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USEFUL TRIGONOMETRIC IDENTITIES

Reciprocal Identities

sinθ =

(
1

cscθ

)
cscθ =

(
1

sinθ

) cosθ =

(
1

secθ

)
secθ =

(
1

cosθ

) tanθ =

(
1

cotθ

)
cotθ =

(
1

tanθ

)

Quotient Identities

tanθ =
sinθ

cosθ
cotθ =

cosθ

sinθ

Pythagorean Identities

sin2
θ + cos2

θ = 1 tan2
θ +1 = sec2

θ 1+ cot2 θ = csc2
θ

Cofunction Identities

sin
(

π

2
−θ

)
= cosθ

cos
(

π

2
−θ

)
= sinθ

tan
(

π

2
−θ

)
= cotθ

cot
(

π

2
−θ

)
= tanθ

sec
(

π

2
−θ

)
= cscθ

csc
(

π

2
−θ

)
= secθ

Odd-Even Identities

sin(−θ) =−sinθ

csc(−θ) =−cscθ

cos(−θ) = cosθ

sec(−θ) = secθ

tan(−θ) =− tanθ

cot(−θ) =−cotθ

Sum and Difference Identities

sin(α +β ) = sinα cosβ + cosα sinβ

sin(α−β ) = sinα cosβ − cosα sinβ

cos(α +β ) = cosα cosβ − sinα sinβ

cos(α−β ) = cosα cosβ + sinα sinβ

tan(α−β ) =
tanα− tanβ

1+ tanα tanβ
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tan(α +β ) =
tanα + tanβ

1− tanα tanβ

Double Angle Formulas

sin(2θ) = 2sinθ cosθ

tan(2θ) =
2tanθ

1− tan2 θ

cos(2θ) = cos2
θ − sin2

θ

cos(2θ) = 2cos2
θ −1

cos(2θ) = 1−2sin2
θ

Power Reducing Formulas

sin2
θ =

1− cos(2θ)

2
cos2

θ =
1+ cos(2θ)

2
tan2

θ =
1− cos(2θ)

1+ cos(2θ)

Half Angle Formulas

sin
(

θ

2

)
=±

√
1− cos(θ)

2

tan
(

θ

2

)
=

1− cos(θ)
sin(θ)

=
sinα

1+ cosα

cos
(

θ

2

)
=±

√
1+ cos(θ)

2

The signs of sin
(

θ

2

)
and cos

(
θ

2

)
depend on the quadrant in which θ

2 lies.

Product to Sum Formulas

sinα sinβ =
1
2
[cos(α−β )− cos(α +β )]

cosα cosβ =
1
2
[cos(α−β )+ cos(α +β )]

sinα cosβ =
1
2
[sin(α +β )+ sin(α−β )]

cosα sinβ =
1
2
[sin(α +β )− sin(α−β )]

Sum to Product Formulas

sinα + sinβ = 2sin
(

α +β

2

)
cos
(

α−β

2

)
sinα− sinβ = 2cos

(
α +β

2

)
sin
(

α−β

2

) cosα+cosβ = 2cos
(

α +β

2

)
cos
(

α−β

2

)
cosα−cosβ =−2sin

(
α +β

2

)
sin
(

α−β

2

)
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FOURIER SERIES

1.1 Motivation

Let {ϕn} be a sequence of functions on [a,b] satisfying∫ b

a
ϕn(x)ϕm(x) dx =

{
0, m 6= n
αn, m = n,

(1.1)

where αn 6= 0. Let f be a well behaved function on [a,b] such that

f = ∑
n

anϕn. (1.2)

We want to find the coefficients an’s in the equation (1.21.2). Fix m. We multiply equation (1.21.2)
by ϕm both the sides and integrate on [a,b]. Since f is a well behaved function, we have∫ b

a
f (x)ϕm(x) dx =

∫ b

a

(
∑
n

anϕn(x)ϕm(x)
)

dx

= ∑
n

an

∫ b

a
ϕm(x)ϕn(x) dx

= am

∫ b

a
ϕm(x)ϕm(x) = amαm.

Hence, we have

an =
1

αn

∫ b

a
f (x)ϕn(x) dx, ∀n. (1.3)

1.1.1 Orthogonality Relations

First we obtain the following important orthogonality relations:

11



12 §1.1. Motivation

Example 1.1.1. Evaluate ∫
π

−π

cosnx cosmx dx

for non-negative integers m and n.

Solution. Case-I: m = n.∫
π

−π

cosnx cosmx dx =
∫

π

−π

cosnx cosnx dx

= 2
∫

π

0
cos2 nx dx (∵ cos is an even function)

= 2
∫

π

0

1+ cos2nx
2

dx

=

[
x+

sin2nx
2n

]π

0
= π.

Case-II: m 6= n.∫
π

−π

cosnx cosmx dx =
∫

π

−π

cos(n+m)x+ cos(n−m)x
2

dx

=
1
2

{
2
∫

π

0
cos(n+m)x dx+2

∫
π

0
cos(n−m)x dx

}
(∵ cos is even)

=

[
sin(n+m)x

n+m

]π

0
+

[
sin(n−m)x

n−m

]π

0
= 0.

Hence, we have

∫
π

−π

cosnxcosmx dx =

{
0, m 6= n
π, m = n

(m,n ∈ N∪{0}), (1.4)

Similarly, we have

∫
π

−π

sinnxsinmx dx =

{
0, m 6= n
π, m = n

(m,n ∈ N) (1.5)

and ∫
π

−π

cosnxsinmx dx = 0 (m,n ∈ N∪{0}). (1.6)

Therefore the set {1,cosx,cos2x, . . . ,sinx,sin2x, . . .} is orthogonal over the interval [−π,π].

Let f : [−π,π]→ C be a well behaved function. Suppose that

f (x) =
a0

2
+a1 cosx+a2 cos2x+ · · ·+b1 sinx+b2 sin2x+ · · ·

PS03CMTH02 2017-18



§1.1. Motivation 13

i.e.,

f (x) =
a0

2
+

∞

∑
n=1

an cosnx+
∞

∑
n=1

bn sinnx.

Then by using the above method and the above orthogonality relations, we have

∫
π

−π

f (x) dx =
∫

π

−π

a0

2
dx+

∞

∑
n=1

an

∫
π

−π

cosnx dx+
∞

∑
n=1

bn

∫
π

−π

sinnx dx

=
a0

2
[x]π−π

+
∞

∑
n=1

an

[
sinnx

n

]π

−π

−
∞

∑
n=1

bn

[cosnx
n

]π

−π

= a0π.

Therefore,

a0 =
1
π

∫
π

−π

f (x) dx. (1.7)

Also, for m≥ 1,

f (x)cosmx =
a0

2
cosmx+

∞

∑
n=1

an cosnxcosmx+
∞

∑
n=1

bn sinnxcosmx.

Integrating above on [−π,π], we get∫
π

−π

f (x)cosmx dx =
∫

π

−π

a0

2
cosmx dx+

∞

∑
n=1

an

∫
π

−π

cosnxcosmx dx

+
∞

∑
n=1

bn

∫
π

−π

sinnxcosmx dx

= am

∫
π

−π

cosmxcosmx = amπ.

Therefore,

an =
1
π

∫
π

−π

f (x)cosnx dx (n ∈ N∪{0}) . (1.8)

Similarly,

bn =
1
π

∫
π

−π

f (x)sinnx dx (n ∈ N). (1.9)

Thus, if
∫

π

−π

| f (x)| dx < ∞, then an’s and bn’s exist. So for f ∈ L1[−π,π], we can associate

the series
a0

2
+

∞

∑
n=1

an cosnx+
∞

∑
n=1

bn sinnx (1.10)

called the Fourier series of f .

Remark 1.1.2. The important questions in the Fourier series are the following:
1. Does the Fourier series of f converge in any of the sense: pointwise convergent,

uniformly convergent, convergence in Lp-sense?
2. If it converges, then will it converge to f (in any of the above sense)?

Dr. P. A. Dabhi
Dr. Jay Mehta

lightatinfinite@gmail.comlightatinfinite@gmail.com
jay mehta@spuvvn.edujay mehta@spuvvn.edu

mailto:lightatinfinite@gmail.com
mailto:jay_mehta@spuvvn.edu


14 §1.2. Fourier Series

1.2 Fourier Series

1.2.1 Definitions and Examples

Let L1[a,b] :=
{

f : [a,b]→ C :
∫ b

a
| f (x)| dx < ∞

}
.

Definition 1.2.1 (Fourier series). Let f ∈ L1[−π,π]. Then the series

a0

2
+ ∑

n=1
an cosnx+

∞

∑
n=1

bn sinnx, (1.11)

where

an =
1
π

∫
π

−π

f (x)cosnx dx, (n ∈ N∪{0}) (1.12)

bn =
1
π

∫
π

−π

f (x)sinnx dx, (n ∈ N) (1.13)

is called the Fourier series of f , and the scalars an’s and bn’s are called the Fourier
coefficients of f .

Remark 1.2.2. Notice that if the given function f is an odd function, i.e. if f (−x) =− f (x)
for all x in the domain of f , then the function f (x)cosnx will be an odd function (as cos is
even). Therefore, the coefficients an’s are zero. On the other hand, if the function f is an even
function, i.e. if f (−x) = f (x) for all x in the domain of f , then the function f (x)sinnx will be
an odd function (as sin is odd). In this case, the coefficients bn’s are zero.

Thus, making this observation while deriving Fourier series of a function f saves our effort
in computing the Fourier coefficients that already vanishes.

Example 1.2.3. Find the Fourier series of f : [−π,π]→ C defined as f (x) = x.

Solution. Since f (−x) = f (x), for all x ∈ [−π,π], f is an odd function and hence the coeffi-
cients an = 0 for all n ∈ N∪{0}. Now, for n ∈ N,

bn =
1
π

∫
π

−π

xsinnx dx =
2
π

∫
π

0
xsinnx dx

=
2
π

[
−x

cosnx
n
−
∫ −cosnx

n
dx
]π

0

=
2
π

[
−x

cosnx
n

+
sinnx

n2

]π

0

=
2

πn
[−π cosnπ] =−2

n
(−1)n =

2
n
(−1)n+1.

Therefore the Fourier series of f is

2
∞

∑
n=1

(−1)n+1 sinnx
n

.

PS03CMTH02 2017-18



§1.2. Fourier Series 15

Example 1.2.4. Compute the Fourier series of f : [−π,π]→ C defined as

f (x) =
{

0, −π ≤ x≤ 0
x, 0≤ x≤ π.

Solution. Notice that the function is neither odd nor even and so we compute the coefficients
a0, an’s and bn’s. We have,

a0 =
1
π

∫
π

0
x dx =

π

2
.

Let n ∈ N. Then

an =
1
π

∫
π

0
xcosnx dx

=
1
π

[
x

sinnx
n
−
∫ sinnx

n
dx
]π

0

=
1
π

[
x

sinnx
n

+
cosnx

n2

]π

0

=
1

πn2 [(−1)n−1]

=

{
0, if n is even

− 2
πn2 , if n is odd.

Also, for n≥ 1

bn =
1
π

∫
π

−π

xsinnx dx =
1
π

∫
π

0
xsinnx dx (∵ f (x) = 0, −π ≤ x≤ 0)

=
1
π

[
−x

cosnx
n
−
∫ −cosnx

n
dx
]π

0

=
1
π

[
−x

cosnx
n

+
sinnx

n2

]π

0

=
1

πn
[−π cosnπ] =

(−1)n+1

n
.

Therefore, the Fourier series of f is

π

4
− 2

π
cosx− 2

π ·32 cos3x− 2
π ·52 cos5x−·· ·+

∞

∑
n=1

(−1)n+1

n
sinnx

=
π

4
− 2

π

∞

∑
n=1

cos(2n−1)x
(2n−1)2 +

∞

∑
n=1

(−1)n+1

n
sinnx.

Ex Show that

1. The Fourier series of the periodic function f defined by f (x)=

{
−1, −π < x≤ 0
1, 0 < x≤ π

is
4
π

∞

∑
n=1

sin(2n−1)x
2n−1

.

Dr. P. A. Dabhi
Dr. Jay Mehta

lightatinfinite@gmail.comlightatinfinite@gmail.com
jay mehta@spuvvn.edujay mehta@spuvvn.edu
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16 §1.2. Fourier Series

2. The Fourier series of the periodic function f (x)= |x|, −π < x≤ π is
π

2
− 4

π

∞

∑
n=1

cos(2n−1)x
(2n−1)2 .

Next, we recall the notion of periodic functions.

Definition 1.2.5 (Periodic function). A function f : R→ C is said to be periodic if there
exist L > 0 such that

f (x+L) = f (x) (x ∈ R).

If f is periodic, then the smallest positive L such that f (x+L) = f (x) (x ∈ R) is called
the fundamental period of f .

Example 1.2.6. The sine and cosine functions are periodic with fundamental period 2π .

Example 1.2.7. We compute the period of cos
( x

3

)
. We have,

cos
(

1
3
(x+6π)

)
= cos

(x
3
+2π

)
= cos

(x
3

)
.

Therefore, the period of cos
( x

3

)
is 6π .

Ex Show that

1. The period of cos
( x

3

)
+ sin

( x
5

)
is 30π .

2. The period of cos
( x

3π

)
+ sin

( x
5π

)
is 30π2.

3. The period of cos
( x

8

)
+ sin

( x
12

)
is 48π .

Remark 1.2.8. Let f : (−π,π]→ C be a map. Then f can be extended to a 2π-periodic map
on R by the relation f (x+2π) = f (x). The extension of f will be denoted by f itself.

1.2.2 Dirichlet Theorem

Definition 1.2.9. A function f : [a,b]→ R is said to satisfy the Dirichlet conditions on
[a,b]. If

1. f is bounded on [a,b];
2. f has a finite number of extremas in [a,b];
3. f has finite number of discontinuities in [a,b].

A function f = f1 + i f2 : [a,b]→ C is said to satisfy the Dirichlet conditions on [a,b] if
both f1 and f2 satisfy the Dirichlet conditions.

The following theorem answers the convergence (pointwise) of Fourier series for a large class
of functions.

Theorem 1.2.10 (Dirichlet Theorem). Let f :R→C be a 2π periodic function. If f satisfies
the Dirichlet conditions on [−π,π], then the Fourier series of f converges to f (x+)+ f (x−)

2
for every x ∈ R, where f (x+) is the right limit of f at x and f (x−) is the left limit of f at x.

PS03CMTH02 2017-18



§1.2. Fourier Series 17

Writing the Dirichlet conditions within the statement, Theorem 1.2.101.2.10 can be restated as
follows:

Theorem 1.2.101.2.10 (Dirichlet Theorem). Let f : R→ C be a 2π-periodic function. Assume that
1. f is bounded on [−π,π]
2. f has finite number of discontinuities in [−π,π]
3. f has finite number of local extrema in [−π,π]

Then the Fourier series of f at x ∈ R convergers to f (x+)+ f (x−)
2 , where f (x+) is the right limit

of f at x and f (x−) is the left limit of f at x.

Remark 1.2.11. If f is continuous at x, then the Fourier series of f at x converges to f (x).

Example 1.2.12. Consider a 2π-periodic function f : R→R defined as f (x) = x, x∈ (−π,π].
We note that the set of discontinuities of f is {(2n+1)π : n ∈ Z}. Also notice that f satisfies
Dirichlet conditions on the interval [−π,π]. Now, at x = (2n+1)π ,

f (x+) = f (−π) =−π and f (x−) = f (π) = π.

Therefore, by Dirichlet theorem, the Fourier series of f (found in Example 1.2.31.2.3) converges to
f (x) = x for x 6= (2n+1)π and converges to f (x+)+ f (x−)

2 = −π+π

2 = 0 at x = (2n+1)π , i.e.

