁ% . %ﬂ -2 (using (3.36)).
Therefore, Routhian of the system is
2
Po ) k
= — =7 ——. 3.37
2mr: 2 d r ( )
Now, Routhian equations of motion are
d (JR R
—| =) —=—=0 and
dt ( af») ar "
orR | JR 0
a6~ P 9p, 7
This gives
2
k
mi"—p%+— =0, and
rm r
Po = 0 = pg = constant, P_92 =0.
mr
u

Note: Notice that LEOM are two equations of 2"¢ order. HEOM are four equations of 1! order,
while REOM are three equations of which one is 2" order and other two are 1% order.
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80 §3.4. Phase space and Canonical variables

3.4 Phase space and Canonical variables

In Hamiltonian formalism, generalized coordinates and generalized momenta are put on equal
footing as these two types of variables are used to describe Hamiltonian and equations of motion
are given in terms of these variables.

— Definition 3.4.1: Phase space

For a system of n-degrees of freedom, let ¢1,¢>, ..., g, be chosen generalized coordinates
and py,p2,...,pn be generalized momenta corresponding to ¢1,¢q2,...,q, respectively.
For such a system a 2n-dimensional space can be associated in which

(q1;q2;--',qn,pl,PZ;'--,Pn) = (q,P)

represent coordinates of a point in this space. Following the motion of the system,
coordinates (g, p) will change.

The 2n-dimensional space associated with the system is called Phase space of the
system and the point representing the system is called system point of the phase space.

— Definition 3.4.2: Canonical variables

Coordinates (q1,42,---,qn,P1,P2,---,Pn) = (q, p) are also called canonical variables.

3.5 Derivation of Hamilton’s equations from a variational
principle

3.5.1 Hamilton’s modified principle

The motion of a system in time interval [t;,#,] is characterized by Hamilton’s modified principle.

Consider a system of n-degrees of freedom. Let (¢, p) be canonical variables. We can
associate a system point in the phase space which traces a curve according to the motion of the
system. In the time interval [¢;,1,] the system point traces a curve. To find this curve, Hamilton’s
modified principle is used which states that

— Hamilton’s modified principle
“Among all possible paths for the interval [f],7,], a system point in the phase space travels
on the curve on which the integral

15)

12/(;171'41'—11(61,17,0) dt

I

is extremum.”
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In other words, the path on which system point travels is such that

15 n
61=5 [ (Y. pid;— Hig.p.0)di =0.
131 J=1

3.5.2 Derivation of Hamilton’s equations from Hamilton’s modified prin-
ciple

Consider a system of n-degrees of freedom. Let H(q, p,t) be Hamiltonian, then Hamilton’s
modified principle states that on the actual path

1) n
61=5 [ (Y. pid;—Hig.p.0)di =0. (3.38)
1 j=1

Recall that, Euler-Lagrange’s equations for the function of type f(yi,y2,...,Yn,V1-Y2+« -+, Vn,X)
are given by
d d (0
9f A (9 o i—12..m (3.39)
dy; dx \ 9y

Also, Euler-Lagrange’s equations for the function of the type
T2, Y0, 215225+ 320y V1-Y2- « s Yns 2122+ - - - , 2, X) @re given by equations (3.39) and also

of d (df\ .
;E_E<£J_Q i=12,...n. (3.40)

From equation (3.38), in our case, the function is

=

f(QIquw--aQnaPhpZ,---ypn7417427---aqnaphpza---ypn»t) = (%Pz_H(%Pat)) (341)

i=1

From equation (3.41) it is clear that py, p2,..., p, do not appear in the expression of f. Also
there are 2n dependent variables ¢q1,¢»,...,q, and p1, p2,..., pn. Now, Euler-Lagrange equa-
tions are of the form

of d(af\ . .
af d [ df B .
EZ_E(EE)_Q i=12...n (3.43)
From (3.41), we have
of _on_
Therefore,
d(of
dt 8q] P
Using this in (3.42), we get
oH oH . .
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From (3.41), we also have for j =1,2,...,n

af JH af d(&f)
—=¢i—=— and ——=0=—|=—-]=0
dp;j ' Ip; Ip; dr \dp;
Using these in (3.43), we get
JH JH
gi—=—=0=>=—=¢;, j=12,...,n. (3.45)
J apj apj J

Equations (3.44) and (3.45) are Hamilton’s equations of motion.

Exercises

Exercise 3.1
Assuming the form of Lagrangian in the following systems, obtain Hamiltonian and hence
derive Hamilton’s equations of motion.

1. Simple pendulum (or particle moving on a circle).

2. Spherical pendulum (or particle moving on a sphere).
3. Double pendulum.

4. Simple Harmonic Oscillator (SHO).

5

. Two dimensional isotropic oscillator.

Exercise 3.2
In the each of the following systems, compute Hamiltonian and hence derive Hamilton’s
equations of motion from the given Lagrangian L.

1. L= % (ai? +2biy +cy?) — g (ax® +2bxy +cy?).

2. L=ai’ —i—b% + cxy+ fy* iz + gy — ky/x2 + 2.

G2?

a+bq?

3. L=g¢}+ + kg1 + kag1 .

L. . I .
4, L:51(92+¢2sm29)+53(1;/+¢cos9)2—mglcose.

5. L=2 (P +r76°) =V (n).

Exercise 3.3
Derive Hamilton’s equations of motion for a system with Hamiltonian

| (o P5 . P ko
H=—(pP+22 z
2’”( rt 2 +r25in29 —|—2r,

where r and 0 are generalized coordinates.
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Exercise 3.4
Using Legendre transformation, obtain Lagrangian corresponding to

1 P P
H=— P +-2 o V(r).
Zm( rt 2 +r2sin29>+ (r)

Also derive Lagrange’s equation of motion.

Exercise 3.5
A Hamiltonian of one degree of freedom has the form

2 2
p ot ba 5 —a kq
H=—-b — o+be “t)+ —
o gpe ' + 2qe ( e %) 5

where ¢,b, o, k are constants and find the Lagrangian corresponding to Hamiltonian.

Exercise 3.6

1
For given Hamiltonian H = > (p* +m*@*q?), obtain the corresponding Lagrangian and
m

hence derive Lagrange’s equations of motion.

Exercise 3.7
2

For given Hamiltonian H = ;; — mAtx, find the corresponding Lagrangian and derive La-
m

grange’s equations of motion.

Exercise 3.8

A Hamiltonian like formalism can be set up in which ¢; and p; are the independent variable
with a Hamiltonian G(q, p,t). [Here p; are defined in terms of ¢;, ¢; in the usual manner].
Starting from the Lagrangian formulation show in details how to construct G(¢;, p;,#) and
derive the corresponding Hamilton’s equations of motion.

Exercise 3.9
Using appropriate Legendre transformation and Hamiltonian H(qg, p,t), find the equations of
motion for the function L(p, p,t).

Exercise 3.10
If a coordinate ¢g; is cyclic in L i.e. 9L — () then it is cyclic in H also, i.e. 9H _ (.
J dq; dq;

Exercise 3.11
Obtain Routhian equations of motion (REOM) for a heavy symmetrical top with one point
fixed for which Lagrangian is given as below.

L . . I .
L= %(92+sin2 06°) + 53(1[/—1—(])005 0)% —mglcos .
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CHAPTER

Canonical Transformations

4.1 Canonical Transformation

Canonical transformation is related with canonical variables, i.e. for a system of particles with
generalized coordinates and generalized momenta (g, p).

It is known that choice of generalized coordinates and momenta is arbitrary. Thus another
choice of variables to represent canonical variables is also possible.

Suppose for a system (g, p) are chosen canonical variables. Consider transformation of these
variables. Let (Q, P) be new set of variables. Let the transformation (¢, p) — (Q, P) be given
by

Qi = Qi(cbpat)

P, = P(q,p,1), i=1,2,...,n. 4.1)
In principle, this transformation is invertible (non-singular), i.e. we may write

qi = qi(Q,P1)

pi = pi(Q,P1), i=1,2,...,n. 4.2)

Let H(q, p,t) be Hamiltonian for the system. Then Hamilton’s equations of motion are given
by
_oH , oH
qgi = P’ [ aqia
Using the transformation given in equation (4.2), it is possible to transform H in terms of
(Q,P,t). Let the transformed function H be denoted by K(Q, P,t).

i=1,2,....n (4.3)

— Definition 4.1.1: Canonical transformation

For a system of n-degrees of freedom, let H(q, p,t) be Hamiltonian. Consider a transforma-
tion (¢,p) — (Q,P). Let K(Q, P,t) be the transformed Hamiltonian. The transformation
(g,p) — (Q,P) is said to be canonical if Hamilton’s equations of motion are satisfied by
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K(Q,P,t) in terms of new variables (Q, P). In other words, (g, p) — (Q, P) is canonical if

dK . dK

Qi:(?_P,-’ Pl:_an

Note: Alternatively, (¢,p) — (Q, P) is canonical if K behaves as Hamiltonian.

Einstein’s Summation Convention and Kronecer Delta function

For a summation of indexed terms, Einstein observed that the index on which the sum is taken
is repeated in a term with product.

Examples 4.1.2. 1. i = (uj,up,...,u,) and v = (v{,v7,...,v,). Then

n
U-v=uvi+upvo+---+upvy = Zujvj =u;v;.
J=1

bi1 bix bi3

2. A= |:a” anr 013} R B= b21 b22 b23 . ThenC =AB = |:C” €12 613} ,where
ary az ax b b b C21 €22 (23
31 32 33

3
cij = aitb1j+apbaj+aibzj =Y apbyj = apby;.
k=1

Thus, Einstein’s summation convention states that the repeated index is to be summed
over from the context (i.e. the summation sign is dropped).

3. For matrix B in the above example 2,

bii = b11 + by + b33 = tr(B).

Kronecker Delta:

Kronecker delta is a two indexed notation, denoted by &; j» defined as

s _ 1 ifi=j,
T 0, ifi ).

Note that symbols §;; form identity matrix.

Examples 4.1.3. 1. 5,-juj = U;.

Oyjuj = Sr1uy + Oty + -+ + 62ty
= Opuy = up.

————

n times
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4.1.1 Condition for a transformation to be Canonical

Consider a system of n-degrees of freedom with H(q, p,t) as Hamiltonian. Let H transforms to
K(Q,P,t) under a transformation (¢, p) — (Q,P). Since H(q, p,t) is Hamiltonian, by Hamil-
ton’s modified principle, we have

15}
5 [ (i~ H(g.p.0))dr 0. 4.4)

(Note that Einstein summation convention is used above.)

The transformation is canonical if the function K(Q, P,t) is also Hamiltonian. Thus, the
transformation is canonical if Hamilton’s modified principle can be written for K(Q, P,1), i.e.

15)
5 [P~ K(Q.P))dr 0. (4.5)
n
From equations (4.4) and (4.5), we get

%) 15)
5 [(ami—H{g.p.)di = 5 [(Ok—K(Q.P)dr

15}

:/(qipi—H(q,p,t))dt = /(Q’,-P,-—K(Q,P,t))dt

n

The above two integrals are equal if

. dF
Qipi_H(Q7p7t):QiPi_K(Qap’t)—FE (46)

for an arbitrary function F of ¢1,92,...,qn, P1,P2,---sPn> O1,02,...,0n, P, P>,...,P,. This a
transformation is canonical if condition (4.6) is satisfied.

4.1.2 Alternative form of condition for Canonical Transformation

We have seen that a condition for a transformation to be canonical is given by

dF

QIpl_H(qapat):QlPl_K(Qapvl)_i_E (47)

In the above condition when (Q, P) is replaced by (g, p) on the right hand side of the above

expression of K, we get the function H (g, p,t). Thus, equation (4.7) can be rewritten as

) . dF
gipi — QiPi = I

or
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Condition for a transformation to be canonical

pidqg; — P.dQ; = dF.

(4.8)

Thus, the condition for a transformation to be canonical is

pidqg; — PdQ;

is an exact differential form.

Exercise 4.1.4

Show that the identity transformation is canonical, i.e. Q; = ¢g; and P; = p; for all i =

1,2,...,n.

Solution. Here, dQ; = dg;. Therefore
pidqi — P,dQ; = pidq; — pidg; =0 = d(constant).

Thus, here the function F = constant and the transformation is canonical.

— Exercise 4.1.5

Is the following transformation canonical?

O1=q1, Pi=p1—2py, OQr=p2, Po=-2q1—q.

Solution. Here, dQ| = dq and dQ> = dp;. Now,

p1dq + p2dqs — P1dQ — P, dQy = p1dqi + padgr — (p1 —2p2)dq1 — (—2q1 — q2)dp>
= p1dqi + p2dqr — p1dq1 +2padqy +2q1dpr + g2d p2

= p2dqz +2padq1 +2q1dp2 + qadp2
=d(p2q2) +d(2p2q1)
=d(p2g2+2p2q1)
=d(p2(q2+2q1))

Taking F = p>(q2+2q1) = —p2P», we get that
p1dqy + p2dqy — PldQy — P,dQy = dF.

Hence, the transformation is canonical. E
— Exercise 4.1.6
Show that the transformation
Q =log(1+ /qcosp), P =2(1+/qcosp)./qsinp
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| is canonical.

Solution. Here,

dQ = d (log(1+/gcosp))
1

. cos p
=— | —\/gsinpdp+—=dq | .
(1+\/chosp)< Vasinpdp 2,/q q)

Now,

) ) gsinpdp+ 2
pdq—PdQ = pdq—2(1+/qcos p)(y/gsinp) (l—i—\/Z]cosp)< \/Z]smpa’p—kz\/c_]dCI)
(V/gsinp)

:Pdﬁl—ZT (cos pdg —2gsinpdp)

= pdq—sinp(cos pdqg—2qsinpdp)

= pdq—sinp(cospdq—qsinpdp — gsinpdp)
= pdq—sinp(d(gcosp) —gsinpdp)

= pdq —sinpd(qcos p) +gsin’ pdp
:qu—Sinpd(C[COSp)—i—q(l—coszp)dp
:PdCI—i—qdp—Sinpd(qcosp)—qcoszpdp
=d(pq) — (sinpd(gcos p)+qgcos pd(sinp))
=d(pq) —d(gsinp cosp)
=d(q(p—sinpcosp)) = dF.

Here we find the function F = g(p — sin p cos p) and hence the given transformation is canoni-
cal.

Alternative method: Sometimes it is difficult to find a function F such that
pdq=PdQ =dF.

In such cases one can check by the method of differential equations that whether the given
differential form is exact or not. We know that the form Mdx + Ndy is exact if %iy/[ = %\C’

Therefore, here we have

pdq=PdQ = (p—sinpcos p)dq+2qsin® pdp.

Taking M = (p — sin pcos p) and N = 2¢sin? p, then we verify that ‘%’ = ‘%’.
d : . 2 2
3, (p—sinpcosp) =1 —(—sin“ p+cos” p)
p
= 1—|—sin2p—coszp
w2 S22
= sin” p+sin“ p = 2sin“ p
d .
= &—q (2q sin? p) .
Hence, pdg — PdQ is an exact differential form. U
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4.2 Generating Function and Canonical Transformations

4.2.1 Generating Function

In the condition for canonical transformation an arbitrary function F' appears which is a function
of old and new variables. This function F is in fact useful to generate the transformation. It is
convenient if F' can be expressed partly in terms of the new variables and partly in terms of the
old variables. In this case the function is called a generating function.