2
∞

∑
n=1

(−1)n+1 sinnx
n

=

{
x, x 6= (2n+1)π
0, otherwise

.

Example 1.2.13. Compute the Fourier series of a periodic function f (x) = |x|, −π ≤ x≤ π .

Hence find the sum of the series
∞

∑
n=1

1
(2n−1)2 .

Solution. We first note the function f is continuous and it satisfies the Dirichlet conditions on
[−π,π]. Since f is an even function bn = 0 for all n ∈ N. Now

a0 =
1
π

∫
π

−π

|x| dx =
2
π

∫
π

0
x dx =

2
π

[
x2

2

]π

0
= π.

Also for n ∈ N

an =
1
π

∫
π

−π

|x|cosnx dx =
2
π

∫
π

0
xcosnx dx

=
2
π

[
x

sinnx
n
−
∫ sinnx

n

]π

0

=
2
π

[cosnx
n

]π

0

=
2

n2π
[(−1)n−1]

=

{
0, if n is even
− 4

πn2 , if n is odd.

Therefore, the Fourier series of f is

π

2
− 4

π ·12 cosx− 4
π ·32 cos3x− 4

π ·52 cos5x−·· ·
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18 §1.2. Fourier Series

=
π

2
− 4

π

∞

∑
n=1

cos(2n−1)x
(2n−1)2 .

Since f is continuous and satisfies Dirichlet conditions on any interval of length 2π , by
Dirichlet theorem we have

f (x) =
π

2
− 4

π

∞

∑
n=1

cos(2n−1)x
(2n−1)2 , x ∈ R.

Substituting x = 0 in the above equation, we get

0 = f (0) =
π

2
− 4

π

∞

∑
n=1

1
(2n−1)2 .

Therefore,
∞

∑
n=1

1
(2n−1)2 =

π2

8
.

Example 1.2.14. Compute the Fourier series of a 2π-periodic function f (x) = x+ x2, −π <

x≤ π . Hence find the sum of the series
∞

∑
n=1

1
n2 ,

∞

∑
n=1

(−1)n

n2 , and
∞

∑
n=1

1
(2n−1)2 .

Solution. Here the given function f is neither odd nor even and so we have to compute an’s
and bn’s. Here,

a0 =
1
π

∫
π

−π

f (x) dx

=
1
π

∫
π

−π

(x+ x2) dx

=
2
π

∫
π

0
x2 dx (∵ x is odd and x2 is even)

=
2
π

[
x3

3

]π

0
=

2π2

3
.

For n≥ 1,

an =
1
π

∫
π

−π

(x+ x2)cosnx dx

=
1
π

∫
π

−π

xcosnx dx+
1
π

∫
π

−π

x2 cosnx dx

=
2
π

∫
π

0
x2 cosnx dx (∵ xcosnx is odd and x2 cosnx is even)

=
2
π

[
x2 sinnx

n
−
∫

2x
sinnx

n
dx
]π

0

=
−4
π

[
x
−cosnx

n
+
∫ cosnx

n
dx
]π

0

=
−4
π

[
−x

cosnx
n

+
sinnx

n2 dx
]π

0
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=
4π

n2π
cosnπ =

4
n2 (−1)n.

Also,

bn =
1
π

∫
π

−π

(x+ x2)sinnx dx

=
2
π

∫
π

0
xsinnx dx (∵ x2 sinnx is odd and xsinnx is even)

=
2
π

[
−x

cosnx
n
−
∫ −cosnx

n
dx
]π

0

=
2
π

[
−x

cosnx
n

+
sinnx

n2

]π

0

=
2

πn
[−π cosnπ] =−2

n
(−1)n = 2

(−1)n+1

n
.

Therefore the Fourier series of f is

π2

3
+4

∞

∑
n=1

(−1)n

n2 cosnx+2
∞

∑
n=1

(−1)n+1

n
sinnx.

The given function f is continuous on R except at the points of the form (2n+1)π , n ∈ Z, i.e.
f is continuous on R\{(2n+1)π : n ∈ Z}. We note that

f ((2n+1)π−) = f (π−) = π +π
2 and f ((2n+1)π+) = f (π+) =−π +π

2.

The function f satisfied Dirichlet conditions on any interval of length 2π . Therefore, by
Dirichlet theorem, we have

π2

3
+4

∞

∑
n=1

(−1)n

n2 cosnx+2
∞

∑
n=1

(−1)n+1

n
sinnx =

{
f (x), x 6= (2n+1)π
π2, otherwise

. (1.14)

Taking x = π in the above equation, we get

π2

3
+4

∞

∑
n=1

1
n2 = π

2

or
∞

∑
n=1

1
n2 =

π2

6
.

Substituting x = 0 in equation (1.141.14), we get

π2

3
+4

∞

∑
n=1

1
n2 = π

2

⇒
∞

∑
n=1

(−1)n

n2 =−π2

12
.

We have,
∞

∑
n=1

1
n2 =

π2

6
i.e. 1+

1
22 +

1
32 + · · ·=

π2

6
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20 §1.2. Fourier Series

and
∞

∑
n=1

(−1)n

n2 =−π2

12
i.e. −1+

1
22 −

1
32 +

1
42 −·· ·=−

π2

12

i.e. 1− 1
22 +

1
32 −

1
42 + · · ·=

π2

12
.

Adding both the above series, we get

2
∞

∑
n=1

1
(2n−1)2 =

π2

6
+

π2

12
=

π2

4

⇒
∞

∑
n=1

1
(2n−1)2 =

π2

8
.

Example 1.2.15. Compute the Fourier series of a 2π-periodic function f (x) = xsinx, −π ≤

x≤ π . Hence evaluate
∞

∑
n=2

1
n2−1

and
∞

∑
n=2

(−1)n

n2−1
.

Solution. We note that the function f is an even function and so bn = 0 for all n. Now,

a0 =
1
π

∫
π

−π

xsinx dx =
2
π

∫
π

0
xsinx dx

=
2
π

[
x(−cosx)+

∫
cosx dx

]π

0

=
2
π
[−xcosx+ sinx]π0 =

2
π
[−π(−1)] = 2.

For n≥ 1,

an =
1
π

∫
π

−π

xsinxcosnx dx

=
1

2π

∫
π

−π

x[sin(1+n)x+ sin(1−n)x] dx

=
1
π

∫
π

0
xsin(n+1)x dx+

1
π

∫
π

0
xsin(1−n)x dx

=
1
π

[
x
−cos(n+1)x

n+1
+
∫ cos(n+1)x

n+1
dx
]π

0
+

1
π

[
x
−cos(1−n)x

1−n
+
∫ cos(1−n)x

1−n
dx
]π

0

= − 1
π

[
π(−1)n+1

n+1

]
− 1

π

[
π(−1)1−n

1−n

]
= (−1)n

[
−(−1)
n+1

+
(−1)
n−1

]
= (−1)n

[
n−1−n−1

n2−1

]
=
−2(−1)n

n2−1
(n 6= 1).

Note that the above is true only when n 6= 1 and so we have for all n≥ 2,

an = (−1)n
[

n−1−n−1
n2−1

]
=
−2(−1)n

n2−1
.
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Now, for n = 1

a1 =
1
π

∫
π

−π

xsinxcosx dx =
1

2π

∫
π

−π

x(2sinxcosx) dx

=
1
π

∫
π

0
xsin2x dx

=
1
π

[
x
−cos2x

2
+
∫ cos2x

2
dx
]π

0
=

1
π

[
π ·
(
−1

2

)]
=−1

2
.

Therefore the Fourier series of f is

1− 1
2

cosx−2
∞

∑
n=2

(−1)n

n2−1
cosnx.

We notice that the function f is continuous on R and satisfies Dirichlet conditions on [−π,π]
(on any interval of length 2π). Therefore by Dirichlet theorem we have

f (x) = 1− 1
2

cosx−2
∞

∑
n=2

(−1)n

n2−1
cosnx (x ∈ R).

Taking x = π , we get

0 = f (π) = 1+
1
2
−2

∞

∑
n=2

(−1)n

n2−1
(−1)n⇒

∞

∑
n=2

1
n2−1

=
3
4
. (1.15)

Taking x = 0, we get

0 = f (0) = 1− 1
2
−2

∞

∑
n=2

(−1)n

n2−1
⇒

∞

∑
n=2

(−1)n

n2−1
=

1
4
. (1.16)

Example 1.2.16. In the above example, evaluate the sum
∞

∑
n=1

1
(2n+1)2−1

and
∞

∑
n=1

1
(2n)2−1

.

Solution. Rewriting equations (1.151.15) and (1.161.16) from the above example, we have
∞

∑
n=2

1
n2−1

=
3
4

i.e.,
1

22−1
+

1
32−1

+
1

42−1
+ · · ·= 3

4

and
∞

∑
n=2

(−1)n

n2−1
=

1
4

i.e.,
1

22−1
− 1

32−1
+

1
42−1

−·· ·= 1
4
.

Therefore subtracting equation (1.161.16) from (1.151.15), we get

2
∞

∑
n=1

1
(2n+1)2−1

=
3
4
− 1

4
⇒

∞

∑
n=1

1
(2n+1)2−1

=
1
4
.

Also, adding equations (1.151.15) and (1.161.16), we get

2
∞

∑
n=1

1
(2n)2−1

=
3
4
+

1
4
⇒

∞

∑
n=1

1
(2n)2−1

=
1
2
.
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Example 1.2.17. Compute the Fourier series of a periodic function

f (x) =
{

0, −π ≤ x≤ 0
sinx, 0≤ x≤ π.

Hence find the sum of the series
1

1 ·3
− 1

3 ·5
+

1
5 ·7
− 1

7 ·9
+ · · · .

Solution. Here, we note that the given function f is neither odd nor even. Now,

a0 =
1
π

∫
π

−π

f (x) dx =
1
π

∫
π

0
sinx dx =

1
π
[−cosx]π0 =− 1

π
[−1−1] =

2
π
.

Now,

an =
1
π

∫
π

0
sinxcosnx dx

=
1

2π

∫
π

0
[sin(n+1)x+ sin(1−n)x] dx

=
1

2π

[
−cos(n+1)x

n+1
+

cos(n−1)x
n−1

]π

0

=
1

2π

[
−(−1)n+1

n+1
+

(−1)n−1

n−1
+

1
n+1

− 1
n−1

]
=

1
2π

[
(−1)n

n+1
− (−1)n

n−1
+

1
n+1

− 1
n−1

]
=

1
2π

[
(−1)n +1

n+1
− (−1)n +1

n−1

]
=

(−1)n +1
2π

[
n−1−n−1

n2−1

]
=

(−1)n +1
2π

· (−2)
n2−1

=

{
0, if n is odd
−2

π(n2−1) , if n is even (n≥ 2)
.

For n = 1,

a1 =
1
π

∫
π

0
sinxcosx dx =

1
2π

∫
π

0
sin2x dx =− 1

2π

[
cos2x

2

]π

0
=− 1

4π
[1−1] = 0.

Also, for n≥ 2

bn =
1
π

∫
π

0
sinxsinnx dx

= − 1
2π

∫
π

0
[cos(n+1)x− cos(1−n)x] dx

= − 1
2π

[
sin(n+1)x

n+1
− sin(1−n)x

1−n

]π

0
= 0.

For n = 1,

b1 =
1
π

∫
π

0
sin2 x dx =

1
π

∫
π

0

[
1− cos2x

2

]
dx =

1
2π

[
x− sin2x

2

]π

0
=

1
2
.
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Therefore, the Fourier series of f is

1
π
− 2

π(22−1)
cos2x− 2

π(42−1)
cos4x− 2

π(62−1)
cos6x−·· ·+ 1

2
sinx

=
1
π
− 2

π

∞

∑
n=1

1
(2n)2−1

cos(2n)x+
1
2

sinx.

Notice that the function f is continuous and satisfies Dirichlet conditions on any interval of
length 2π . Therefore by Dirichlet theorem, we have

f (x) =
1
π
− 2

π

∞

∑
n=1

1
(2n)2−1

cos(2n)x+
1
2

sinx.

Taking x = 0, we get

1
π
− 2

π

∞

∑
n=1

1
(2n)2−1

= f (0) = 0

⇒
∞

∑
n=1

1
(2n)2−1

=
1
π
· π

2
=

1
2

i.e.,
1

22−1
+

1
42−1

+
1

62−1
+ · · ·= 1

2

i.e.,
1
3
+

1
15

+
1
35

+ · · ·= 1
2

i.e.,
1

1 ·3
+

1
3 ·5

+
1

5 ·7
+ · · ·= 1

2
.

Ex
1. Find the Fourier series of the following periodic functions.

(a) f (x) =

{
1, −π < x≤ 0
0, 0 < x≤ π.

(b) f (x) =


−π/4, −π < x < 0
0, x = 0
π/4, 0 < x≤ π.

(c) f (x) =

{
0, −π < x≤ π/2
1, π/2 < x≤ π.

(d) f (x) =

{
−1, −π < x≤ π/2
1, π/2 < x≤ π.

(e) f (x) =


0, −π < x≤ 0
−1, 0≤ x≤ π/2
1, π/2 < x≤ π.

(f) f (x) =

{
0, −π < x≤ 0
x, 0 < x≤ π.

(g) f (x) = 1+ x,−π < x≤ π .

(h) f (x) =

{
x+π, −π < x≤ 0
0, 0 < x≤ π.

(i) f (x) =

{
x+π, −π < x≤ 0
−x, 0 < x≤ π.

(j) f (x) = x− x2, −π < x≤ π .
(k) f (x) = x2, −π < x≤ π .
(l) f (x) = |sinx|, −π < x≤ π .

2. Find the Fourier series of the periodic function f (x) =

{
0, −π < x≤ 0
x, 0 < x≤ π

. Hence

find the sum of the series ∑
∞
n=1

1
(2n−1)2 .
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3. Find the Fourier series of the periodic function f (x) =

{
0, −π < x≤ 0
sinx, 0 < x≤ π

.

Hence find the sum of the series 1
1·3 −

1
3·5 +

1
5·7 −

1
7·9 + · · · .

4. Find the Fourier series of f (x) = ex, −π < x ≤ π and hence derive a series for
π

sinhπ
.

5. Obtain the Fourier series of f (x) = e−x,−π < x≤ π .

6. Find the Fourier series of f (x) =

{
0, −π < x≤ 0
1
4 πx, 0 < x≤ π.

Hence find the sum of the

series ∑
∞
n=1

1
(2n−1)2 .

(a) Find the period of the function f (x) = cos(x/3)+ cos(x/4).
(b) Show that, if the function f (x) = cos(ω1x) + cos(ω2x) is periodic with a

period T , then the ratio ω1/ω2 must be a rational number.
7. Show that if f (x+P) = f (x), then∫ a+P/2

a−P/2
f (x)dx =

∫ P/2

−P/2
f (x)dx,

∫ P+a

P
f (x)dx =

∫ a

0
f (x)dx.

1.2.3 Half range Fourier series

Let f ∈ L1(0,π). Extend f as an even function on (−π,π) (giving the value 0 at x = 0).
Denote the extension by f itself. Then the extension is an even function. So, bn = 0 for all
n≥ 1 and

an =
1
π

∫
π

−π

f (x)cosnx dx =
2
π

∫
π

0
f (x)cosnx dx.

Definition 1.2.18. Let f ∈ L1(0,π). Then the series

a0

2
+

∞

∑
n=1

an cosnx

is called the half range Fourier cosine series of f , where

an =
2
π

∫
π

0
f (x)cosnx dx (n ∈ N∪{0}).

Definition 1.2.19. Let f ∈ L1(0,π). Then the series

∞

∑
n=1

bn sinnx

is called the half range Fourier sine series of f , where

bn =
2
π

∫
π

0
f (x)sinnx dx (n ∈ N).

When f : (0,π)→C satisfies the Dirichlet condition on (0,π), it also satisfies the Dirichlet
condition on (−π,π). Hence the half range Fourier cosine series of f converges to f (x+)+ f (x−)

2
for every x ∈ R (we have extended the map as a 2π periodic map).
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Example 1.2.20. Compute the half range Fourier cosine series of f (x) = x, 0 < x < π .

Solution. Here,

a0 =
2
π

∫
π

0
x dx =

2
π

[
x2

2

]π

0
= π.

For n≥ 1,

an =
1
π

∫
π

0
xcosnx dx

=
2
π

[
x

sinnx
n
−
∫ sinnx

n
dx
]π

0

=
2
π

[
x

sinnx
n

+
cosnx

n2

]π

0

=
2

πn2 [(−1)n−1] =

{
− 4

πn2 , if n is odd

0, if n is even.

Therefore the Fourier cosine series of f is
π

2
− 4

π

∞

∑
n=1

cos(2n−1)x
(2n−1)2 .

Example 1.2.21. Compute the half range sine series of f (x) = x, 0 < x < π .

Solution. For n≥ 1

bn =
2
π

∫
π

0
f (x)sinnx dx =

2
π

∫
π

0
xsinnx dx

=
2
π

[
−x

cosnx
n
−
∫ −cosnx

n
dx
]π

0

=
2
π

[
−x

cosnx
n

+
sinnx

n2

]π

0

=
2

πn
[−π cosnπ] =

2(−1)n+1

n
.

Therefore the half range Fourier sine series of f is 2
∞

∑
n=1

(−1)n+1

n
sinnx.

Example 1.2.22. Find the half range Fourier cosine series of the function

f (x) =
{

1, 0 < x < π

2
0, π

2 ≤ x < π.

Solution. Here

a0 =
2
π

∫ π

2

0
1 dx = 1.

For n≥ 1,

an =
2
π

∫ π

2

0
cosnx dx =

2
π

[
sinnx

n

] π

2

0
.
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If n = 1,5,9,13, . . ., i.e. n = 4k+1 then sin nπ

2 = 1.
If n = 3,7,11,15, . . ., i.e. n = 4k+3 then sin nπ

2 =−1.
Thus for n≥ 1,

an =


0, if n is even

2
nπ
, if n is odd and of the form 4k+1

− 2
nπ
, if n is odd and of the form 4k+3

Therefore the half range Fourier cosine series of f is

1
2
+

2
π

cosx− 2
3π

cos3x+
2

5π
cos5x− 2

7π
cos7x+ · · ·

=
1
2
+

2
π

∞

∑
n=0

(−1)n cos(2n+1)x
2n+1

.

or
1
2
+

2
π

∞

∑
n=1

(−1)n+1 cos(2n−1)x
2n−1

.

Example 1.2.23. Using the half range Fourier cosine series of f (x) = x, 0 < x < π compute

the sum of the series
∞

∑
n=0

1
(2n+1)2 .

Solution. By Example 1.2.201.2.20 the half range Fourier cosine series of f is
π

2
− 4

π

∞

∑
n=1

cos(2n−1)x
(2n−1)2

or we can write
π

2
− 4

π

∞

∑
n=0

cos(2n+1)x
(2n+1)2 .

Here f satisfies Dirichlet conditions on the interval (0,π). Therefore it will satisfy Dirichlet
condition on the interval (−π,π) when it is extended as an even function giving the 0 at x = 0.
Notice that the function f is note defined at the end points −π or π . So to extend it as a
2π-periodic function on R, we assign the value π at x = π . Then f is continuous function on
R as

f ((2n+1)π−) = π = f (π) = f ((2n+1)π+).

Then by Dirichlet theorem, the Fourier series of f at x ∈ R converges to f (x), i.e.

π

2
− 4

π

∞

∑
n=0

cos(2n+1)x
(2n+1)2 = f (x).

By taking x = 0, we get
∞

∑
n=0

1
(2n+1)2 =

π2

8
.

Ex Find the half range Fourier sine and half range Fourier cosine series of the following
functions.

1. f (x) =

{
x, 0 < x < π/2
π− x, π/2≤ x < π.

2. f (x) =

{
0, 0 < x < π/2
π/2, π/2≤ x < π

Hence find the sum of the series ∑
∞
n=1

(−1)n+1

2n−1 .
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3. f (x) = ex, 0 < x < π

4. f (x) = x2 + x, 0 < x < π

5. f (x) = x(π− x), 0 < x < π

1.2.4 Complex form of the Fourier series

In this subsection, we wish to express f as f (x) = ∑
n∈Z

cneinx.

Example 1.2.24. Evaluate the integral 1
2π

∫
π

−π

einx dx., n ∈ Z.

Solution. For n = 0, the integral becomes
1

2π

∫
π

−π

1 dx = 1. For n 6= 0, we have

1
2π

∫
π

−π

einx dx =
1

2π

[
einx

in

]π

−π

=
1

2inπ

[
einπ − e−inπ

]
=

1
2inπ

[(−1)n− (−1)n] = 0.

Thus,
1

2π

∫
π

−π

einx dx =
{

1, n = 0
0, n 6= 0.

Also, for m,n ∈ Z, we have

1
2π

∫
π

−π

einxe−imx dx =

{
0, m 6= n
1, m = n.

This orthogonality relation inspires the following definition of the complex form of the
Fourier series.

Definition 1.2.25 (Complex Fourier series). Let f ∈ L1[−π,π]. Then the series

∞

∑
n=−∞

cneinx,

where
cn =

1
2π

∫
π

−π

f (x)e−inx dx (n ∈ Z),

is called the (complex) Fourier series of f .

Example 1.2.26. Compute the complex Fourier series of a periodic function f (x)=
{

x, −π < x≤ 0
π− x, 0 < x≤ π.

Solution. We have cn =
1

2π

∫
π

−π

f (x)e−inx dx. Then,

c0 =
1

2π

∫
π

−π

f (x) dx =
1

2π

{∫ 0

−π

x dx+
∫

π

0
(π− x) dx

}
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=
1

2π

{[
x2

2

]0

−π

+

[
πx− x2

2

]π

0

}

=
1

2π

{
−π2

2
+π

2− π2

2

}
= 0.

For n 6= 0, n ∈ Z,

cn =
1

2π

∫
π

−π

f (x)e−inx dx

=
1

2π

{∫ 0

−π

xe−inx dx+
∫

π

0
(π− x)e−inx dx

}
=

1
2π

{[
x

e−inx

−in
−
∫ e−inx

−in

]0

−π

+

[
(π− x)

e−inx

−in
−
∫
(−1)

e−inx

−in

]π

0

}

=
1

2π

{[
x

e−inx

−in
+

e−inx

n2

]0

−π

+

[
(π− x)

e−inx

−in
− e−inx

n2

]π

0

}

=
1

2π

{[
0+

1
n2 − (−π)

(−1)n

−in
− (−1)n

n2

]
+

[
0− (−1)n

n2 − π

−in
+

1
n2

]}
=

1
2π

{
2
n2 −

π(−1)n

in
+

π

in
− 2(−1)n

n2

}
=

{
0, if n is even

1
π

(
π

in +
2
n2

)
, if n is odd.

Hence, the complex Fourier series of f is

1
π

∞

∑
n=−∞

(
π

i(2n−1)
+

2
(2n−1)2

)
ei(2n−1)x.

Example 1.2.27. Compute the complex Fourier series of a 2π-periodic function cos2x+
sin2x.

Solution. Here,

c0 =
1

2π

∫
π

−π

f (x) dx

=
1

2π

∫
π

−π

(cos2x+ sin2x) dx

=
1

2π

[
sin2x

2
− cos2x

2

]π

−π

=
1

4π
[−1+1] = 0.

Hence,

cos2x+ sin2x =
e2ix + e−2ix

2
+

e2ix− e−2ix

2i
=

(
1
2
− 1

2i

)
︸ ︷︷ ︸

c−2

e−2ix +

(
1
2
+

1
2i

)
︸ ︷︷ ︸

c2

e2ix
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which is the complex Fourier series of f , i.e. the complex Fourier series of f can be written as

c−2e−i2x + c2ei2x,

where c−2 =

(
1
2
− 1

2i

)
and c2 =

(
1
2
+

1
2i

)
.

Next, we shall derive the relation between the complex Fourier coefficients and the Fourier
coefficients by comparing the Fourier series and the complex Fourier series.

Lemma 1.2.28. The relation between the Fourier coefficients and the complex Fourier
coefficients is given by

a0 = 2c0, an = cn + c−n, bn = i(cn− c−n).

Proof. We have
∞

∑
n=−∞

cneinx =
∞

∑
n=−∞

cn(cosnx+ isinnx)

=
∞

∑
n=−∞

cosnx+ i
∞

∑
n=−∞

sinnx

=
−1

∑
n=−∞

cosnx+
∞

∑
n=0

cosnx+ i
−1

∑
n=−∞

sinnx+ i
∞

∑
n=1

sinnx (∵ sin0 = 0)

= c0 +
∞

∑
n=1

(cn + c−n)cosnx+ i
∞

∑
n=1

(cn− c−n)sinnx. (∵ sin(−nx) =−sinnx)

Comparing the (complex) Fourier series with the Fourier series of the form

a0

2
+

∞

∑
n=1

an cosnx+
∞

∑
n=1

bn sinnx,

we get
a0 = 2c0, an = cn + c−n, bn = i(cn− c−n).

Definition 1.2.29. We say that a 2π-periodic function f : R→ C satisfies Dirichlet condi-
tions if both real part of f and imaginary part of f do so.

Theorem 1.2.30. Let f : (−π,π]→ C. Extend f as a 2π periodic function on R. If
f satisfies the Dirichlet conditions, then the (complex) Fourier series of f converges to
f (x+)+ f (x−)

2 for every x ∈ R.

Thus, the Dirichlet theorem also holds in case of complex Fourier series.

Ex Find the (complex) Fourier series of
1. f (x) = e−πx, −π < x≤ π;
2. f (x) = cosax, −π < x≤ π;
3. f (x) = sin4 x+ cos3 x− sin2x, −π < x≤ π .
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30 §1.2. Fourier Series

1.2.5 Parseval’s Identity

Theorem 1.2.31. Let H be a Hilbert space and let {eα} ⊆ H. Then the following are
equivalent:

1. {eα} is an orthonormal basis
2. x = ∑

α

〈x,eα〉eα (x ∈ H)

3. ‖x‖2 = ∑
α

|〈x,eα〉|2 (x ∈ H)

4. 〈x,eα〉= 0 for all α , then x = 0

Let L2[−π,π] =

{
f : [−π,π]→ C :

∫
π

−π

| f |2 < ∞

}
. Then L2[−π,π] is a Hilbert space

with inner product defined as

〈 f ,g〉=
∫

π

−π

f (x)g(x) dx ( f ,g ∈ L2[−π,π]).

The set
{

1√
2π
, cosnx√

π
, sinnx√

π
: n ∈ N

}
is an orthonormal basis of L2[−π,π].

Theorem 1.2.32 (Parseval’s identity). Let f ∈ L2[−π,π]. Then

1
π

∫
π

−π

| f (x)|2 dx =
|a0|2

2
+

∞

∑
n=1

(|an|2 + |bn|2),

where an =
1
π

∫
π

−π

f (x)cosnx dx and bn =
1
π

∫
π

−π

f (x)sinnx dx.

Proof. We know that the set
{

1√
2π
, cosnx√

π
, sinnx√

π
: n ∈ N

}
is an orthonormal basis of the Hilbert

space L2[−π,π]. Therefore

‖ f‖2 =

∣∣∣∣〈 f ,
1√
2π

〉∣∣∣∣2 + ∞

∑
n=1

∣∣∣∣〈 f ,
cosnx√

π

〉∣∣∣∣2 + ∞

∑
n=1

∣∣∣∣〈 f ,
sinnx√

π

〉∣∣∣∣2
=

∣∣∣∣ 1√
2π

∫
π

−π

f (x) dx
∣∣∣∣2 + ∞

∑
n=1

∣∣∣∣ 1√
π

∫
π

−π

f (x)cosnx dx
∣∣∣∣2 + ∞

∑
n=1

∣∣∣∣ 1√
π

∫
π

−π

f (x)sinnx dx
∣∣∣∣2

=
|a0|2π

2
+

∞

∑
n=1

π|an|2 +
∞

∑
n=1

π|bn|2,

where an =
1
π

∫
π

−π

f (x)cosnx dx and bn =
1
π

∫
π

−π

f (x)sinnx dx. Therefore

1
π

∫
π

−π

| f (x)|2 dx =
|a0|2

2
+

∞

∑
n=1

(|an|2 + |bn|2).
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Theorem 1.2.33 (Parseval’s identity in complex form). Let f ∈ L2[−π,π]. Then

1
2π

∫
π

−π

| f (x)|2 dx =
∞

∑
n=−∞

|cn|2,

where cn =
1

2π

∫
π

−π

f (x)e−inx dx.

Proof. We know that the set
{

einx
√

2π
: n ∈ Z

}
is an orthonormal basis of the Hilbert space

L2[−π,π]. If f ∈ L2[−π,π], then

‖ f‖2 =
∞

∑
n=−∞

∣∣∣∣〈 f ,
einx
√

2π

〉∣∣∣∣2
=

∞

∑
n=−∞

∣∣∣∣ 1
2π

∫
π

−π

f (x)e−inx dx
∣∣∣∣2

= 2π

∞

∑
n=−∞

|cn|2,

where cn =
1

2π

∫
π

−π

f (x)e−inx dx. Therefore,

1
2π

∫
π

−π

| f (x)|2 dx =
∞

∑
n=−∞

|cn|2.

Example 1.2.34. Compute the Fourier series of a 2π-periodic function f (x) = x2. Hence,

evaluate the sum of the series
∞

∑
n=1

1
n4 .

Solution. Since, the function f is even, bn = 0 for all n≥ 1. Now,

a0 =
1
π

∫
π

−π

f (x) dx =
1
π

∫
π

−π

x2 dx =
2π2

3
.

For n≥ 1,

an =
1
π

∫
π

−π

f (x)cosnx dx =
1
π

∫
π

−π

x2 cosnx dx

=
2
π

∫
π

0
x2 cosnx dx

=
2
π

[
x2 sinnx

n
−2

∫
x

sinnx
n

dx
]π

0

=
2

nπ

[
x2 sinnx−2x

−cosnx
n

+2
∫ −cosnx

n
dx
]π

0

=
4

nπ

[
π
(−1)n

n

]
=

4(−1)n

n2 .
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Therefore the Fourier series of f is
π2

3
+4

∞

∑
n=1

(−1)n

n2 cosnx. By Parseval’s identity, we have

Now, ∫
π

−π

| f (x)|2dx =
∫

π

−π

x4dx =
2π5

5
.

Therefore, from Parseval’s formula, it follows that

1
π

2π5

5
=

1
π

∫
π

−π

| f (x)|2dx

=
|a0|2

2
+

∞

∑
n=1

(|an|2 + |bn|2)

=
2π4

9
+

∞

∑
n=1

16
n4 .

Hence,
∞

∑
n=1

1
n4 =

π4

90
.

Example 1.2.35. Compute the Fourier series of a 2π-periodic function f (x) = |x|,−π ≤ x≤ π .

Use the Parseval’s formula to find the sum of the series
∞

∑
n=1

1
(2n−1)4 .

Solution. Since, the function f is even, bn = 0 for all n≥ 1. Now,

a0 =
1
π

∫
π

−π

|x| dx =
2
π

∫
π

0
x dx =

2
π

[
x2

2

]π

0
= π.

For n≥ 1,

an =
1
π

∫
π

−π

|x|cosnx dx =
2
π

∫
π

0
xcosnx dx

=
2
π

[
x

sinnx
n
−
∫ sinnx

n

]π

0

=
2
π

[cosnx
n

]π

0

=
2

n2π
[(−1)n−1] =

{
0, if n is even
− 4

πn2 , if n is odd.