4.2.2 Generating Function and Canonical Transformations

— Definition 4.2.1: Generating function of canonical transformations

Recall that a transformation (g, p) — (Q, P) is said to be canonical if

Gpi—H(g.p.1) = 0P~ K(Q.P.1) + 2 9
where H and K denote the Hamiltonian in variables (g, p) and (Q, P) respectively and
F is an arbitrary function of old and new variables. The function F' appearing on the
right hand side of equation (4.9) is useful in obtaining the exact form of the canonical
transformation. This is possible only when the function F is expressed in terms of half
of the old set of variables (q1,¢>,...,g, only or py, p2,...,p,) and half of the new set of
variables (Q1,0»,...,0, or P|,P,...,P,). Thus, it acts as a bridge between the old and
the new variables and it is called a generating function of the transformation.

Thus, there are four types of generating functions and they are as follows:

Fl(QaQaZ)v FZ(Qapvt)a F3(paQ7t)> F4(p,P,l‘).

4.2.3 Canonical transformation generated by F;(q,Q,?)

The condition for a transformation (¢, p) — (Q, P) to be canonical is

. dF
Qipi_H:Qi})i—K+Ea (4.10)

This condition determines F'. Take

F = Fi(q,0.1). (4.11)

Substituting F given in (4.11) in equation (4.10), we get

. d
gipi—H = Q;P,— K+ — (Fi(q,0,1))

dt
iy OF, . OF .  OF
= QP —K+ aqiq,+aQiQ,+ 3
oF\ . OJF | oF
- (B+8_Q,~)Ql+3_qiql_K+E'
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Since the old and new generalized coordinates are separately independent, above equation holds
only if each of the coefficients of ¢; and p; vanish. Thus, comparing the coefficients, we get

LR, oR
pl_aqi7 1 an

=0,

or

_ 0F; p oF;

pi_aqia i:_gQia

The transformation is thus generated from Fi(q, Q,1).

H= k40
B ot
JoF
K=H+21
dt

4.2.4 Canonical transformation generated by F>(q, P,t)

The condition for a transformation (¢, p) — (Q, P) to be canonical is

gipi—H = QiPi = K+ —~

This condition determines F. Take

F= FZ(‘LPvt) — QiP.

dF
4.10
7 (4.10)

(4.12)

Substituting F' given in (4.12) in equation (4.10), we get

. d
gipi—H = QiP, — K+ — (F2(q,P,t) — Q:P)

dt
. an an an dP; do;
—0O.P—-K —0—L _p=
Oifi Jr8ql-+8P,~Jr ot Q’dt " dt
oF, ) ) b\ .
=—q¢+— ——=—— | h—K.
Comparing the coefficients, we get
o opr or
pl aql 9 Ql aPl Y + at

The transformation is thus generated from F»(q, P,t).

— Exercise 4.2.2

1. For F = F5(p,Q,t) + qipi, we have

0B
qt - apiﬂ

2. For F = Fy(p,P,t) + qipi — O;P;, we have

qi:_(?_pi’

Similarly, find the generating functions of the type F3 and Fj, i.e. show that

0i

_9F
20;

R
-
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Exercise 4.2.3

Obtain the transformation generated by F>(q,P,t) = g;P;.

Solution. The transformation generated by a generating function of type F>(g, P,t) is given by

o P o
1 aPl 9 pl - aql .
In our case
0
Q= a_Pi(QJPj)
oP;
_ ‘ffa_g.
= d(i-
and
0
PDi a_qi(QjPJ)
_ .94,
— P]8_ql~

Thus, the transformation generated by F> = g ;P; gives

Qi =qi, P =p;

or it is identity transformation. E

Observation: Identity transformation is also a canonical transformation.

4.3 Symplectic condition for canonical transformation

4.3.1 Matrix form of condition for canonical transformation

Consider the matrix form of Hamilton’s equations of motion in terms of canonical variables
given by

fl=J— 4.13)
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q1
q92

where 11 = »
1

p2

| Pn |

formation (¢, p) — (Q,P) or n — ¢, where { is the column matrix given by § =

Qi = (Qi(g, p;1)), P = (P(q, 1)) By chain rule

.G
Q——éﬁ;nr

9n | and J is a 2n x 2n matrix given by J = [ _OI é } . Now consider a trans-

o]
O

, and

(4.14)

Here, we have taken the transformation not depending on ¢. Equations (4.14) are written in

matrix form as

§ =M, (4.15)
¢
where M = (M;;) = (a—s) is the Jacobian matrix for the transformation, i.e.
J
901 90, 901
dqi dq2 Ipn
M= : : :
9k, 9h oF,
dq1  Ip Pn | 2n%2n
Also, for Hamiltonian H, we can write
JH 0JH J¢;
ani 9g; Ini
Therefore, we have 5 5
H H
— =M =, (4.16)
an a¢
where M’ denotes the transpose of the matrix M written above. From equation (4.15), we have
: JdH
{=Mn= MJ% (using (4.13)).
: JH
C=MIM z (using (4.16)).
Thus, we have 5
: H
=MIM' —. 4.17
¢ 9C (4.17)
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94 §4.3. Symplectic condition for canonical transformation

If the transformation 1) — { is canonical then H satisfies Hamilton’s equations of motion in

terms of £, i.e.

- JH
E=15 (4.18)

From equations (4.17) and (4.18), we get

Symplectic condition for a transformation to be canonical

J=MJIM . (4.19)

Thus, a transformation 11 — { is canonical if the corresponding Jacobian matrix M satisfies
the condition (4.19). The condition in equation (4.19) is also called symplectic condition for
canonical transformation.

— Exercise 4.3.1
Show that the transformation
sin p

Q0 =log <—>, P=gcotp
q

is canonical using symplectic condition.

Solution. The problem is of 1-degrees of freedom and the Jacobian matrix for given transfor-

mation is
20 90
_ |9 d
dg dp

Now,

20 (sinp) 1 1

—_— = ——(s1 [ — — —

dq sin p q* q

0 cos

—Q = .q P =cotp

ap sinp ¢

0P .

— = co

dq p

oP ’

— = —qcosecp.

ap
So, we have

1 cotp , 1 cotp
M= 4q ) and so M = 4q , | =M.
cotp —gcosec”p cotp —gcosec”p

Now,

1
Mi— | Ta cotp2 1 0
cotp —gqcosec“p| |[—1 O
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o —cotp —%
~ |gcosec’p cotp|’

Then,
[ —cotp —17[-1 cotp
MIM' = q q
g cosec’p cotp| |cotp —gcosec? p
B % — % —cot? p+cosec? p
~ | —cosec?p+cot?p % — %
1 0
-1 O] .
Thus, the transformation is canonical. =
Note: Here
20 20
dQ=—dg+ —d
0 94 q+ oy P
= ——dqg+cotpdp

— Definition 4.3.2

A 2n X 2n matrix is said to be a simplectic matrix if it satisfies

MIM' = 7.

— Theorem 4.3.3

Product of two symplectic matrices is also a symplectic matrix.

Proof. Let M and N be two symplectic matrices, i.e.
MIM'=J and NJIN' =J.
We want to show that MN is a symplectic matrix, i.e. to prove that (MN)J(MN)' = J. Now,

(MN)J(MN)' = (MN)J(N'M")
= M(NJN' )M’
= MJIM'
=J
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Exercise 4.3.4

If M is a symplectic matrix then show that det(M) # 0.

Solution. Since M is a symplectic matrix, MJM' = J. Therefore

det(MJM') = det(M)det(J)det(M') = det(J).

Therefore,
(det(M))? =1 = det(M) = £1 #0.
Thus, det(M) # 0 if M is symplectic. O
Exercise 4.3.5

If M is symplectic matrix then M is non-singular (or invertible matrix) and |M| = +1.

Solution. Same as above exercise. [

— Exercise 4.3.6

Prove that If M is symplectic then M~! is also symplectic.

— Theorem 4.3.7

Show that transpose of a symplectic matrix is symplectic, i.e. MJM’' = J if and only if
MJIM =J.

Proof. Suppose the symplectic condition MJM’' = J holds. Then by above theorem the matrix
M and hence M’ is invertible. Now,
MIM =]
= MJ=JM)"!
= IMJJ =JJ(M)"1J
= (IM)(JJ) = () (M) ™))

= JM(-1)=(=1)(M')"'J (P =-1I)
= JM = (M)"1J
= MM =J.
For converse part, replace M by M'. U

Remark 4.3.8. Thus, the condition MJM' = J or equivalently M'JM = J is the symplectic
condition for a canonical transformation.
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Theorem 4.3.9

(The set of all 2n x 2n) symplectic matrices form a group under usual matrix multiplication.

Proof. (Exercise) Show the following:

1. M,N are symplectic implies that their product MN is also symplectic.
2. Associativity (this is trivial since usual matrix multiplication is associative).
3. Identity matrix / is symplectic.

4. M is symplectic then M~ is also symplectic.

Corollary 4.3.10

The set of all canonical transformations form a group under usual composition.

4.4 Canonical transformation depending on time ¢

A transformation depending on time ¢ can be regarded as evolving in time, i.e. the transformation
takes place in small intervals of time. Thus the symplectic condition can be obtained in small
intervals of time. In a small interval of time, the change in canonical variables is small. Thus,
we will show that symplectic condition is satisfied for infinitesimal transformation.

By group property, it can be shown that the transformation (or Jacobian) matrix for a time
dependent canonical transformation is a symplectic matrix. More precisely, we shall prove the
following result.

4.4.1 Infinitesimal canonical transformation

— Theorem 4.4.1

The matrix for infinitesimal canonical transformation is symplectic.

In other words, for an infinitesimal transformation, symplectic condition is satisfied.

Proof. An infinitesimal transformation is obtained by a small (infinitesimal) change in a variable.
Thus, the transformation (¢, p) — (Q, P) is given by

Qi = gi + 0q;, P, = p;+dpi, (4.20)

where 6 denotes infinitesimal (or small) change. The transformation (4.20) can also be written
as

E=n+0an. (4.21)
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The transformation (4.20) (or (4.21)) is obtained by small deviation in the identity transforma-
tion. Also, (as seen in Example 4.2.4) identity transformation can be generated by a generating
function F»(q,P,t) = ¢;P;. Thus, a suitable generating function for the transformation given in
(4.20) is of type F, and is given by

F>(q,Pt) = qiP+€G(q,Pt), (4.22)

where € is an infinitesimal parameter and G is an arbitrary differentiable function. We know
that the canonical transformation given by F3 is

dF, dF,
== d = —.
Pj &qj' an Qj an
Using F; given in (4.22), we get
dF, aG
= __ < _p. -
P17 09q; T ag

Therefore by equation (4.20), we write

G
Sp:=P:i—p:— —£—— 4.23
Pj=1rLj—Dj € 94, (4.23)
Similarly,
or G
Q P = —— = q . E —.
Top Y T op,
Therefore,
G
0g; =€—— 4.24
q] € aP] ( )

Since (by equation (4.20)) P differs from p only by infinitesimal, it is consistent in the first
order to replace P; by p; in the derivative function. We may then consider G as a function of g
and p only (and possibly ), i.e. G(g, p,t) and G can be referred as the generating function of
the infinitesimal canonical transformation. In this case, the above equation can be rewritten as

G
8gi=€— (4.25)
J apj
From equations (4.23) and (4.25), we get
G
on=¢eJ— 4.26
n=elz (4.26)
and hence in equation (4.21), we get
G
{=n+dén=n+eJ—. 4.27)
an
From (4.27), the Jacobian (or the transformation) matrix is
a¢ 0°G
M=—"=I]+¢&] .
an * anan
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G
anan

to canonical variables, i.e. it is a 2n X 2n matrix with entries (or elements) of the form

(aza) _0°G  9%G

Here the matrix

is a square matrix formed by second order derivative of G with respect

G
Thus, the matrix Jnom is a symmetric matrix. Now the transpose of M is given by
922G \'
r_
= (e 2)
022G \'
=I+e (J—anan)
22G \' ,
=I+¢ (—3710777) J
9*G ’G . : )
=1—¢ m] < ) m is symmetric and J' = —J) (4.28)
Now,
2°G 9°G
r_
MIM = (I+8J8n8 ) (I anan )

(et (i)

8 2 2G
=J- ejananJ—I— JanaGnJ J;naGnJaianJ.
Since € is an infinitesimal parameter, £ term can be neglected. Hence,
MIM' =J.
Thus, infinitesimal transformation is canonical. =

4.5 Poisson Brackets and Other Canonical Invariants

4.5.1 Poisson brackets

— Definition 4.5.1: Poisson brackets

Let u(q, p,t) and v(q, p,t) be two functions of canonical variables and time. The Poisson
bracket of u and v with respect to canonical variables (g, p) is denoted by [u,v], , and is

defined as
u,v], = du dv._ du Iv
“Vlar = dqidpi dpidq;

Here, summation convention is used.
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Exercise 4.5.2

Evaluate Poisson bracket [u,v], , foru=p; —2p, and v=—-2g; —q.

Solution. Here the system is of 2-degrees of freedom. Hence, Poisson bracket is given by

Ju dv Ju dv Ju dv Ju dv

) = + N B .
[” V]q,P 3(]1 apl aqz apz apl (9611 9172 9q2
Now, P 9 0 J
u u v v
—_— 0 p— d = 0 = .
dq d¢ T Im - 9m
AlSO, 9 0 0 J
u u v v
5=l 5 -=-2 3-=-2 S-=-L
Ipi Ip2 91 94>
Therefore,

[,V]gp = 0+0—1(=2) — (—2)(=1) =2 -2 =0.

4.5.2 Fundamental Poisson Brackets

If the functions u and v are taken to be canonical variables then their Poisson bracket is called
Fundamental Poisson Bracket. In other words, Poisson brackets of canonical variables are
called Fundamental Poisson Brackets. There are four types of Fundamental Poisson brackets.
They are

_ dq;dqr  0q;dqr

L. [9j.qk)qp = 94 9p Ipi da; =0.
dpjdpy dpjdp
R 961? c?p]; B 31)? 9(1]; =0
dqjdpx 9dq;dpx .
3. [Qjapk]q,p = aC[: api - apjl aqi = 5]','51](: 5jk'

dpjdqr dp;dgx
4. [prk]q,p = 36]? I p; - apj 9 = _ajlﬁik: _ajk'

4.5.3 Matrix form of Poisson brackets

Canonical variables are expressed in matrix form by a column matrix 1. The Poisson bracket
of u and v with respect to 7 is given by

o= ()53
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Matrix of Fundamental Poisson Brackets:

Matrix form of fundamental Poisson brackets

[77771]11 =J,

where (1,1 = ([1:,1,])ij 18 @ 2n X 2n matrix .

Theorem 4.5.3

A coordinate transformation is a canonical transformation if and only if fundamental
Poisson brackets are invariant (under the transformation).

Proof. Recall that fundamental Poisson brackets are of the form

.1y =J. (4.29)

Consider a transformation 11 — {. Now,

£, Cly = (%)IJ (%) =M'JM. (4.30)

From equations (4.29) and (4.30), it is clear that the transformation is canonical if and only if
fundamental Poisson brackets are invariant (under the transformation), i.e.

[C,¢ln =[n.nlp & MIM=J.

Theorem 4.5.4

A coordinate transformation is canonical if and only if all Poisson brackets are invariant.

Proof. Consider a canonical transformation 11 — ¢ and M be the corresponding Jacobian. Then
M is symplectic matrix, i.e. MJM' = J. By chain rule, we can write

@—M’@ Q—M’ﬂ
on 9L an " aC

where M is the Jacobian matrix, i.e. the matrix of transformation. Now,
ou\' dv
win=(5) /5
ou’ v
_ /_ /_
B (Mac) J<Mac)
ou’ , v
- (5¢) w3z
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- ()%

= [u,v]c.

Thus, if the transformation is canonical, then all the Poisson brackets are invariant.

Conversely, assume that all the Poisson brackets are invariant under the transformation. Then
in particular, the fundamental Poisson brackets are invariant. Therefore, by above theorem, we
conclude that the transformation is canonical. =

Remark 4.5.5. 1. As an application of above theorem, one can check whether a transfor-
mation is canonical or not by verifying the invariance of Poission brackets.