Therefore, the Fourier series of f is
π

2
− 4

π

∞

∑
n=1

cos(2n−1)x
(2n−1)2 .

By Parseval’s identity, we have

1
π

∫
π

−π

| f (x)|2 dx =
|a0|2

2
+

∞

∑
n=1

(|an|2 + |bn|2)

⇒ 1
π

∫
π

−π

|x|2 dx =
π2

2
+

16
π2

∞

∑
n=1

1
(2n−1)4

⇒ 2
π

[
x3

3

]π

0
=

π2

2
+

16
π2

∞

∑
n=1

1
(2n−1)4
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⇒ 2
π
· π

3

3
− π2

2
=

16
π2

∞

∑
n=1

1
(2n−1)4

Therefore
∞

∑
n=1

1
(2n−1)4 =

π2

16

(
4π2−3π2

6

)
=

π4

96
.

Example 1.2.36. Compute the Fourier series of a 2π-periodic function

f (x) =
{

0, −π < x≤ 0
1, 0 < x≤ π

Evaluate the sum of the series
∞

∑
n=1

1
(2n−1)2 using Parseval’s identity.

Solution. Here
a0 =

1
π

∫
π

−π

f (x) dx =
1
π

∫
π

0
1 dx = 1.

For n≥ 1,

an =
1
π

∫
π

−π

f (x)cosnx dx

=
1
π

∫
π

0
1 · cosnx dx

=
1
π

[
sinnx

n

]π

0
= 0.

Also, for n≥ 1

bn =
1
π

∫
π

−π

f (x)sinnx dx

=
1
π

∫
π

0
1 · sinnx dx

=
1
π

[cosnx
n

]π

0

= − 1
nπ

[(−1)n−1] =
{

0, n is even
2

nπ
, n is odd.

Therefore Fourier series of f is
1
2
+

2
π

∞

∑
n=1

1
(2n−1)

sin(2n−1)x.

By using Parseval’s identity, we have

1
π

∫
π

−π

| f (x)|2 dx =
|a0|2

2
+

∞

∑
n=1

(|an|2 + |bn|2)

⇒ 1
π

∫
π

−π

12 dx =
1
2
+

4
π2

∞

∑
n=1

1
(2n−1)2

⇒ 1− 1
2

=
4

π2

∞

∑
n=1

1
(2n−1)2 .

Therefore
∞

∑
n=1

1
(2n−1)2 =

π2

8
.

Dr. P. A. Dabhi
Dr. Jay Mehta

lightatinfinite@gmail.comlightatinfinite@gmail.com
jay mehta@spuvvn.edujay mehta@spuvvn.edu

mailto:lightatinfinite@gmail.com
mailto:jay_mehta@spuvvn.edu


34 §1.2. Fourier Series

Example 1.2.37. Compute the Fourier series of a 2π-periodic function f (x) = x(π − x),

−π < x≤ π . Hence evaluate
∞

∑
n=1

1
n2 and

∞

∑
n=1

1
n4 .

Solution. Here,

a0 =
1
π

∫
π

−π

f (x) dx =
1
π

∫
π

−π

x(π− x) dx

=
1
π

[
πx2

2
− x3

3

]π

−π

=
1
π

[
π3

2
− π3

3
− π3

2
− π3

3

]
=−2π3

3
· 1

π
=−2π2

3
.

For n≥ 1,

an =
1
π

∫
π

−π

f (x)cosnx dx

=
1
π

∫
π

−π

x(π− x)cosnx dx

=
1
π

{∫
π

−π

πxcosnx dx−
∫

π

−π

x2 cosnx dx
}

= 0− 2
π

∫
π

0
x2 cosnx dx

= − 2
π

[
x2 sinnx

n
−
∫
(2x)

sinnx
n

dx
]π

0

=
4

nπ

[
x
−cosnx

n
+
∫ cosnx

n
dx
]π

0

= − 4
n2π

[π{(−1)n−0}] = 4
n2 (−1)n+1.

Now,

bn =
1
π

∫
π

−π

f (x)sinnx dx

=
1
π

[∫
π

−π

πxsinnx dx−
∫

π

−π

x2 sinnx dx
]

= 2
∫

π

0
xsinnx dx

= 2
[

x
−cosnx

n
+
∫ cosnx

n
dx
]π

0

= − 2
n
[π(−1)n] =

2π

n
(−1)n+1.

Therefore the Fourier series of f is

−π2

3
+4

∞

∑
n=1

(−1)n+1

n2 cosnx+2π

∞

∑
n=1

(−1)n+1

n
sinnx.
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We note that f is continuous on R except the points of the form (2n+1)π . The average of the

left limit and the right limit of f at these points is
f (π+)+ f (π−)

2
=

0−2π2

2
=−π

2.

Also, the function f satisfies Dirichlet conditions on any interval of length 2π . Therefore
by Dirichlet theorem, we have

−π2

3
+4

∞

∑
n=1

(−1)n+1

n2 cosnx+2π

∞

∑
n=1

(−1)n+1

n
sinnx =

{
f (x), x 6= (2n+1)π
−π2, otherwise.

Taking x = π in the above equation, we get

−π2

3
−4

∞

∑
n=1

1
n2 =−π

2⇒
∞

∑
n=1

1
n2 =

π2

6
.

Now by Parseval’s identity, we get

1
π

∫
π

−π

| f (x)|2 dx =
|a0|2

2
+

∞

∑
n=1

(|an|2 + |bn|2)

⇒ 1
π

∫
π

−π

x2(π− x)2 dx =
2π2

9
+16

∞

∑
n=1

1
n4 +4π

2
∞

∑
n=1

1
n2

⇒ 2
π

∫
π

0
(x2

π
2 + x4) dx =

2π2

9
+16

∞

∑
n=1

1
n4 +4π

2 · π
2

6

⇒ 2
π

[
π5

3
+

π5

5

]
− 8π4

9
= 16

∞

∑
n=1

1
n4

⇒
∞

∑
n=1

1
n4 =

(
16π4

15
− 8π4

9

)
1

16
=

π4

90
.

Example 1.2.38. Compute the half-range Fourier cosine series of f (x) = x− x2, 0 < x < π .

Solution. Here,

a0 =
2
π

∫
π

0
f (x) dx =

2
π

∫
π

0
(x− x2) dx =

2
π

[
x2

2
− x3

3

]π

0
=

2
π

[
π2

2
− π3

3

]
= π− 2π2

3
.

For n≥ 1,

an =
2
π

∫
π

0
f (x)cosnx dx =

2
π

∫
π

0
(x− x2)cosnx dx

=
2
π

[∫
π

0
xcosnx dx−

∫
π

0
x2 cosnx dx

]
=

2
π

{[
x

sinnx
n
−
∫ sinnx

n
dx
]π

0
−
[

x2 sinnx
n
−
∫
(2x)

sinnx
n

dx
]π

0

}
=

2
nπ

[cosnx
n

]π

0
+

4
nπ

[
x
−cosnx

n
+
∫ cosnx

n
dx
]π

0

=
2

nπ

[
(−1)n−1

n

]
− 4

nπ

[
π · (−1)n

n

]
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=
2

n2π
[(−1)n−1]− 4

n2 (−1)n

=

{
− 4

n2 , if n is even
− 4

n2π
+ 4

n2 , if n is odd.

Therefore, the half-range Fourier cosine series of f is

π

2
− π2

3
−4

∞

∑
n=1

1
(2n)2 cos(2nx)−4

∞

∑
n=1

1
(2n−1)2

(
1
π
−1
)

cos(2n−1)x

⇒ π

2
− π2

3
−

∞

∑
n=1

1
n2 cos(2nx)−4

(
1
π
−1
)

∞

∑
n=1

1
(2n−1)2 cos(2n−1)x.

Example 1.2.39. Compute the half-range Fourier sine series of f (x) = πx− x2, 0 < x < π .

Use Parseval’s identity to evaluate the sum of the series
∞

∑
n=1

1
(2n−1)6 .

Solution. For n≥ 1,

bn =
2
π

∫
π

0
f (x)sinnx dx =

2
π

∫
π

0
(πx− x2)sinnx dx

=
2
π

[
πx
−cosnx

n
+
∫

π
cosnx

n
dx+ x2 cosnx

n
−2

∫
x

cosnx
n

dx
]π

0

=
2
π

[
−πxcosnx

n
+

π sinnx
n2 +

x2 cosnx
n

− 2xsinnx
n2 +2

∫ sinnx
n2 dx

]π

0

=
2
π

[
−πxcosnx

n
+

π sinnx
n2 +

x2 cosnx
n

− 2xsinnx
n2 − 2cosnx

n3

]π

0

=
2
π

[
−π2(−1)n

n
+

π2(−1)n

n
− 2(−1)n

n3 +
2
n3

]
=

4
πn3 [1− (−1)n] =

{
0, if n is even

8
n3π

, if n is odd.

Hence, the half-range Fourier sine series of f is

8
π

∞

∑
n=1

1
(2n−1)3 sin(2n−1)x.

Now, by using Parseval’s identity (for f ∈ L2(0,π))

2
π

∫
π

0
| f (x)|2 dx =

∞

∑
n=1
|bn|2

⇒ 2
π

∫
π

0
(πx− x2)2 dx =

∞

∑
n=1

64
π2 ·

1
(2n−1)6

⇒ 2
π

∫
π

0
(π2x2−2πx3 + x4) dx =

64
π2

∞

∑
n=1

1
(2n−1)6
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⇒ 2
π

[
π

2 x3

3
−2π

x4

4
+

x5

5

]π

0
· π

2

64
=

∞

∑
n=1

1
(2n−1)6

⇒ π

32

[
π5

3
− π5

2
+

π5

5

]
=

∞

∑
n=1

1
(2n−1)6

⇒ π6

32

[
10−15+6

30

]
=

∞

∑
n=1

1
(2n−1)6 .

Hence,
∞

∑
n=1

1
(2n−1)6 =

π6

960
.

Example 1.2.40. Compute the half-range Fourier cosine series of the function

f (x) =
{ 2k

π
x, 0 < x < π

2
2k
π
(π− x), π

2 < x < π.

Solution. Here,

a0 =
2
π

∫
π

0
f (x) dx

=
2
π

[∫ π

2

0

2k
x

x dx+
∫

π

π

2

2k
x
(π− x) dx

]
=

4k
π2

{[
x2

2

] π

2

0
+

[
πx− x2

2

]π

pi
2

}

=
4k
π2

[
π2

8
+π

2− π2

2
− π2

2
+

π2

8

]
=

4k
π2

2π2

8
= k.

For n≥ 1,

an =
2
π

∫
π

0
f (x)cosnx dx

=
2
π

[
2k
π

∫ π

2

0
xcosnx dx+

2k
π

∫
π

π

2

(π− x)cosnx dx
]

=
4k
π2

{[
x

sinnx
n
−
∫ sinnx

n
dx
] π

2

0
+

[
(π− x)

sinnx
n

+
∫ sinnx

n
dx
]π

π

2

}

=
4k
π2

{[
x

sinnx
n

+
cosnx

n2

] π

2

0
+

[
(π− x)

sinnx
n
− cosnx

n2

]π

π

2

}

=
4k
π2

[
π

2
sinnπ/2

n
+

cosnπ/2
n2 − 1

n2 −
(−1)n

n2 − π

2
sinnπ/2

n
+

cosnπ/2
n2

]
=

4k
n2π2

[
2cos

nπ

2
− (1+(−1)n)

]
=


0, if n is odd

− 16k
n2π2 , n = 2,6,10, . . . , i.e. n = 4m−2

0, n = 4,8,12, . . . , i.e. n = 4m

Therefore half-range Fourier cosine series of f is

k
2
− 16k

π2

[
1
22 cos2x+

1
62 cos6x+

1
102 cos10x+ · · ·

]
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=
k
2
− 16k

π2

∞

∑
n=1

cos(4n−2)x
(4n−2)2

or
k
2
− 4k

π2

∞

∑
n=1

cos(4n−2)x
(2n−1)2

Ex
1. Let f (x) = 1+ x, −π < x≤ π Use the Parseval’s formula to evaluate the sum of

the series ∑
∞
n=1

1
n2 .

2. Let f (x) =

{
0, −π < x≤ 0
sinx, 0 < x≤ π.

Use the Parseval’s formula to evaluate the sum

of the series 1
32 +

1
152 +

1
352 + · · · .

3. Let f (x) = 1, 0 < x < π . Use the half range Fourier sine series to evaluate the sum
of the series ∑

∞
n=1

1
(2n−1)2 .

4. Let f (x) = x(π− x), 0 < x < π . Use the half range Fourier sine or cosine series to
evaluate the sum of the series ∑

∞
n=1

1
n4 .

1.3 Periodic Functions on Other Intervals

Let f : (−L,L]→C be a map. Extend f as a 2L-periodic function on R. We note the following
orthogonality relations.∫ L

−L
sin
(nπx

L

)
sin
(mπx

L

)
dx =

{
0, m 6= n
L, m = n

(m,n ∈ N), (1.17)

∫ L

−L
cos
(nπx

L

)
cos
(mπx

L

)
dx =

{
0, m 6= n
L, m = n

(m,n ∈ N∪{0}), (1.18)

and ∫ L

−L
sin
(nπx

L

)
cos
(mπx

L

)
dx =

{
0, m 6= n
L, m = n

(m,n ∈ N∪{0}). (1.19)

This orthogonality relations lead to the following natural definition of Fourier series of 2L
periodic functions.

Definition 1.3.1. Let L > 0 and f : R→R be a 2L periodic function with
∫ L

−L
| f (x)| dx < ∞.

The series

a0

2
+

∞

∑
n=1

an cos
(nπx

L

)
+

∞

∑
n=1

bn sin
(nπx

L

)
, (1.20)
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where

an =
1
L

∫ L

−L
f (x)cos

(nπx
L

)
dx (n ∈ N∪{0}) (1.21)

and

bn =
1
L

∫ L

−L
f (x)sin

(nπx
L

)
dx (n ∈ N), (1.22)

is called the Fourier series of f , and the scalars an’s and bn’s are called the Fourier
coefficients of f .

Theorem 1.3.2. Let L > 0 and f : R→ C be a 2L periodic function. If f satisfies the
Dirichlet conditions on [−L,L], then the Fourier series of at x ∈ R converges to f (x+)+ f (x−)

2 .

Definition 1.3.3. Let f ∈ L1(0,L). Then the series

a0

2
+

∞

∑
n=1

an cos
(nπx

L

)
, (1.23)

where

an =
2
L

∫ L

0
f (x)cos

(nπx
L

)
dx (n ∈ N∪{0}), (1.24)

is called the half range Fourier cosine series of f .

Definition 1.3.4. Let f ∈ L1(0,L). Then the series

∞

∑
n=1

bn sin
(nπx

L

)
, (1.25)

where

bn =
2
L

∫ L

0
f (x)sin

(nπx
L

)
dx (n ∈ N), (1.26)

is called the half range Fourier sine series of f .

Example 1.3.5. Compute the Fourier series of a periodic function f (x) = x2, −L < x ≤ L.

Use the series to compute the sum of the series
∞

∑
n=1

1
n2 and

∞

∑
n=1

(−1)n

n2 .

Solution. Since, the function f is even, bn = 0 for all n≥ 1. Now,

a0 =
1
L

∫ L

−L
f (x) dx =

1
L

∫ L

−L
x2 dx =

2
L

[
x3

3

]L

0
=

2L2

3
.
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For n≥ 1,

an =
1
L

∫ L

−L
f (x)cos

(nπx
L

)
dx =

1
L

∫ L

−L
x2 cos

(nπx
L

)
dx

=
2
L

∫ L

0
x2 cos

(nπx
L

)
dx

=
2
L

[
x2 sin

(nπx
L

)
nπ

L
−2

∫
x

sin
(nπx

L

)
nπ

L
dx

]L

0

=
2

nπ

[
x2 sin

(nπx
L

)
−2x
−cos

(nπx
L

)
nπ

L
+2

∫ −cos
(nπx

L

)
nπ

L
dx

]L

0

=
4L
nπ

[
L
(−1)n

nπ

]
=

4L2(−1)n

n2π2 .

Therefore the Fourier series of f is
L2

3
+

4L2

π2

∞

∑
n=1

(−1)n

n2 cos
(nπx

L

)
. Here, the function f is

continuous on R and it satisfied Dirichlet condition on any interval of length 2L. Therefore,
by Dirichlet theorem

f (x) =
L2

3
+

4L2

π2

∞

∑
n=1

(−1)n

n2 cos
(nπx

L

)
.

Taking x = 0 in the above equation, we get

0 = f (0) =
L2

3
+

4L2

π2

∞

∑
n=1

(−1)n

n2

⇒
∞

∑
n=1

(−1)n

n2 =−L2

3
π2

4L2 =−π2

12
.

Also, taking x = L in the above equation, we get

L2 = f (L) =
L2

3
+

4L2

π2

∞

∑
n=1

1
n2

⇒
∞

∑
n=1

1
n2 =

(
L2− L2

3

)
π2

4L2 =
π2

6
.

Example 1.3.6. Compute the Fourier series of the function f (x) = x− x2, −1 < x≤ 1. Also

compute
∞

∑
n=1

1
n2 .

Solution. Here, L = 1. Therefore,

a0 =
∫ 1

−1
f (x) dx =

∫ 1

−1
(x− x2) dx =−2

∫ 1

0
x2 dx =−2

[
x3

3

]1

0
=−2

3
.

For n≥ 1,

an =
∫ 1

−1
f (x)cos(nπx) dx =

∫ 1

−1
(x− x2)cos(nπx) dx
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= −2
∫ 1

0
x2 cos(nπx) dx

= −2
[

x2 sin(nπx)
nπ

−2
∫

x
sin(nπx)

nπ
dx
]1

0

=
−2
nπ

[
x2 sin(nπx)−2x

−cos(nπx)
nπ

+2
∫ −cos(nπx)

nπ
dx
]1

0

=
−4
nπ

[
(−1)n

nπ

]
=
−4(−1)n

n2π2 .

Also for n≥ 1

bn =
∫ 1

−1
f (x)sin(nπx) dx =

∫ 1

−1
(x− x2)sin(nπx) dx

= 2
∫ 1

0
xsin(nπx) dx

= 2
[

x
−cos(nπx)

nπ
−
∫ −cos(nπx)

nπ
dx
]1

0

=
−2(−1)n

nπ
.

Therefore the Fourier series of f is

−1
3
− 4

π2

∞

∑
n=1

(−1)n

n2 cos(nπx)− 2
π

∞

∑
n=1

(−1)n

n
sin(nπx).

Note that the function f is continuous on R except on the set {(2n+ 1) : n ∈ Z}. Now,
f ((2n+1)−) = f (1−) = 0 and f ((2n+1)+) = f (1+) =−2. Also, the function f satisfies
Dirichlet condition on any interval of length 2. Therefore by Dirichlet theorem, we have

−1
3
− 4

π2

∞

∑
n=1

(−1)n

n2 cos(nπx)− 2
π

∞

∑
n=1

(−1)n

n
sin(nπx) =

{
f (x), x 6= 2n+1
−1, x = 2n+1

By taking x = 1 in the above equation, we get

− 1
3
− 4

π2

∞

∑
n=1

1
n2 =−1

⇒
∞

∑
n=1

1
n2 =

π2

4

(
1− 1

3

)
=

π2

6
.

Ex

1. Find the Fourier series of f (x) =

{
−a, −L < x≤ 0
a, 0 < x≤ L.

2. Find the Fourier series of f (x) =


−2, −4 < x≤−2
x, −2 < x≤ 2
2, 2 < x≤ 4.
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3. Find the Fourier series of f (x) =


0, −2 < x≤−1
k, −1 < x≤ 1
0, 1 < x≤ 2.

4. Find the Fourier series of f (x) = x2−2, −2 < x≤ 2.
5. Find the Fourier series of f (x) = e−x, −L < x≤ L.
6. Find the half range Fourier sine and cosine series of the following functions.

(a) f (x) = x, 0 < x < 2.
(b) f (x) = 2x−1, 0 < x < 1.

1.3.1 Parseval’s Identity

Theorem 1.3.7 (Parseval’s identity). Let f ∈ L2[−L,L]. Then

1
L

∫ L

−L
| f (x)|2 dx =

|a0|2

2
+

∞

∑
n=1

(|an|2 + |bn|2),

where an =
1
L

∫ L

−L
f (x)cos

(nπx
L

)
dx and bn =

1
L

∫ L

−L
f (x)sin

(nπx
L

)
dx.

Proof. Same as proof in Parseval’s identity in the previous case. Just replace π by L here.

Example 1.3.8. For Example 1.3.61.3.6, compute the sum of the series
∞

∑
n=1

1
n4 using Parseval’s

identity.

Solution. By Parseval’s identity, we have

1
L

∫ L

−L
| f (x)|2 dx =

|a0|2

2
+

∞

∑
n=1

(|an|2 + |bn|2)

⇒
∫ 1

−1
(x− x2)2 dx =

2
9
+

16
π4

∞

∑
n=1

1
n2 +

4
π2

∞

∑
n=1

1
n2

⇒ 2
∫ 1

0
(x2 + x4) dx =

2
9
+

16
π4

∞

∑
n=1

1
n2 +

4
π2

π2

6

⇒ 2
[

1
3
+

1
5

]
=

2+6
9

+
16
π4

∞

∑
n=1

1
n2

⇒
∞

∑
n=1

1
n2 =

π4

90
.

Ex

1. Let f (x) =

{
−1, −L < x≤ 0
1, 0 < x≤ L.

Use the Parseval’s formula to evaluate the sum of

the series ∑
∞
n=1

1
(2n−1)2 .
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2. Let f (x) = x2, −1
2 < x≤ 1

2 . Use the Parseval’s formula to evaluate the sum of the
series ∑

∞
n=1

1
n4 .

3. Let f (x) = |x|,−π

2 < x≤ π

2 . Use the Parseval’s formula to evaluate the sum of the
series ∑

∞
n=1

1
(2n−1)4 .

4. Let f ,g ∈ L2[−L,L]. Let a0
2 +∑

∞
n=1 an cos

(nπx
L

)
+∑

∞
n=1 bn sin

(nπx
L

)
be the Fourier

series of f , and let α0
2 +∑

∞
n=1 αn cos

(nπx
L

)
+∑

∞
n=1 βn sin

(nπx
L

)
be the Fourier series

of g. Then prove that

∫ L

−L
f (x)g(x) dx = L

(
a0α0

2
+

∞

∑
n=1

anαn +
∞

∑
n=1

bnβn

)
.

5. Let f (x) =

{
πx, 0 < x < 1
π(2− x), 1≤ x < 2.

Use half range Fourier cosine series to find the

sum of the series ∑
∞
n=1

1
(2n−1)4 .

1.4 Applications of Fourier series

We have already seen that the Fourier series is useful in finding the sum of some series. We
now see its application in solving partial differential equations for example, wave equation,
etc.

Example 1.4.1. A string is stretched along the x-axis, to which it is attached at x = 0 and
x = L. Find the displacement y(x, t) of the string in terms of x and t, at a time t if given that
y(x,0) = mx(L− x), 0≤ x≤ L.

Solution. The vibration of the string is governed (or given) by the wave equation

∂ 2y
∂ t2 = c2 ∂ 2y

∂x2 . (1.27)

Since both the end points of the strings are fixed, we have y(0, t) = y(L, t) = 0, t > 0.
Since the string is at rest initially, we have yt(x,0) = 0, 0≤ x≤ L.
Initial position of the string is y(x,0) =mx(L−x), 0≤ x≤ L. Hence the problem is to solve the
wave equation (partial differential equation) given in equation (1.271.27) subject to the conditions
y(0, t) = y(L, t) = 0, t > 0, yt(x,0) = 0, 0≤ x≤ L and y(x,0) = mx(L− x), 0≤ x≤ L. Let

y(x, t) = X(x)T (t).

Then equation (1.271.27) becomes

X
dT

dt2 = c2T
d2X
dx2

i.e.
1

c2T
dT

dt2 =
1
X

d2X
dx2 .

Since left hand side is a function of t only and right hand side is a function of x only, both the

functions must be constant, say k i.e.,
1

c2T
dT

dt2 =
1
X

d2X
dx2 = k.
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Case-I: Let k > 0, i.e. k = λ 2 for some λ > 0.

Hence
d2T
dt2 −c2

λ
2T = 0 and

d2X
dx2 −λ

2X = 0. Therefore T (t)= c1ecλ t +c2e−cλ t and X(x)=

d1eλx +d2e−λx. Therefore

y(x, t) = (c1ecλ t + c2e−cλ t)(d1eλx +d2e−λx).

Since y(0, t) = 0 for all t, (d1 +d2)(c1ecλ t + c2e−cλ t) = 0 for all t.
If d1+d2 6= 0, then c1ecλ t +c2e−cλ t = 0 for all t, which implies c1 = c2 = 0 (∵ ecλ t and e−cλ t

are linearly independent). But then y = 0, i.e. in this case we will end up with the zero solution.
Therefore d1 +d2 = 0 or d2 =−d1. Then

y(x, t) = (c1eλct + c2e−λct)(eλx− e−λx).

Since y(L, t)= 0 for all t, (c1ecλ t +c2e−cλ t)(eλL−e−λL)= 0, i.e. (c1ecλ t +c2e−cλ t)sinh(λL)=
0. Since sinh(λL) 6= 0, c1 = c2 = 0, and hence we end with a trivial solution.

Case-II: k = 0.

Then
d2T
dt2 = 0 and

d2X
dx2 = 0. Therefore X(x) = c1x+ c2 and T (t) = d1t +d2. Therefore

y(x, t) = (c1x+ c2)(d1t +d2).

Since y(0, t) = 0, c2(d1t +d2) = 0. If c2 6= 0, then d1 = d2 = 0 because 1 and t are linearly
independent. But then in this case we end up with the zero solution. Hence c2 = 0. Therefore
y(x, t) = x(c1t + c2). Since y(L, t) = 0, L(c1t + c2) = 0 for all t. This implies c1 = c2 = 0,
which ends with trivial solution again.

Case-III: k < 0. Then k =−λ 2, for some λ > 0.

Therefore
d2T
dt2 + c2

λ
2t = 0 and

d2X
dx2 +λ

2x = 0. Therefore X(x) = c1 cosλx+ c2 sinλx and

T (t) = d1 cos(λct)+d2 sin(λct). Therefore

y(x, t) = (c1 cosλx+ c2 sinλx)(d1 cos(λct)+d2 sin(λct)).

Since y(0, t) = 0 for all t, we have c1(d1 cos(λct)+d2 sin(λct)) = 0 for all t. If c1 6= 0, then
d1 = d2 = 0 (∵ cos(cλ t) and sin(cλ t) are linearly independent). Therefore c1 = 0. So

y(x, t) = sin(λx)(c1 cos(cλ t)+ c2 sin(cλ t)).

Since y(L, t) = 0, sin(λL)(c1 cos(λct)+ c2 sin(λct)) = 0 for all t. If sin(λL) 6= 0, then again
c1 = c2 = 0. Since we want a non-trivial solution, sin(λL) = 0. This implies that λL = nπ or
λ =

nπ

L
for n ∈ N. Therefore

yn(x, t) = sin
(nπx

L

)[
c1 cos

(nπct
L

)
+ c2 sin

(nπct
L

)]
.

Therefore
yt(x, t) =

cnπ

L
sin
(nπx

L

)[
−c1 sin

(cnπt
L

)
+ c2 cos

(cnπt
L

)]
.
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Since the string is at rest when t = 0, we have yt(x,0) = 0 for all x. This will imply c2 = 0.
Hence for each n ∈ N, we have a solution of the wave equation of the form

yn(x, t) = bn sin
(nπx

L

)
cos
(nπct

L

)
.

satisfying the conditions y(0, t) = y(L, t) = 0 for all t and yt(x,0) = 0 for all x. Hence by the
principle of super position,

y(x, t) =
∞

∑
n=1

yn(x, t)

is a solution of the wave equation satisfying the same conditions, i.e.,

y(x, t) =
∞

∑
n=1

bn cos
(nπct

L

)
sin
(nπx

L

)
, (0≤ x≤ L, t > 0). (1.28)

Now, y(x,0) = mx(L− x). Therefore

y(x,0) =
∞

∑
n=1

bn sin
(nπx

L

)
.

This is the half range Fourier sine series of the function y(x,0) = mx(L−x), 0 < x < L. Hence

bn =
2
L

∫ L

0
mx(L− x)sin

(nπx
L

)
dx

=
2
L

[∫ L

0
mLxsin

(nπx
L

)
dx−

∫ L

0
mx2 sin

(nπx
L

)
dx
]

=
2m
L

L

[
x
−cos

(nπx
L

)
nπ

L
+

sin
(nπx

L

)
nπ

L

]L

0

−

[
x2−cos

(nπx
L

)
nπ

L
+2

∫
x

cos
(nπx

L

)
nπ

L

]L

0


=

2m
L


[

Lx
−cos

(nπx
L

)
nπ

L
+L

sin
(nπx

L

)
nπ

L

]L

0

−

[
x2−cos

(nπx
L

)
nπ

L
+2x

sin
(nπx

L

)(nπ

L

)2 +2
cos
(nπx

L

)(nπ

L

)3

]L

0


=

{
0, if n is even
8mL2

n3π3 , if n is odd.

Hence

y(x, t) =
8mL2

π3

∞

∑
n=1

1
(2n−1)3 cos

(
(2n−1)πct

L

)
sin
(
(2n−1)πx

L

)
, (0≤ x≤ L, t > 0).

Example 1.4.2. A homogeneous rod of conducting material of length 100 cm has its ends
kept at 0 temperature and the initial temperature is

u(x,0) =

{
x, 0≤ x≤ 50
100− x, 50 < x≤ 100.

Find the temperature u(x, t) at a point x at any time t.
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Solution. We know that the temperature in the rod is governed by the heat equation

∂u
∂ t

= c2 ∂ 2u
∂x2 . (1.29)

Since the ends of the rod are at 0 temperature, we have

u(0, t) = u(100, t) = 0, ∀ t.

Hence the problem is to solve the heat equation in (1.291.29) subject to the conditions u(0, t) =
u(100, t) = 0 for all t. Let the solution be of the form

u(x, t) = X(x)T (t).

Then equation (1.291.29) reduces to

X
dT
dt

= c2T
dX

dx2

i.e.
1

c2T
dT
dt

= X
d2X
dx2 .

Since left hand side is a function of t only and right hand side is a function of x only, both the
functions must be constant, say k.

Case-I: Let k > 0. Then k = λ 2 for some λ > 0.

Then
dT
dt
−λ

2c2T = 0 and
d2X
dx2 = 0. Therefore T (t) = c1ec2λ t and X(x) = a1eλx + be−λx

and so
u(x, t) = ec2λ 2t(aeλx +be−λx).

Since u(0, t) = 0 for all t, ec2λ 2t(a+b) = 0 for all t, i.e., b =−a. Hence

u(x, t) = aec2λ 2t(eλx− e−λx) = a1ec2λ 2t sinh(λx).