2. Since, by above theorem, the Poisson brackets are canonical invariants, from now onward
we do not specify the chosen canonical variables as a suffixes.

— Exercise 4.5.6
Show that the transformation
Q:10g<smp> , P=gcotp
q

is canonical using fundamental Poisson brackets.

Solution. By definition of fundamental Poisson brackets, we have

[0,0lpp=0=[P,Plpp  and [0,Plop=1=—[P,Q]pr.

As computed earlier in Example 4.3.1, we have

9 _ 9_(sinp) Syt
dqg  sinp SHp @)  q

d

0 _ g e,
dap sinp ¢

ok _ cot

dg p-

JdP )

— = —gqcosecp.

dp

Then observe that

d d

0. Plyp= 92— — (-1} (~goosec’q) — (cotp)(cotp) = 1 = [0, Pl
oPd oPd

[P, Q]q,p = a_qa_g - a_pa_g = —1= [P»Q]Q,P

(0,0],,= 2292 _9090 _ (_ g 0]

) q,p 8q ap ap aq ) Q,P

JdPIP _ JPIP

[P, Plg,p = dgdp  dpdq — 0=[PPlgr
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Thus, in the given transformation 1 (g, p) — £(Q, P), the fundamental Poisson brackets are
invariant under the transformation, i.e.

[€,8]n = [, ¢]¢-

Hence, the transformation is canonical. ]

Remark 4.5.7. Thus, by far, we have seen three different ways of showing that (or determining
whether) a given transformation is canonical or not. We showed that the same transformation

given by
Q:log(smp>, P =gqcotp
q

is canonical by these three different ways, which are, by direct method (i.e. finding the
function F’), by symplectic condition and by fundamental Poisson brackets in Example 4.1,
Example 4.3.1 and Example 4.5.3 respectively.

4.5.4 Properties of Poisson brackets

Anti-Symmetry of Poisson brackets

1. Poisson bracket is anti-symmetric, i.e. [u,v] = —[v,u].
Proof.
[u v]_@ﬂ_ﬂﬂ__ du dv _ du dv = —[vul
" dqidpi dpidg dpidgi dqidp; T
U
Corollary 4.5.8
[u,u] = 0.

— Bilinearity of Possion brackets

2. Poisson bracket is bilinear. In other words, Poisson brackets are linear in both the
arguments i.e.
lau+ bv,w] = alu,w| + Db[v,w].

Similarly,

[u,av+bw| = alu,v] + blu,w].
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Proof. We show that Poisson bracket is linear in first variable, i.e.

lau+ bv,w] = alu,w| + D[v,w].

d(au+bv) dw d(au+bv) dw
dgi  Ipi dpi  9g

B 24—[98‘} Bw_ Bu_l_bav ow
- aaqi 8q,~ ap,‘ aapi 9171‘ aqi

[ Judw duaw\] [, fdvaw avaw
s 9611’9191' apiach 9%'917:' apiaCIi

= alu,w|+b[v,w].

[au+ bv,w] =

Similarly, it can be shown that [u,av + bw| = a[u,v| + b[u,w], i.e. Poisson bracket is linear in
second argument also. U

Product rule of Poisson brackets

3. Product rule, i.e. [uv,w] = u[v,w| + v[u,w].
Similarly, [u,vw] = wlu,v] +v[u,w].

Proof. We have

d(uv) dw  d(uv) dw

] = dgi a_Pi_ Ipi 9_%

B 8v+ du aw_ av+8u ow

- uaqi vaq,' 8p,- uapi v&pi aCIi

(v ow | (oudw oudw

~\9qi9p:  9pidai) T \oqiopi  Ipidai

= ulv,w] +v[u,w].
Similarly, we can show [u,vw| = w(u,v] + v[u,w]. O
— Jacobi’s identity

4. Jacobi Identity for Poisson brackets.

If u,v and w are three functions with continuous second order derivatives then
[, v, w]] =+ [, w, ] + [w, [, v]] = O;

i.e., the sum of cyclic permutations of the double Poisson brackets of three functions is
zZero.
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Proof. The proof can be given using matrix notation of Poisson brackets, i.e.

ou\' [ v
ot =(55) 2 (55) =

2 . . o
and v;; = #avm The proof is left as an exercise (given in book for reference).

O

du

where u; = an;
1

4.5.5 Poincare’s Integral

Poincare’s integral is defined as

— Poincare’s integeral

J://"'/dQIdQZ"‘dQndpldPZ"'dpn-
—_—

2n intervals

Since q1,92,---,4n, P1,P2,- - -, Pn are coordinates in phase space, dq,dqa, . ..,dq,,dp1,dpa,...,dp,
gives volume in the phase space. It is denoted by (dn).

Now, we shall prove that J is canonical invariant. Thus, we have to prove that

Jtam= [0

(dn) = |det(M)|(d§). (4.31)

By elementary calculus, we have

Now, since N — { is a canonical transformation M is symplectic matrix, i.e.
MIM=1J.
Taking determinant on both sides, we get

det(M'JM) = det(M") det(J) det(M) = det(J)
(det(M))> =1.

Therefore, det(M) = £ 1. Substituting this in equation 4.31, we get

(dn) = (d&).

4.5.6 Lagrange Brackets

Definition 4.5.9: Lagrange brackets

Let u(q,p,t) and v(q, p,t) be two dynamical quantities associated with a system of n-
degrees of freedom. The Lagrange bracket of u with v with respect to canonical variables
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(g, p) is denoted by {u,v}, , and defined by

dqidp; Idpidq;

{uvkep = Qu dv  du v’

Matrix form of Lagrange brackets:

Matrix form of Lagrange brackets

on\’ o
{u,vin = (8_n> Ja—:z.

u

4.5.7 Properties of Lagrange brackets
1. Lagrange brackets are invariant under a canonical transformation, i.e.

{u7 V}CLP = {u7v}Q>P’

where the transformation (¢, p) — (P, Q) is canonical.
Proof. Exercise (same as in case of invariance of Poisson brackets). ]

2. Anti-symmetric: {u,v} = —{v,u}.
3. Linearity: {au+bv,w} = a{u,w}+b{v,w}.

— Theorem 4.5.10

If u(q, p,t) is a dynamical quantity associated with a system of n-degrees of freedom and
H(q, p,t) be Hamitonian of the system then

du u
T [u,H| +E'

Proof. By Hamilton’s equations of motion, we have

. _OJH . OH
q]_c?_pj’ Pj=—5—. (4.35)

Also, for u(q, p,t) we have

du Jdu | Ju  du
E:a—%qjﬂLa—mPﬂrE
B 8u8H_8u 8H+@
N aq]' &pj &pjaqj' ot
du

= [M,H] +§

(by (4.35))

O
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Corollary 4.5.11
If u is a constant of motion then
du (H 1]
—_— u
dt ’
Proof. If u is a constant of motion then % = (. Then by above theorem
du
H+—=0
. H] + 5,
= O H) = [
— = —(u,H| = |H,u|.
&t ) )
0

Exercise 4.5.12

Show that converse of above corollary is also true.

4.5.8 Equations of motion in Poisson bracket form

Let H(q, p,t) be Hamiltonian of a system of n-degrees of freedom. Then Hamilton’s equations

of motion are given by

) JoH . JH
4j= 5> Pj=—5-
J apj J aqj
Since g; and p; do not depend on ¢ explicitly, we get
qj=1qj,H],  pj=Ipj.H].
From equations (4.36) and (4.37),
JH JH
C]‘,H = 3. > paH =35 -

In matrix form equation (4.38) can be written as

(4.36)

(4.37)

(4.38)

— Hamilton’s equations of motion in Poisson bracket form

in,H) =12
na - arl

— Theorem 4.5.13: Poisson’s theorem

motion.

motion.