Now, u(100, t) = 0 for all t. Therefore a1ec2λ 2t sinh(100λ ) = 0 for all t. Since sinh(100λ ) 6= 0
and ec2λ 2t > 0, a1 = 0 and we end with the trivial solution. Therefore k > 0 will not work.

Case-II: k = 0.

Then
dT
dt

= 0⇒ T (t) = c1 and
d2X
dx2 = 0⇒ X(x) = a1x+b. Therefore, we write

u(x, t) = ax+b.

Since u(0, t) = 0 for all t, b = 0. Since u(100, t) = 0 for all t, a = 0, which again ends with
the trivial solution.

Case-III: k < 0. Let k =−λ 2 for some λ > 0.

Then
dT
dt

+λ
2c2T = 0 and

d2X
dx2 +λ

2X = 0. Therefore u(x, t)= e−c2λ 2t(acos(λx)+bsin(λx)).

Since u(0, t) = 0 for all t, a = 0. Therefore u(x, t) = be−c2λ 2t sin(λx). Since we want a non-
trivial solution, b 6= 0. Since u(100, t) = 0 for all t, be−c2λ 2t sin(100λ ) = 0 for all t. Therefore
sin(100λ ) = 0 and so λ = nπ

100 for n ∈ N. Hence for each n ∈ N,

un(x, t) = bne−
c2n2π2

1002 t sin
(nπx

100

)
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is a solution of the heat equation satisfying u(0, t) = u(100, t) = 0 for all t. Therefore by the
principle of super position

u(x, t) =
∞

∑
n=1

bne−
c2n2π2

1002 t sin
(nπx

100

)
is also a solution of the same satisfying the same conditions. So,

u(x,0) =
∞

∑
n=1

bn sin
(nπx

100

)
which is half-range Fourier sine series of the function u(x,0). It is given that

u(x,0) =

{
x, 0≤ x≤ 50
100− x, 50 < x≤ 100

. Therefore

bn =
2

100

∫ 100

0
u(x,0)sin

(nπx
100

)
dx (n ∈ N)

=
1

50

[∫ 50

0
xsin

(nπx
100

)
dx+

∫ 100

50
(100− x)sin

(nπx
100

)
dx
]

=
1

50


[

x
−cos

(nπx
100

)
nπ

100
+
∫ cos

(nπx
100

)
nπ

100
dx

]50

0

+

[
(100− x)

−cos
(nπx

100

)
nπ

100
−
∫ cos

(nπx
100

)
nπ

100
dx

]100

50


=

100
50nπ


[
−xcos

(nπx
100

)
+

sin
(nπx

100

)
nπ

100

]50

0

+

[
(x−100)cos

(nπx
100

)
−

sin
(nπx

100

)
nπ

100

]100

50


=

2
nπ

{[
−50cos

(nπ

2

)
+

sin
(nπ

2

)
nπ

100

]
+

[
50cos

(nπ

2

)
+

sin
(nπ

2

)
nπ

100

]}

=
2

nπ

[
200
nπ

sin
(nπ

2

)]
=

400
n2π2 sin

(nπ

2

)
=


0, n is even

400
n2π2 , n = 1,5,9, . . . , i.e. n = 4k+1
− 400

n2π2 , n = 3,7,11, . . . , i.e. n = 4k+3.

Therefore, the solution is

u(x, t) =
400
n2π2

∞

∑
n=1

(−1)n+1

(2n−1)2 sin
(
(2n−1)πx

100

)
e
−(2n−1)2c2π2t

1002 .

Example 1.4.3 (The Interior Dirichlet problem for a circle). Solve ∇2u = 0, 0 ≤ r <
a, 0≤ θ ≤ 2π , subject to the conditions u(a,θ) = f (θ), 0≤ θ ≤ 2π , where f is a continuous
function.

Solution. The Laplace equation in polar coordinate is

∂ 2u
∂ r2 +

1
r

∂u
∂ r

+
1
r2

∂ 2u
∂θ 2 = 0. (1.30)
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Let u(r,θ) = R(r)Θ(θ). Then equation (1.301.30) reduces to

Θ
d2R
dr2 +

Θ

r
dR
dr

+
R
r2

d2Θ

dθ 2 =0

1
R

(
r2 d2R

dr2 + r
dR
dr

)
= − 1

Θ

d2Θ

dθ 2 .

Since left hand side is a function of r only and right hand side is a function of θ only, both the
functions are constant, say k.

Case-I: k < 0. Let k =−λ 2 for some λ > 0.
Then

r2 d2R
dr2 + r

dR
dr

+λ
2R = 0 and

d2Θ

dθ 2 −λ
2
Θ = 0. (1.31)

Let z = logr i.e., r = ez. Then 1
r = e−z. Therefore

dR
dr

=
dR
dz

dz
dr

=
dR
dz

1
r
=

dR
dz

e−z.

Also

d2R
dr2 =

d
dr

(
dR
dr

)
=

d
dz

(
dR
dr

)
dz
dr

=
d
dz

(
dR
dz

e−z
)

1
r

=

(
e−z d2R

dz2 −
dR
dz

e−z
)

1
r

=
1
r2

(
d2R
dr2 −

dR
dr

)
.

Thus, equation (1.311.31) becomes

dR

dz2 −
dR
dz

+
dR
dz

+λ
2R = 0⇒ dR

dz2 +λ
2R = 0.

Therefore, R(z) = c1 cos(λ z) + c2 sin(λ z) i.e., R(r) = c1 cos(λ logr) + c2 sin(λ logr) and
Θ(θ) = d1eλθ +d2e−λθ . Therefore,

u(r,θ) = (c1 cos(λ logr)+ c2 sin(λ logr))(d1eλθ +d2e−λθ ).

The above function is continuous at origin, only when c1 = c2 = 0. But then u is zero function
and we end with trivial solution. Thus, k < 0 does not yield any non-trivial solution.

Case-II: k = 0. Then

r2 d2R
dr2 + r

dR
dr

= 0 and
dΘ

dθ 2 = 0.

By the same procedure as above, we get
d2R
dz2 = 0 and therefore R(z) = az+ b i.e., R(r) =

a logr+b and Θ(θ) = cθ +d. Therefore,

u(r,θ) = (a logr+b)(cθ +d).
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Since u is continuous at origin, we must have a = 0. Therefore u(r,θ) = cθ +d. Now,

u(r,θ +2π) = u(r,θ)
⇒ c(θ +2π)+d = cθ +d
⇒ c = 0.

Therefore u(r,θ) = d, i.e. u is a constant function.

Case-III: Let k > 0. Then k = λ 2 for some λ > 0.
Then

r2 d2R
dr2 + r

dR
dr
−λ

2R = 0 and
d2Θ

dθ 2 +λ
2
Θ = 0.

Then by the same procedure as above, we get

d2R
dz2 −λ

2R = 0⇒ R(z) = c1eλ z + c2e−λ z.

Therefore R(r) = c1rλ + c2r−λ and Θ(θ) = d1 cos(λθ)+d2 sin(λθ). Therefore

u(r,θ) = (c1rλ + c2r−λ )(d1 cos(λθ)+d2 sin(λθ)).

Since u is continuous at origin, we have c2 = 0. Therefore

u(r,θ) = rλ (d1 cos(λθ)+d2 sin(λθ)).

Now,

u(r,θ +2π) = u(r,θ)
⇒ d1 cos(λ (θ +2π))+d2 sin(λ (θ +2π)) = d1 cos(λθ)+d2 sin(λθ), ∀θ
⇒ 2nπ = 2λπ or λ = n, n ∈ N
⇒ u(r,θ) = rn(c1 cos(nθ)+ c2 sin(nθ)).

Hence, for each n ∈ N,

un(r,θ) = rn(An cos(nθ)+Bn sin(nθ))

is a solution of the Laplace equation ∇2u = 0, i.e. equation given by (1.301.30). Since the constant
function is also a solution (by Case-II) of the same, by principle of superposition,

u(r,θ) =
A0

2
+

∞

∑
n=1

rn(An cosnθ +Bn sinnθ) (1.32)

is a solution of the Laplace equation. Since u(a,θ) = f (θ),

f (θ) =
A0

2
+

∞

∑
n=1

an(An cosnθ +Bn sinnθ)

which is Fourier series of the function f . Therefore

A0 =
1
π

∫
π

−π

f (θ) dθ
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An =
1

anπ

∫
π

−π

f (θ)cosnθ dθ , n≥ 1

Bn =
1

anπ

∫
π

−π

f (θ)sinnθ dθ , n≥ 1.

Substituting these values in equation (1.321.32), we have

u(r,θ) =
1

2π

∫
π

−π

f (τ) dτ +
∞

∑
n=1

rn

anπ

(∫
π

−π

f (τ)(cosnτ cosnθ + sinnτ sinnθ) dτ

)
=

1
2π

∫
π

−π

f (τ) dτ +
∞

∑
n=1

rn

anπ

∫
π

−π

f (tau)cos
(
n(τ−θ)

)
dτ

=
1

2π

∫
π

−π

f (τ) dτ +
1
π

∫
π

−π

f (τ)

(
∞

∑
n=1

( r
a

)n ein(τ−θ)+ e−in(τ−θ)

2

)
dτ

=
1

2π

∫
π

−π

f (τ) dτ +
1

2π

∫
π

−π

f (τ)

(
∞

∑
n=1

( r
a

)n (
ei(τ−θ)

)n
+

∞

∑
n=1

( r
a

)n (
e−i(τ−θ)

)n

)
dτ

=
1

2π

∫
π

−π

f (τ) dτ +
1

2π

∫
π

−π

f (τ)

(
r
aei(τ−θ)

1− r
aei(τ−θ)

+
r
ae−i(τ−θ)

1− r
ae−i(τ−θ)

)
dτ. (1.33)

Now,

r
aei(τ−θ)

1− r
aei(τ−θ)

+
r
ae−i(τ−θ)

1− r
ae−i(τ−θ)

=

r
aei(τ−θ)

(
1− r

ae−i(τ−θ)
)
+ r

ae−i(τ−θ)
(

1− r
aei(τ−θ)

)
1− r

aei(τ−θ)− r
ae−i(τ−θ)+ r2

a2

=

r
a

[
ei(τ−θ)− r

a + r−i(τ−θ)− r
a

]
1−2 r

a cos(τ−θ)+ r2

a2

=
2 r

a

[
cos(τ−θ)− r

a

]
1−2 r

a cos(τ−θ)+ r2

a2

Substituting this simplification in equation (1.331.33), we get

u(r,θ) =
1

2π

∫
π

−π

f (τ)

(
1+

2 r
a

(
cos(τ−θ)− r

a

)
1−2 r

a cos(τ−θ)+ r2

a2

)
dτ

=
1

2π

∫
π

−π

f (τ)
1− r2

a2

1−2 r
a cos(τ−θ)+ r2

a2

dτ.

Therefore

u(r,θ) =
1

2π

∫
π

−π

f (τ)
a2− r2

a2−2racos(τ−θ)+ r2 dτ.

It is called the Poisson Integral Formula.

Example 1.4.4 (Exterior Dirichlet problem for a circle). Solve ∇2u= 0, r > a, 0≤ θ ≤ 2π ,
subject to the conditions u(a,θ) = f (θ), 0≤ θ ≤ 2π , where f is a continuous function, and
u is bounded as r→ ∞.
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Solution. The Laplace equation in polar coordinate is

∂ 2u
∂ r2 +

1
r

∂u
∂ r

+
1
r2

∂ 2u
∂θ 2 = 0. (1.34)

Let u(r,θ) = R(r)Θ(θ). Then the above equation will become

0 = Θ
d2R
dr2 +

Θ

r
dR
dr

+
R
r2

d2Θ

dθ 2

=
r2

R
d2R
dr2 +

r
R

dR
dr

+
1
Θ

d2Θ

dθ 2 .

Therefore r2

R
d2R
dr2 +

r
R

dR
dr =− 1

Θ

d2Θ

dθ 2 . Since LHS is function of r only and RHS is a function
of θ only, both the functions are constant, say λ .

If λ = 0, then u(r,θ) = (a logr+b)(cθ +d). Since u is 2π periodic in θ variable, c = 0.
Hence u(r,θ) = A logr +B. Since u is bounded as r→ ∞, A = 0. Hence u is a constant
function.

Let λ > 0. Then λ = k2 for some k > 0. Then

u(r,θ) = (ark +br−k)(ccoskθ +d sinkθ).

Since u is bounded as r→ ∞, a = 0. Hence u(r,θ) = r−k(Acoskθ +bsinkθ). Since u is 2π

periodic in the variable θ , we have k ∈ N. Hence for each n ∈ N, un(r,θ) = r−n(an cosnθ +
bn sinnθ) is a solution of ∇2 = 0. A constant function is also a solution of the same. Hence by
the principle of super position

u(r,θ) =
a0

2
+

∞

∑
n=1

r−n(an cosnθ +bn sinnθ)

is a solution of the same. Since u(a,θ) = f (θ), we have

f (θ) =
a0

2
+

∞

∑
n=1

a−n(an cosnθ +bn sinnθ).

This is a Fourier series of f in [−π,π]. Therefore

an =
an

π

∫
π

−π

f (τ)cosnτdτ and bn =
an

π

∫
π

−π

f (τ)sinnτdτ.

Therefore

u(r,θ) =
1

2π

∫
π

−π

f (τ)

[
1+

∞

∑
n=1

(a
r

)n
cosn(τ−θ)

]
dτ

By simplifying it we get

u(r,θ) =
1

2π

∫
π

−π

f (τ)
r2−a2

r2−2racos(τ−θ)+a2 dτ.

It is called the Poisson Integral Formula.
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Example 1.4.5 (The Dirichlet problem for a rectangle). Solve
∂ 2u
∂x2 +

∂ 2u
∂y2 = 0, 0 < x <

a, 0 < y < b, subject to the conditions u(0,y) = u(a,y) = 0 for all y, u(x,b) = 0 for all x and
u(x,0) = f (x) for all x.

Solution. Let u(x,y) = X(x)Y (y) be a solution of above equation. Then Y
d2X
dx2 +X

d2Y
dy2 = 0,

i.e.,
1
X

d2X
dx2 =− 1

Y
d2Y
dy2 . (1.35)

Since left hand side is a function of x only and right hand side is a function of y only, both the
functions have to be constant, say k.

Case I: Let k > 0, i.e., k = λ 2 for some λ > 0.

Then the above equations will become
d2X
dx2 −λ

2X = 0 and
d2Y
dy2 +λ

2Y = 0. Solving these two

equations, we have X(x) = c1 cosh(λx)+ c2 sinh(λx) and Y (y) = d1 cos(λy)+ d2 sin(λy).
Hence

u(x,y) = (c1 cosh(λx)+ c2 sinh(λx))(d1 cos(λy)+d2 sin(λy)).

Since u(0,y) = 0 for all y, c1(d1 cos(λy)+d2 sin(λy)) = 0 for all y. If c1 6= 0, then d1 = d2 = 0
as cos(λy) and sin(λy) are linearly independent. Thus c1 = 0. This implies that

u(x,y) = sinh(λx)(d1 cos(λy)+d2 sin(λy)).

Now u(a,y) = 0 for all y gives sinh(λa)(d1 cos(λy) + d2 sin(λy)) = 0 for all y. Since
sinh(λa)> 0 (as λa > 0) and cos(λy) and sin(λy) are linearly independent, we get d1 = d2 =
0. Thus u = 0. Therefore this case is not possible.

Case II: Let k = 0.
Then X(x) = c1x+ c2 and Y (y) = d1y+d2. Then

u(x,y) = (c1x+ c2)(d1y+d2).

Using u(0,y) = 0 for all y, we have c2(d1y+d2) = 0 for all y. If c2 6= 0, then d1 = d2 = 0 as
the functions 1 and y are linearly independent. Thus c2 = 0. Therefore

u(x,y) = x(d1y+d2).