If u = u(q,p,t) and v =v(q, p,t) are constants of motion then [u,V] is also a constant of

In other words, Poisson bracket of any two constants of motion is also a constant of
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Proof. Since u and v are constants of motion, by above corollary

du (] = v
o N

We want to prove that w = [u,v] is a constant of motion. To prove this consider Jacobi identity
in the form

[H,u] = (4.39)

[H, [u,v]] + [u, [v,H]] + [v, [H,u]] = 0

= [H,[uv]] + {u,—?} + [ ‘9“] 0

" ot
dv u
= [H, [u,v]] — {M’E} + [v, E} =0. (4.40)
Now,
v _ﬂ 0 @ B aui dv
"ot dq; dp; \ ot dp;dg; \ ot
_dud ﬁ du i v
dq; 0t \dp;) Idp;dt \ dg;
Similarly,
Ju| dv d [ du _avi u
"ot dq; dt \ dp; dp; dt \ dg;
Hence,

du vl  [dv d [ du dv d [ du du d [ dv du d [ dv
lv’g] - {M’E} N {58_ (8_pi) - dpiot <9_qi)}_{8_q@ <9pi) - dpiot (8_615)}
_d [ dv du d [ dv du
ot aqlap,)‘E(a_ma_qi)
d

! (4.41)

Substituting (4.41) in (4.40), we get

L] = 2] = 0= (1, vl = ]

ot ot
or
H W] = aw
ot
Hence, (by above corollary) w = [u, V] is a constant of motion. E

Note: If u and v are constants of motion and do not depend on ¢ explicitly then the proof of
Poisson’s theorem becomes simpler. Consider the following result.

Theorem 4.5.14

If u and v do not depend on ¢ explicitly and they are constants of motion then [u,v] is a
constant of motion.
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Proof. We know that
du

dr
Since u is a constant of motion, Z—’; = 0. Also since u does not depend on time explicitly % =0.

Therefore,

= )+ 2
U ot’

[u,H] =0=[H,u] =0.

Similarly,
[v,H] = 0.

Then from Jacobi identity
[H’ [u’v]] + [u7 [VaH” + [V’ [H,M]] =0

we have
[H,[u,v]] = 0.

Also, if u and v does not depend explicitly on ¢ then [u,v] also do not depend on ¢ explicitly.
Hence

dlu,v) d[u,v]
= H|+——=0.
dr .1, 2] Jt
Therefore, [u,v] is a constant of motion. =

— Exercise 4.5.15

For a system of 2-degrees of freedom Hamiltonian is given by

H=qip1—qp2— aq% +bq%.

Show that the functions F; = p‘_—zaq‘ and F> = q1q, are constants of motion. Are there any
other constants of motion obtained using Poisson brackets?

Solution. Clearly, F, does not depend on ¢ explicitly and so % = 0. Thus, to show that F; is

constant of motion it suffices to show that [F>, H] = 0. Now,

OB OH R OH R OH OF H
~ dq1dp1 9p1dqi 9dqxdps  Iprdqn
= (92)(q1) =0+ (q1)(—¢2) —0=0.

[FZ;H]

Thus, F, is a constant of motion. Similarly, show that [Fj, H| = 0. Thus, F] is also a constant of
motion. Now,

g ROR R OR | OF 9F OF 9F;
YT 9g10p1 dpidqi | 9qudpy 9dprdg

ﬂ"(i) (¢2)+0-0
— —14£0.
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If u and v are constants of motion then (by an earlier result) [u,v] is also a constant of motion.
Hence, further, [u, [u,v]] and [v, [u,v]] are also constants of motion.

A system of 2n first order ordinary differential equations admits at most 2n independent
constants. Therefore, there are no constants of motion obtained using Poisson brackets. )

— Theorem 4.5.16

If u 1s a dynamical quantity which does not depend on ¢ explicitly, then

l2

u(t) =uo+tu,H)o+ X

[[u,H],Ho+---

where suffix 0 denotes the value of a quantity at r = 0.

Proof. By Maclaurin series expansion, we have

du 2 [ du £ (du
) du 2 (d*u r(du 4.42
u(t) u0+t(dt>;=o+2! (dt2>z:0+3! <df3)z:0+ .

Now since u does not depend on ¢ explicitly % = 0 and hence

du
== = [u,H).
dt [u7 ]

Differentiating again with respect to ¢ (and replacing u by [u, H| in above), we get

du_d (du) _do o g
d2  dr\ar) " gt T e HLAL

Similarly, higher order time derivatives can be obtained in terms of Poisson brackets with H.
Using them in equation (4.42), we get

u(t) = ug +t[u,H]o+;[[u,H],H]0+--~ :

B

Remark 4.5.17. Above theorem when used for canonical variables (g, p) gives formal solution
to a mechanical problem in terms of Poisson brackets. That is, formal solution is given by

l‘2

qi(1) = gio +tlgi, H]o + 7 [lai, H], H]o + -
and
2
pi(t) = pig+tlpi,Hlo+ 5[[pi,H],H]o+-~- .
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— Exercise 4.5.18

Hamiltonian for a particle moving on a curve with constant acceleration is given by

2
H=Y max (verify this),
2m
where m is the mass of the particle, x is the generalized coordinate, p is momentum
conjugate to x and a is the acceleration. Solve this problem using Poisson brackets subject

to the conditions x = 0, pg = mvg at time ¢t = 0 (or x = 0, % = fn—o att = 0).

Solution. For x and p (by above theorem or remark), we can write
2

(1) = xo 1, Hlo + = [[x, ], Ho + - (4.43)

and )
t

plt) = xo-+1lp, Hlo+ 3, [[p, ], Hlo+- (4.44)
Now,

dxdH JxdH p L ox

[X’H]_E(?_p_%g_n_q (.%—0).

Therefore

_ |2

be.H).H) = | 2.1

_ L [opan_opom

m | dxdp Ip dx

= (ma) = a (constan) 2%

= - (ma) = a (constan S5, =0
Then

[[[X’H]vHLH] = [a7H] =0.
Hence, all other higher order Poisson brackets with x vanish. Now,
_dpdH JdpdH
[p,H| = oxdp dpox
= — (—ma) = ma (constant) ( % = O> .

Hence,
[[paHLH] = [(l,H] =0

and all other higher order Poisson brackets with x vanish. Using these values in equations (4.43)
and (4.44), we get

2
aL P01 1,
x—0+tz+§a—v0t+§at
and
p = po—+t(ma) = mvy+mat.
(or mv = mvog+ mat = v =vo+at). E
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— Exercise 4.5.19

Consider Hamiltonian given in above exercise. Obtain Hamilton’s equations of motion
and solve them. Verify that the solution thus obtained is same as the solution obtained in
above exercise.

Exercises

Exercise 4.1
Show that the transformation
sin p

0 =log (—), P =gqgcotp
q

is canonical by direct method, i.e. by directly finding the function.

Exercise 4.2
Find the generating functions of the type F3 and Fy, i.e. show that

1. For F = F3(p,0,t) + qipi, we have
a a
F3 P F3

qi:_apf i__a_Qi'
2. For F = Fy(p,P,t) + qipi — OQ;P,, we have
o 0F, ._8F4
ql_ api7 2 aP,

Exercise 4.3
Determine the canonical transformation generated by Fy = ¢;Q;.

Exercise 4.4
Determine the transformation generated by F3 = —(e€ — 1) tan p.

Exercise 4.5
For a system of 1-degree of freedom, a generating function is given by

mwq?

2
Obtain the canonical transformation generated by Fj.

F = cotQ.

Exercise 4.6
Show that the transformation

2 2

-1 { &g 047] p

—t = p=—1 (142
¢=tan (p>’ 2(+aq2)
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is canonical by verifying that it satisfies symplectic condition (i.e. matrix method).

Exercise 4.7
Prove that If M is symplectic then M~ is also symplectic.

Exercise 4.8
P1—aqi

Letu:qlpl—quz—aq%+bq% andv = .

. Evaluate [u,v], .

Exercise 4.9
Verify the matrix form of Poisson brackets for a system of 2-degrees of freedom.