As u(a,y) = 0 for all y, a(d1y+d2) = 0 for all y. Therefore d1 = d2 = 0 and hence u = 0. So,
this case is also not possible.

Case III: Let k < 0, i.e., k =−λ 2 for some λ > 0.

Solving
d2X
dx2 +λ

2X = 0 and
d2Y
dy2 −λ

2Y = 0 we have X(x) = c1 cos(λx)+ c2 sin(λx) and

Y (y) = d1 cosh(λy)+d2 sinh(λy). Therefore

u(x,y) = (c1 cos(λx)+ c2 sin(λx))(d1 cosh(λy)+d2 sinh(λy)).

Since u(0,y) = 0 for all y,

c1(d1 cosh(λy)+d2 sinh(λy)) = 0 for all y.
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Therefore, we get c1 = 0. Hence

u(x,y) = sin(λx)(d1 cosh(λy)+d2 sinh(λy)).

Now u(a,y) = 0 for all y gives

sin(λa)(d1 cosh(λy)+d2 sinh(λy)) = 0 for all y.

If sin(λa) 6= 0, then d1 = d2 = 0 which will imply that u = 0. Since we want non-trivial
solution, sin(λa) = 0. Since λ > 0, λ =

nπ

a
, n ∈ N. Therefore

u(x,y) = sin
(nπx

a

)(
d1 cosh

(nπy
a

)
+d2 sinh

(nπy
a

))
.

Now since u(x,b) = 0 for all x,

sin
(nπx

a

)(
d1 cosh

(
nπb

a

)
+d2 sinh

(
nπb

a

))
= 0 for all x.

There is x such that sin
(nπx

a

)
6= 0. Therefore

d1 cosh
(

nπb
a

)
+d2 sinh

(
nπb

a

)
= 0⇒ d2 =−d1

cosh
(nπb

a

)
sinh

(nπb
a

) .
Substituting this value in the solution, we get

u(x,y) = d sin
(nπx

a

)[
cosh

(nπy
a

)
−

cosh
(nπb

a

)
sinh

(nπb
a

) sinh
(nπy

a

)]

= d
1

sinh
(nπb

a

) sin
(nπx

a

)[
cosh

(nπy
a

)
sinh

(
nπb

a

)
− cosh

(
nπb

a

)
sinh

(nπy
a

)]
= d

sin
(nπx

a

)
sinh

(nπb
a

) sinh
(
(b− y)nπ

a

)
.

Thus for each n ∈ N,

un(x,y) = d
sin
(nπx

a

)
sinh

(nπb
a

) sinh
(
(b− y)nπ

a

)
is a solution of the Laplace equation satisfying conditions u(0,y) = u(a,y) = 0 for all y and
u(x,b) = 0 for all x. Therefore by principle of superposition,

u(x,y) =
∞

∑
n=1

un(x,y)

=
∞

∑
n=1

dn
1

sinh
(nπb

a

) sin
(nπx

a

)
sinh

(
(b− y)nπ

a

)
is also a solution of the Laplace equation satisfying the same conditions. Since u(x,0) = f (x)
for all x,

f (x) =
∞

∑
n=1

dn sin
(nπx

a

)
.
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This is the half range Fourier sine series of f with x in the interval (0,a). Therefore

dn =
2
a

∫ a

0
f (x)sin

(nπx
a

)
i.e.,

u(x,y) =
∞

∑
n=1

dn
sin
(nπx

a

)
sinh

(nπb
a

) sinh
(
(b− y)nπ

a

)
is the solution of the given Laplace equation, where dn =

2
a

∫ a

0
f (x)sin

(nπx
a

)
.

Example 1.4.6 (The Neumann problem for a rectangle). Solve ∂ 2u
∂x2 +

∂ 2u
∂y2 = 0, 0 < x <

a, 0 < y < b, subject to the conditions ux(0,y) = ux(a,y) = 0, uy(x,0) = 0 and uy(x,b) = f (x).

Example 1.4.7. A thin annulus occupies the region 0 < a ≤ r ≤ b, 0 ≤ θ ≤ 2π . The faces
are insulated. Along the inner edge the temperature is maintained at 0◦, while along the outer
edge the temperature is held at K cos(θ

2 ), where K is constant. Determine the temperature
distribution in the annulus.

Here we have to solve the Laplace equation ∂ 2u
∂ r2 +

1
r

∂u
∂ r +

1
r2

∂ 2u
∂θ 2 = 0, a < r < b, θ ∈ R

subject to conditions u(r,θ) = u(r,θ +2π) for all θ , u(a,θ) = 0 and u(b,θ) = K cos(θ

2 ) for
all θ .

Remark 1.4.8. 1. (Riemann Lebesgue Lemma) Let f ∈ L1[−π,π].
(a) Let a0

2 +∑
∞
n=1 an cosnx+∑

∞
n=1 bn sinnx be the Fourier series of f . Then an→ 0

and bn→ 0 as n→ ∞.
(b) Let ∑n∈Z cneinx be the Fourier series of f , then cn→ 0 as |n| → ∞.

2. (a) Let (a0,a1, . . .) and (b1,b2, . . .) be two complex sequences such that both (an) and
(bn) tends to 0 as n→ ∞. Then there may not exist f ∈ L1[−π,π] such that the
Fourier coefficients of f are an

′s and bn
′s.

(b) Let (cn) be a complex sequence such that cn→ 0 as n→ ∞. Then there may not
exist f ∈ L1[−π,π] whose fourier coefficients are cn

′s.
3. (Identity Theorem) Let f ,g ∈ L1[−π,π]. If f and g have the same Fourier series, then

f = g a.e. on [−π,π].
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FOURIER TRANSFORM

2.1 Fourier Transform

2.1.1 Definition and Examples

Let L1(R) = { f : R→ C : f is measurable,
∫
R | f | dm < ∞}, where the integral in the set is

the Lebesgue integral.

Definition 2.1.1. Let f ∈ L1(R). Then the Fourier transform F [ f ] of f is defined as

F [ f ][s] =
1√
2π

∫
∞

−∞

f (x)e−isx dx (s ∈ R). (2.1)

If f ∈ L1(R), then
∣∣∫ ∞

−∞
f (x)e−isxdx

∣∣ ≤ ∫ ∞

−∞
| f (x)|dx < ∞. Thus F [ f ](s) is a complex

number for every s ∈ R and hence F [ f ] is a function from R to C.

Example 2.1.2. Let a > 0. Compute the Fourier transform of f = χ[−a,a], i.e.

f (x) =

{
1, −a≤ x≤ a
0, otherwise

.

Solution. Here f (x) = 1 if |x| ≤ a and f (x) = 0 if |x|> a. The function f is an even function.
Let s ∈ R and s 6= 0. Then

F [ f ](s) =
1√
2π

∫
∞

−∞

f (x)e−isx dx

=
1√
2π

∫ a

−a
1 e−isx dx

=
1√
2π

[
e−isx

−is

]a

−a
, s 6= 0
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56 §2.1. Fourier Transform

=
1

−is
√

2π
[e−ias− eias] =

√
2
π

sinsa
s

.

For s = 0,

F [ f ](s) =
1√
2π

∫ a

−a
1 dx =

√
2
π

a.

Therefore

F [ f ](s) =


√

2
π

sin(sa)
s , s 6= 0√

2
π
, a s = 0

Example 2.1.3. Find the Fourier transform of f (x) = e−a|x|, where a > 0.

Solution. Here f is an even function. Let 0 6= s ∈ R. Then

F [ f ](s) =
1√
2π

∫
∞

−∞

f (x)e−isx dx

=
1√
2π

∫
∞

−∞

e−a|x| cossx dx+
1√
2π

∫
∞

−∞

e−a|x| sinsx dx

=

√
2
π

∫
∞

0
e−ax cos(sx)dx

=

√
2
π

[
e−ax

s2 +a2 (−acos(sx)+ ssin(bs))
]∞

0

We know that if a,b ∈ R, then |acosx + bsinx| ≤
√

a2 +b2 for every x ∈ R. Therefore∣∣∣ e−ax

s2+a2 (−acos(sx)+ ssin(bs))
∣∣∣ ≤ e−ax

s2+a2

√
s2 +a2 = e−ax

√
s2+a2 ≤

e−ax

a . Since limx→∞ e−ax = 0, it

follows that e−ax

s2+a2 (−acos(sx)+ ssin(bs))→ 0 as x→ ∞. Hence, we have

F [ f ](s) =

√
2
π

a
s2 +a2 , ∀ s ∈ R.

Example 2.1.4. Let a > 0. Compute the Fourier transform of f (x) =

{
a2− x2, |x| ≤ a
0, otherwise

.

Solution. Given function is an even function. Let s 6= 0. Then

F [ f ](s) =

√
2
π

∫ a

0
(a2− x2)cos(sx)dx

=

√
2
π

[
a2 sinsx

s
− x2 sinsx

s
+2

∫
x

sinsx
s

dx
]a

0

=

√
2
π

[
a2 sinsx

s
− x2 sinsx

s
−2x

cossx
s2 +2

sinsx
s3

]a

0

=

√
2
π

[
a2 sinsa

s
−a2 sinsa

s
−2a

cossa
s2 +2

sinsa
s3

]
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=

√
2
π

2
(
−ascossa+ sinsa

s3

)
, s 6= 0.

For s = 0, we have

F [ f ](0) =
1√
2π

∫ a

−a
(a2− x2) dx =

√
2
π

[
a2x− x3

3

]a

0
=

√
2
π

2a3

3
.

Thus,

F [ f ](s) =

2
√

2
π

(
−ascossa

s3 + sinsa
s3

)
, s 6= 0

2
3

√
2
π

a3, s = 0
.

Example 2.1.5. Evaluate
∫

∞

−∞

e−x2
dx.

Solution. We have
∫

∞

−∞

e−x2
dx = 2

∫
∞

0
e−x2

dx. Let I =
∫

∞

0
e−x2

dx. Then

I2 =

(∫
∞

0
e−x2

dx
)2

=

(∫
∞

0
e−x2

dx
)(∫

∞

0
e−y2

dy
)
=
∫

∞

0

∫
∞

0
e−(x

2+y2) dxdy.

Take x = r cosθ and y = r sinθ . Then dxdy = ∂ (x,y)
∂ (r,θ) dr dθ = r dr dθ . Since x≥ 0 and y≥ 0

(as the integral are from 0 to ∞), we have r ≥ 0 and θ will vary from 0 to π

2 . Hence the above
equation will be

I2 =
∫

∞

0

∫ π

2

0
e−r2

r dr dθ =

(∫ π

2

0
dθ

)(∫
∞

0
re−r2

dr
)
=

π

2

∫
∞

0
re−r2

dr.

Take r2 = u. Then 2r dr = du⇒ rdr = du
2 . Since in the above integral r goes from 0 to ∞, u

also ranges from 0 to ∞. Thus

I2 =
π

2

∫
∞

0
e−u du

2
=

π

4
[−e−u]∞0 =

π

4
.

This gives I =
√

π

2
and hence

∫
∞

−∞

e−x2
dx =

√
π.

Example 2.1.6. If a > 0, then compute the Fourier transform of the function f (x) = e−ax2
.

Solution. The function f is even. Let s 6= 0. Then

F [ f ](s) =
1√
2π

∫
∞

−∞

f (x)e−isx dx

=
1√
2π

∫
∞

−∞

e−ax2
cossx dx (∵ e−ax2

sinsx is odd)

=

√
2
π

∫
∞

0
e−ax2

cossx dx
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58 §2.1. Fourier Transform

Take I(s) =

√
2
π

∫
∞

0
e−ax2

cossxdx. Then

dI
ds

=

√
2
π

∫
∞

0
e−ax2

(−sinsx)x dx

= −
√

2
π

∫
∞

0
e−ax2

xsinsx dx

= −
√

2
π

[
sinsx

∫
xe−ax2

dx−
∫ (

scossx
∫

xe−ax2
dx
)

dx
]∞

0

= −
√

2
π

[
−sinsx

2a
e−ax2

+
∫ scossx

2a
e−ax2

dx
]∞

0

= − s
2

√
2
π

∫
∞

0
e−ax2

cossx dx =− s
2a

I.

For
∫

xe−ax2
dx, take

x2 = t. Then x dx = dt
2 .

Therefore∫
xe−ax2

dx

=
∫

e−at dt
2

=
1
2

e−at

−a

= − 1
2a

e−ax2
.

Therefore
dI
ds

=− s
2a

I⇒ dI
I
=− s

2a
ds⇒ log I =− s2

4a
+ logc.

Therefore

I(s) = ce−
s2
4a .

Now, c = I(0) =

√
2
π

∫
∞

0
e−ax2

dx =

√
2
π

√
π

a
1
2
=

1√
2a

.
For

∫
∞

0 e−ax2
dx,

take
√

ax = t. Then∫
∞

0 e−t2 dt√
a = 1

2

√
π

a .

Hence, I(s) =
1√
2a

e−s2/4a, i.e.

F [ f ](s) = F
[
e−ax2

]
(s) =

1√
2a

e−
s2
4a .

Corollary 2.1.7. Taking a = 2 in the above example, we get

F [e−
x2
2 ](s) = e−

s2
2 .

Thus, example of a function whose Fourier transform is itself is f (x) = e−
x2
2 , i.e. F [ f ] = f .

2.1.2 Properties of Fourier Transform

Let a ∈ R and f ∈ L1(R). Define

Ta f (x) = f (x−a).

Let a > 0 and f ∈ L1(R). Define

Ma f (x) = f (ax).

The following are some of the properties satisfied by Fourier Transform.
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1. The Fourier transform is a linear map, i.e.,

F [α f +βg] = αF [ f ]+βF [g], ∀ f ,g ∈ L1(R), ∀ α,β ∈ C.

Proof. For all s ∈ R, we have

F [α f +βg](s) =
1√
2π

∫
∞

−∞

(α f +βg)(x)e−isxdx

=
1√
2π

α

∫
∞

−∞

f (x)e−isxdx+
1√
2π

β

∫
∞

−∞

g(x)e−isxdx

= αF [ f ](s)+βF [g](s)
= (αF [ f ]+βF [g])(s).

Therefore F [α f +βg] = αF [ f ]+βF [g], i.e., Fourier transform is a linear map.

2. Let a ∈ R and f ∈ L1(R). Then

F [Ta f ] = e−iasF [ f ](s), s ∈ R

F [Ma f ] =
1
a

M1
a
F [ f ](s), (a > 0)

Proof. For all s ∈ R,

F [Ta f ](s) =
1√
2π

∫
∞

−∞

Ta f (x)e−isxdx

=
1√
2π

∫
∞

−∞

f (x−a)e−isxdx

=
1√
2π

∫
∞

−∞

f (t)e−is(t+a)dt (Taking x−a = t)

= e−isa 1√
2π

∫
∞

−∞

f (t)e−istdt

= e−isaF [ f ](s).

Therefore F [Ta f ](s) = e−isaF [ f ](s).
Also, for s ∈ R,

F [Ma f ](s) =
1√
2π

∫
∞

−∞

Ma f (x)e−isxdx

=
1√
2π

∫
∞

−∞

f (ax)e−isxdx

=
1
a

1√
2π

∫
∞

−∞

f (t)e−i s
a tdt (Taking ax = t)

=
1
a

F [ f ]
( s

a

)
=

1
a

M1
a
F [ f ](s).

Therefore F [Ma f ] = 1
a M1

a
F [ f ].
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3. If xn f (x) ∈ L1(R), then

F [xn f (x)](s) = in
dn

dsn F [ f ](s).

Proof. Here,

dn

dsn F [ f ](s) =
dn

dsn

[
1√
2π

∫
∞

−∞

f (x)e−isxdx
]

=
1√
2π

∫
∞

−∞

f (x)(−i)nxne−isxdx

= (−i)n 1√
2π

∫
∞

−∞

f (x)xne−isxdx

= (−i)nF [ f (x)xn](s).