Exercise 4.10
Using fundamental Poisson brackets show that the transformation

2 2
Q:tanl(g), P:q—(1+p—2)
P 2 q

is canonical.

Exercise 4.11
Find under what conditions o
Q = _p7 P = ﬁxza
X

where o and B are constants, represents a canonical transformation for a system of one degree
of freedom.

Exercise 4.12
Determine whether the transformation
P1—D2
O1=  q192, P =—=+1
q2 — 41
q2P02 —41p1
Q= qi1+q2, P =———"——(p+q)
q2 — {41

is canonical.

Exercise 4.13
By any method, prove that the following transformation is canonical:
01 =qi, Q> = gasecps
-2
p =PI ZZ8  p  inp, —2g,
2g1cospa

Exercise 4.14
Using fundamental Poisson brackets find the values of o and 8 for which the equations

Q=q%cosBp, P=¢q%sinfp
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represent a canonical transformation.

Exercise 4.15

Check whether the following transformations are canonical or not.

1. P=logsinp, Q=gqtanp
2. P=qp*, 0=

3. P=¢’sin2p, Q = ¢*cos2p

Exercise 4.16
Prove Jacobi’s identity for Poisson brackets.

Exercise 4.17

Show that a transformation is a canonical transformation if and only if fundamental Lagrange

brackets are invariant.

Exercise 4.18
Show that

p="%_pm;
2

is a constant of motion for a system with Hamiltonian given by

2
p 1
H=C -
2 242
Exercise 4.19
d[u,v| du dv
Show that =|— —.
oW T {dt’v}j{u’dt}
PSO1EMTH?22 2018-19



Answers to Exercises

CHAPTER 1

Solution 1.1 (Page 43).

1. Let Pi(x1,y1,z1) and P>(x2,y2,22) be coordinates of two particles. Since they are
connected by a rod of length /, the distance between them remains constant / during
motion. This is the only constraint of the system and it is a holonomic constraint
expressed by

(x1 —x2)2 + (n _y2)2 +(z1 — 12)2 =2

which is a holonomic constraint. Hence, degrees of freedom of the system is

3N —k=3(2)—1=5.

2. Let Py(x1,y1,z1) and P>(x2,y2,22) be coordinates of two particles. Since they are
connected by an in-extensible rod of length / one constraint of the system is expressed
by

(1 —x2)*+ (1 —32)* + (21 —22)* = 1%

Further more the center of the rod which is (’” ;xz , ery 2 Z‘JZFZZ) moves on a circle (i.e.

on a circle in plane) of radius r. Therefore, we have two more holonomic constraints
which are expressed by:

1. # =0ie.z1+z=00rz = —z.
x40\2 | (yitn)2 2
2 (MR) (M) =
Thus, there are three constraints and all are holonomic. Hence, degrees of freedom of

the system is
3N—k=3(2)—3=3.

Simple pendulum is a system of one particle where
the particle is suspended by a rigid weightless and
inextendable string from a fixed point. The particle
is allowed to move in vertical plane and motion takes
place under gravity. The constraints are

L x> +y2+22 =12

2.z=0.
Therefore degrees of freedomis n =3N —k = 1.
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Since [ is constant, we choose the angle 6 made by the pendulum with the vertical axis
as the generalized coordinate.

. Here, the number of particles, N = 1. Since the particle moves on a parabola or an ellipse,

it satisfies the equation of the parabola or the ellipse on which it moves. Therefore, the
constraint is
y2 — 4ax or x> = 4ay

if the particle moves on a parabola and the constraint is

x2 y2

2!

if the particle is moving on an ellipse. In each case, the number of constraint k = 1 and
it is holonomic constraint. Hence, the degrees of freedom is n = 3N —k = 2.

In case of a parabola y> = 4ax, we choose x (or y) as a generalized coordinate. In case
of an ellipse, we choose either x or y as a generalized coordinate.

Solution 1.2 (Page 43). For a particle moving in Xy-plane, N = 1. The only constraint is z = 0
which is a holonomic constraint. Thus, kK = 1 and hence degrees of freedom is n = 3N —k = 2.
Since, we have to choose plane polar coordinates, we have

x=rcosO andy=rsin6,

where r € R and 6 € [0,27) or 6 € [—x, 7). Since, degrees of freedom of the system is 2, in
terms of plane polar coordinates, the generalized coordinates are g; = r and g, = 6.

Note that in terms of Cartesian coordinates, the generalized coordinates are g; = x and

q2 =Y.

Solution 1.3 (Page 44).

Solution 1.4 (Page 44). Seminar Exercise

Solution 1.7 (Page 44). Seminar exercise.

Solution 1.8 (Page 44). Here, degrees of freedom n = 3N =k =3 — 1 = 2. Writing the
coordinates

x = [IsinOcos@
y = IsinOsin¢g
z = lcos@

(1.14)

Therefore, the kinetic energy is given by

1
T=3@+y+2)

2 . .
- %(92+sin29¢2).
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Also, the potential energy is given by

V = —mglcos 6.
Then the Lagrangian is given by
L=T-V
mP® o 2
:7(9 +sin”“ 0 ¢“) +mglcos 6.

Now, Lagrange’s equations of motion are given by
d (dL B oL 0
dt\26/) 06

d (oL\ oL _
(%)% -«

.. 1 . .
0= —Tsine(g—¢)zlcose) and ¢ = —2

which gives
$0cos O
sinf

Solution 1.12 (Page 44). A Double Pendulum is a system of two particles P(x;,y,z2) and
Q(x2,y2,722) having masses m; and m; respectively, where P is suspended from origin by a rod
of length /; and second particle Q of mass m, is suspended from P by a rod of length /,.

Constraints of double pendulum are as follows:

A+ = §

(2 —x1)*+ (2 —m)? = B
z1 = 0

z = 0.

Thus, there are kK = 4 constraints in case of double pendulum and therefore the degrees of
freedom is
n=3N—-k=32)—-4=2.

Now, we assign generalized coordinates to the double pendulum. Choosing 6y, the angle made
by OP with vertical line and 6, the angle made by PQ with the vertical line as the generalized
coordinates.

As shown in figure, in AOSP, we have

. X .
sin 6] = l_l = x1 = [ sin 6.
1

Also,

cos 6, :)11:>y1 =1ljcos 0.
1

Similarly, from APQR, we have

X, =11sin0 +1lpsinB, and y; =1[cosB;+[;cos0;.
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Now to obtain Lagrange’s equations of motion we first find the Lagrangian for double pendulum.
The Lagrangian L is given by L =T —V, where T is kinetic energy and V' is potential energy.
The kinetic energy T is given by

1 1
T = Emlv% + 51712\/%
1 1
= §(x12+y'12+Z'12) +§(x'22+y'22+z'22)
1 . 1 . . .
— Eml(zfelz) 4 Emz(zfelz +126,% +20,1,6,65c0s(6;, — 6)).

Also, potential V' is given by

V = —mgy; —mgy>
= —mgli(cos ;) —mg(lycosO) + 1 cos 6).

L=T-V
1 00 1 . . .
- Emll%ef + Emz(l%e)f +126,> 4+ 2111,6,6,cos(8; — 65))

+mgli(cos 61) +mg(lycos0) + 1 cos 6,).

Now Lagrange’s equations of motion are given by

d (oL OJL g 4oLy _ oL _,
i\ o6, ) a6, M \ee, ) 96,

This gives (after computation),

9-- . —mzlzéz COS(@] — 92) — mzlzézz sin(91 — 92) — (m1 +m2)g sin 91
b= (m1 +m2)11 ’

and

. 1 . .
b= [—116)cos(8) — 6;) +1,67sin(6; — 6>) — gsin 6] .
2

Solution 1.13 (Page 45). For a spherical pendulum (or a particle moving on a sphere), the
degrees of freedom is 2. We use g1 = 0 and g, = ¢ as generalized coordinates (in terms of
spherical coordinates). We know that

x =1[sinB@cos ¢
y=1IsinBsin¢
z=1Icos@

Therefore

I[sin O (—sin @)@ + cos ¢ cos 60
I[sin 6(cos ¢)¢ -+ sin ¢ cos 66
—1sin66

X
y
z
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Now, kinetic energy of spherical pendulum is given by

1
T =~
2mv

1
= om@ +y* +2)

= %mlz[(— sin @ sin @@ + cos 6 cos ¢0)? + (sin O cos ¢ + cos B sin ¢ H)? + (—sin 66)?]

= %ml2 [sin2 6 sin’ (Pd)z —2sin@sin¢cosOcos PO + cos? 0 cos? 4)92 + sin” 6 cos? (])(;32
+ 2sin O sin ¢ cos O cos PO P + sin’ () cos® 062 +sin’ 992]

= %mlz[(f)2 sin? 0 (sin® ¢ + cos® ¢ ) + 62 cos? 6 (cos® phi + sin® ¢ ) + sin” 66°]

1 ., .
= Emzz[qﬂ sin” 6 + 62].

Solution 1.16 (Page 45). A simple harmonic oscillator is an oscillator that is neither driven nor
damped. The motion of simple harmonic oscillator is called simple harmonic motion, which is
motion on a straight line. It consists of a mass m which experiences a single force F', which
pulls the mass m in the direction of the point x = 0 and depends only on the position x. Here x
is the only generalized coordinate. Hence, degrees of freedom is 1.

Now, the force is directly proportional to the negative of the distance of the particle from a

fixed point on the line of motion, i.e. F o< —x. So, F = —kx (k > 0) or F = kxi. We know that
F = —VV. Therefore,

dV dV a9V kx? kx?
_kx__(g’8_y78_z> :>V—7—|—f(y,z)=>V—— (- f(»z)=0).

So the potential energy stored in SHO at position x is V = %kxz. The kinetic energy of SHO is
given by

1 1
T =-m?*=-—mxi’
Therefore, Lagrangian of SHO is
1 1
L=T-V= mez— 5kxz,

where m is the mass, k is constant and x is the position which is generalized coordinate. Now,
Lagrange’s equation of motion for SHO with degrees of freedom 1 is given by

AN
dt \ dx ox

= i(m)c) —(—kx)=0

dt
-~ [t i=0
k
= i+ @*x=0= x=Acos(ot +B) (w2:—>.
m
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Solution 1.25 (Page 46). We have L' = L+ ‘fl—f. Then differentiating above equation with
respect to g; and ¢g; respectively, we get
oL JL 0 <dF )

B dr

=50t 3 (1.58)

and

dL’ JdL d (dF) ‘ (1.59)

S =5-t5-| o
dq; dq; dg; \ dt
Now, for the function F(q1,¢2,-..,qn,t), we have

dF oF
dr Zaq,"f ot

d (dF\ _ 9 ZaF OF

95 \ar ) T 95 \&ag bt o
_Zi 3_F- L9 (oF
N jaq,- 8q] aq, ot

oF 8q, oF
i B! N B
<9CIJ) g g,

Therefore,

J

Substituting this value in equation (1.59), we get

o _oL or
g 9¢i  9qi

Differentiating above equation with respect to ¢, we have

d (oL d [ JdL d [ 0F
z(a—%)za(a—qi)*a(a—qi) (160

Now, from equations (1.58) and (1.60), using the fact that F' is differentiable and Lagrangian L
satisfies Lagrange’s equations of motion, we conclude that

4 (3L AL fd (IL _OLY [d (3F\_ 3 (dF\\_,
dr \ dq; 8ql~_ dt \ dg; qi dt \ dg; dg; \ dt -
Thus, L' also satisfies Lagrange’s equations of motion.

CHAPTER 2

Solution 2.1 (Page 64). Consider two points P(x,y,z1) and Q(x2,y2,22) in space. Our
problem is to determine the curve in space on which the distance between P and Q is minimum.

The distance between to neighboring points (x,y,z) and (x+dx,y+dy,z+ dz) on a curve in

space is given by
dy\*> [dz\’
dszzdx2+dy2+dzzzdx2 1+ 4y + az
dx dx
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cods=/1+y?+72dx,

where y = % and 7 = %.
Thus, the distance between P(x1,y;) and Q(x2,y2) is given by the integral

X2 XD
I = / ds = / 1 +y2+22dx. 2.7
X1 X1

The curve of shortest distance can be obtained by solving Euler-Lagrange equations for the
above integral, i.e. we need to solve the following equations

Jadf d (Jdf\
(o) =0 9
af d (df\
a_z_E(a_z) = 0, (2.9)
where f = f(7,2,5,2,%) = (1 4+ +22)2. Now,
af af
8_y_0 and a—Z—O.
Also,
ﬁ—i -2 '2%_1 N N 2 on L
ay.—ay.(ler +2)7 = (145 +2) 2 () = (145" +2) ).
Therefore,

i(ﬁ)_i A
dx \dy ) dx (1_|_)>2_|_Z‘2)% '

Using this values in equation (2.8), we get

d . )
B S - | =0= Yy - =a (a is constant).
dx \ (1452 +22)2 (1+32+22)2
which gives
(a1? = 1)y* +a1%2? = —a)>. (2.10)
Similarly, from equation (2.9), we get 41 = b for some constant by (say) and hence
(1+y2+22)2
(b12 — 122+ b1 %y = —b)°. 2.11)

Solving equations (2.10) and (2.11) (by elimination method or Cramer’s method), we get

(i) o= (i) =
= | = d an Z:— :7
Y l—alz—blz 2 1_a12_b12 ?

where a; and b, are constants. Hence, solving above equations, we have

{y: ax+as

(2.12)
z2=byx+b3

which are (individually) equations of plane. However, equation (2.12) together represents a
straight line in space. Thus, the curve of shortest between two points in space is a straight line
joining these two points.
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Solution 2.2 (Page 64). Curve
Solution 2.3 (Page 64). Great circle.

Solution 2.5 (Page 64).

1. Simple pendulum:

Solution 2.6 (Page 65).

1. L= % (ai® +2bxy + cy?) — g (ax? +2bxy + cy?).

Solution 2.7 (Page 65). Here, r and 0 are generalized coordinates. The generalized momenta
pr and pg conjugate to r and 0 respectively are given by

oL JdL

pr=—o=F and pgzﬁzrzé. (2.30)

The energy function 4 is given by

h:fpr+9p6_L

=7 +r70* L
1 .2 202 1
= — 02%) — =
2(r tr ) r

Since the Lagrangian does not depend on 6 (i.e. since 0 is cyclic coordinate), the generalized

momenta pg is conserved.

Since Lagrangian does not depend on time explicitly, i.e. %—I; =0 and we know that %—f = —%,

we have % = (0 and hence £ is conserved.

Solution 2.8 (Page 65). By Theorem 2.6.2.

CHAPTER 3

Solution 3.1 (Page 82).

1. Simple pendulum:

Solution 3.2 (Page 82).

1. L= % (ai® +2bxy +cy*) — g (ax? +2bxy + cy?).

Solution 3.11 (Page 83). Seminar exercise.

Solution 4.1 (Page 112). Seminar exercise (Find F = d(pg+ gcotp)).
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Solution 4.3 (Page 112). The canonical transformation is Q; = p; and P, = —g¢;.
Solution 4.17 (Page 114). Lagrange brackets are given in matrix form as
on\’  on
== J=. 4.32
{l/l, V}TI ( au> av ( )
Therefore Fundamental Lagrange brackets can be written in matrix form as
{nntn=J. (4.33)
Consider a transformation 11 — {. Now,
¢\ (9L
, =(=2)J|l==|=MIM. 4.34
€ahn=(5)(5) @34

From equations (4.33) and (4.34), it is clear that the transformation is canonical if and only if

fundamental Poisson brackets are invariant (under the transformation), i.e.

{{.Ch={nnlneMIiM=1J.

oD
Solution 4.18 (Page 114). Show that [H,D] = — (Left as exercise).

ot
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