Therefore

F [xn f (x)](s) = in
dn

dsn F [ f ](s)
(
∵

1
−i

= i
)
.

Example 2.1.8. Compute the Fourier transform of x2e−ax2
.

Solution. By Property 33 above, we have

F [x2e−ax2
](s) = i2

d2

ds2 F
[
e−ax2

]
(s)

= i2
d2

ds2

[
1√
2a

e−
s2
4a

]
(by Example 2.1.62.1.6)

= (−1)
1√
2a

d
ds

[
e−

s2
4a
−2s
4a

]
=

1
2a
√

2a

[
e−

s2
4a (1)+ se−

s2
4a
−2s
4a

]
=

1
2a
√

2a

[
e−

s2
4a − s2

2a
e−

s2
4a

]
=

e−
s2
4a

2a
√

2a
− s2

4a2
e−

s2
4a

√
2a

.

3. If f is n-times differentiable function and f (r)(x)→ 0 as |x|→∞ for r = 0,1, . . . ,n−1,
then

F [ f (n)](s) = (is)nF [ f ](s).

Proof. Here

F [ f (n)](s) =
1√
2π

∫
∞

−∞

f (n)(x)e−isx dx
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=
1√
2π

[
e−isx f (n−1)(x)+

∫
f (n−1)(x)ise−isxdx

]∞

−∞

= is
1√
2π

∫
∞

−∞

f (n−1)(x)e−isx dx

= isF [ f (n−1)](s)

Repeating this process n-times, we get the required result. Hence,

F [ f (n)](s) = (is)nF [ f ](s).

Example 2.1.9. Compute the Fourier transform of xe−
x2
4 .

Solution. By Example 2.1.62.1.6, we know that F
[
e−

x2
4

]
(s) =

√
2e−s2

(taking a = 1
4). Also, if

f (x) = e−
x2
4 , then f ′(x) = − x

2e−
x2
4 . Since f (x)→ 0 as |x| → ∞, by Property 33 above and

linearity of Fourier transform, we have F [ f ′(x)](s) = (is)F [ f ](s), i.e.

F
[
xe−

x2
4

]
(s) = −2F

[
− x

2
e−

x2
4

]
(s)

= −2(is)F
[
e−

x2
4

]
(s)

= −2(is)
(√

2e−s2
)
=−2i

√
2se−s2

.

2.2 Fourier Integral Representation

2.2.1 Inverse Fourier Transform

Definition 2.2.1 (Inverse Fourier Transform). Let f ∈ L1(R). Then the inverse Fourier
transform of f , F−1[ f ], is

F−1[ f ](x) =
1√
2π

∫
∞

−∞

f (s)eisxds.

Given f ∈ L1(R), we can find its Fourier transform. If we are given a function g, does
there exists a function f whose Fourier transform is g? The following theorem answers this
question.

Theorem 2.2.2 (Fourier Inversion Theorem). Let f ∈ L1(R), and let the Fourier transform
F [ f ] of f be in L1(R). Then

f (x) =
1√
2π

∫
∞

−∞

F [ f ](s)eisxds, a.e. on R. (2.2)
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62 §2.2. Fourier Integral Representation

It follows from the Fourier inversion theorem that if f ∈ L1(R) and if F [ f ] ∈ L1(R), then
f (x) = F−1 [F [ f ]] (x), a.e. on R. Therefore,

f (x) = F−1 [F [ f ]] (x) a.e. x (x ∈ R)

=
1√
2π

∫
∞

−∞

F [ f ](s)eisx ds

=
1√
2π

(
1√
2π

∫
∞

−∞

f (t)e−ist dt
)

eisx ds

=
1

2π

∫
∞

−∞

f (t)e−is(t−x) ds dt a.e. x (x ∈ R).

Therefore,

f (x) =
1

2π

∫
∞

−∞

f (t)e−is(t−x) ds dt a.e. x (x ∈ R) .

The above equation is called Fourier integral representation of f .

Theorem 2.2.3 (Fourier Integral Theorem). Let f : R→ C be a map. If f ∈ L1(R) and if
satisfies the Dirichlet conditions on every compact interval of R, then

1
2π

∫
∞

−∞

∫
∞

−∞

f (t)e−is(t−x)dsdt =
f (x+)+ f (x−)

2
.

Definition 2.2.4. Let f ∈ L1[0,∞). Then the Fourier cosine transform Fc[ f ] of f is defined
as

Fc[ f ][s] =

√
2
π

∫
∞

0
f (x)cossx dx (s ∈ R). (2.3)

Definition 2.2.5. Let f ∈ L1[0,∞). Then the Fourier sine transform Fs[ f ] of f is defined as

Fs[ f ][s] =

√
2
π

∫
∞

0
f (x)sinsx dx (s ∈ R). (2.4)

Remark 2.2.6. We have the following observations:

1. If f is an even integrable function, then F [ f ] = Fc[ f ].
2. If f is an odd integrable function, then F [ f ] =−iFs[ f ].

Ex Prove the following properties of Fourier transform:

1. F [ f (x)cosax](s) = 1
2 [F [ f ](s+a)+F [ f ](s−a)].

2. F [
∫ x

a f (t)dt] (s) =−i F [ f ](s)
s .

3. Fs[α f +βg] = αFs[ f ]+βFs[g].
4. Fs[Ma f ] = 1

a Fs[M 1
a

f ].

5. Fc[Ma f ] = 1
a Fc[M 1

a
f ].

6. Fs[ f (x)sinax](s) = 1
2 [Fc[ f ](s−a)−Fc[ f ](s+a)].
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7. Fc[ f (x)sinax](s) = 1
2 [Fs[ f ](s+a)−Fc[ f ](s−a)].

8. Fs[ f (x)cosax](s) = 1
2 [Fs[ f ](s+a)+Fs[ f ](s+a)].

Example 2.2.7. Compute the Fourier transform of e−|x|.

Solution. Since the given function is even, its Fourier transform is same as its Fourier cosine
transform. Therefore

F [ f ](s) = Fc[ f ](s) =

√
2
π

∫
∞

0
f (x)cossx dx

=

√
2
π

∫
∞

0
e−x cossx dx

=

√
2
π

[
e−x

1+ s2 (−cossx+ ssinsx)
]∞

0

=

√
2
π

[
0−
(
−1

1+ s2

)]
.

Hence,

F [ f ](s) = Fc[ f ](s) =
1

1+ s2

√
2
π
.

Example 2.2.8. Compute the Fourier transform of f (x) =

{
e−x, x > 0
−ex, x≤ 0

.

Solution. Since the given function is odd, its Fourier transform is related to its Fourier sine
transform and given by F [ f ](s) =−iFs[ f ]. Therefore

F [ f ](s) =−iFs[ f ](s) = − i

√
2
π

∫
∞

0
f (x)sinsx dx

= − i

√
2
π

∫
∞

0
e−x sinsx dx

= − i

√
2
π

[
e−x

1+ s2 (−sinsx− scossx)
]∞

0

= − i

√
2
π

[
0−
(
−1

1+ s2 (−s)
)]

=
−is

1+ s2

√
2
π
.

Hence,

F [ f ](s) =−iFs[ f ](s) =−
is

1+ s2

√
2
π
.

Remark 2.2.9. Note that in computation of the Fourier sine transform, one can take any half
interval i.e. either [0,∞) or (−∞,0]. For instance, in the above example we have

F [ f ](s) =−iFs[ f ](s) = − i

√
2
π

∫ 0

−∞

f (x)sinsx dx
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= − i

√
2
π

∫ 0

−∞

−ex sinsx dx

= i

√
2
π

[
ex

1+ s2 (sinsx− scossx)
]∞

0

= i

√
2
π

[
1

1+ s2 (−s)
]
=
−is

1+ s2

√
2
π
.

Example 2.2.10. Let f ∈ L1(0,∞) be twice differentiable. If f (r)(x)→ 0 as x→ ∞, r = 0,1,
then

1. Fs[ f (2)](s) = s
√

2
π

f (0)− s2Fs[ f ](s) and

2. Fc[ f (2)](s) =
√

2
π

f (1)(0)− s2Fc[ f ](s).

Solution. 1. By the definition of the Fourier sine transform of f ,

Fs[ f (2)](s) =

√
2
π

∫
∞

0
f (2)(x)sinsxdx

=

√
2
π

([
f (1)(x)sinsx

]∞

0
−
∫

∞

0
f (1)(x)scossxdx

)
= −s

√
2
π

∫
∞

0
f (1)(x)cossxdx

= −s

√
2
π

(
[ f (x)cossx]∞0 +

∫
∞

0
f (x)ssinsxdx

)
= s

√
2
π

f (0)− s2Fs[ f ](s).

2. By the definition of the Fourier cosine transform of f ,

Fs[ f (2)](s) =

√
2
π

∫
∞

0
f (2)(x)cossxdx

=

√
2
π

([
f (1)(x)cossx

]∞

0
+
∫

∞

0
f (1)(x)ssinsxdx

)

=

√
2
π

(
f (1)(0)+ s

∫
∞

0
f (1)(x)sinsxdx

)
=

√
2
π

(
f (1)(0)+ s [ f (x)sinsx]∞0 − s

∫
∞

0
f (x)scossxdx

)
=

√
2
π

f (1)(0)− s2Fc[ f ](s).

Examples 2.2.11. Let a > 0. Show that

1. F [e−a|x|](s) = Fc[e−ax](s) =
√

2
π

a
s2+a2 .
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2. Fs[e−ax](s) =
√

2
π

s
s2+a2 .

3. F [χ[−a,a]](s) =
√

2
π

sinsa
s .

Definition 2.2.12. Let f ∈ L1(0,∞).
1. The inverse Fourier cosine transform, F−1

c [ f ], is defined as

F−1
c [ f ](x) =

√
2
π

∫
∞

0
f (s)cossxdx.

2. The inverse Fourier sine transform, F−1
s [ f ], is defined as

F−1
s [ f ](x) =

√
2
π

∫
∞

0
f (s)sinsxdx.

If f ∈ L1(0,∞), then it follows by Fourier cosine integral representation and Fourier sine
integral representation of f that

f (x) = F−1
c [Fc[ f ]] (x) and f (x) = F−1

s [Fs[ f ]] (x), a.e.

2.2.2 Fourier Cosine and Fourier Sine Integral Representation

Let f ∈ L1(R) be an even function such that F [ f ] ∈ L1(R). Then by the Fourier integral
representation of f , we have

f (x) =
1

2π

∫
∞

−∞

∫
∞

−∞

f (t)e−is(t−x) ds dt

=
1

2π

∫
∞

−∞

∫
∞

−∞

f (t)[cos(s(t− x))− isin(s(t− x))] ds dt

=
1

2π

∫
∞

−∞

∫
∞

−∞

f (t)cos(s(t− x)) ds dt− i
1

2π

∫
∞

−∞

∫
∞

−∞

f (t)sin(s(t− x)) ds dt.

Now,

1
2π

∫
∞

−∞

∫
∞

−∞

f (t)cos(s(t− x)) ds dt

=
1

2π

∫
∞

−∞

(∫
∞

−∞

f (t)cos(st) dt
)

cos(sx) ds+
1

2π

∫
∞

−∞

(∫
∞

−∞

f (t)sin(st) dt
)

sin(sx) ds

Since sinst is an odd function of t and f is an even function of t, we have
∫

∞

−∞

f (t)sinst dt = 0

and hence the second term in the above equation is zero. Therefore

1
2π

∫
∞

−∞

∫
∞

−∞

f (t)cos(s(t− x)) ds dt
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=
1

2π

∫
∞

−∞

(∫
∞

−∞

f (t)cos(st) dt
)

cos(sx) ds

=
2

2π

∫
∞

−∞

(∫
∞

0
f (t)cos(st) dt

)
cos(sx) ds (∵ f (t)cosst is an even function of t)

=
2
π

∫
∞

0

∫
∞

0
f (t)cos(st)cos(sx) ds dt (∵ cosst cossx is an even function of s)

Now, ∫
∞

−∞

∫
∞

−∞

f (t)sin(s(t− x)) ds dt

=
∫

∞

−∞

(∫
∞

−∞

f (t)sin(st) dt
)

cos(sx) ds−
∫

∞

−∞

(∫
∞

−∞

f (t)cos(st) dt
)

sin(sx) ds

Since f (t)sinst is an odd function of t, the first term in the above equation is zero. Also, since∫
∞

−∞

f (t)cosst dt is an even function of s and sinsx is an odd function of s, the second integral

in the above equation is zero. Therefore,

f (x) =
2
π

∫
∞

0

∫
∞

0
f (t)cos(st)cos(sx) ds dt a.e. on R . (2.5)

Equation (2.52.5) is called the Fourier cosine integral representation of f .
Similarly, if f ∈ L1(R) is an odd function and if F [ f ] ∈ L1(R), then

f (x) =
2
π

∫
∞

0

∫
∞

0
f (t)sin(st)sin(sx) ds dt a.e. on R . (2.6)

Equation (2.62.6) is called the Fourier sine integral representation of f .

If f ∈ L1(0,∞), then it follows by Fourier cosine integral representation and Fourier sine
integral representation of f that

f (x) =

√
2
π

∫
∞

0
Fc[ f ](s)cossx ds =

√
2
π

∫
∞

0
Fs[ f ](s)sinsx ds, a.e .

Example 2.2.13. Obtain the Fourier transform and the Fourier integral representation of

f = χ[−1,1]. Hence evaluate the integrals
∫

∞

0

sinxcos(λx)
x

dx and
∫

∞

0

sinx
x

dx.

Solution. Here f = χ[−1,1], i.e. f (x) =

{
1, x ∈ [−1,1]
0, otherwise

. Then for s ∈ R, s 6= 0

F [ f ](s) =
1√
2π

∫
∞

−∞

f (x)e−isx dx

=
1√
2π

∫ 1

−1
e−isx dx

=
1√
2π

[
e−isx

−is

]1

−1
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=
−1

is
√

2π
[e−is− eis] =

√
2
π

sins
s

, s 6= 0

For s = 0,

F [ f ](0) =
1√
2π

∫ 1

−1
1 dx =

√
2
π
.

Since f is an even function, the Fourier integral representation of f is the Fourier cosine
integral representation of f . Hence for a.e. x

f (x) =
2
π

∫
∞

0

∫
∞

0
f (t)cos(st)cos(sx) ds dt

=
2
π

∫
∞

0
cos(sx)

(∫ 1

0
cos(st) dt

)
ds

=
2
π

∫
∞

0

[
sinst

s

]1

0
cossx ds

=
2
π

∫
∞

0

sinscossx
s

ds a.e. on R.

By the Fourier integral theorem, we have

2
π

∫
∞

0

sinscossx
s

ds =
f (x+)+ f (x−)

2
.

The function f is discontinuous at ±1 only and the average of left and right limit of f at these
points is 1

2 . Hence,

2
π

∫
∞

0

sinscossx
s

ds =

{
f (x), x 6=±1
1
2 , x =±1

i.e.
2
π

∫
∞

0

sinscossx
s

ds =


1, x ∈ (−1,1)
1
2 , x =±1
0, otherwise

∴
∫

∞

0

sinxcosλx
x

dx =


π

2 , |λ |< 1
π

4 , |λ |= 1
0, |λ |> 1.

In particular, taking x = 0, we get
∫

∞

0

sinx
x

dx =
π

2
.

Example 2.2.14. Compute the Fourier sine transform of f (x) = e−βx, x > 0. Also show that
π

2
e−βu =

∫
∞

0

xsinux
β 2 + x2 dx (u > 0).

Solution. Fourier sine transform of f is given by

Fs[ f ](s) =

√
2
π

∫
∞

0
f (x)sinsx dx
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=

√
2
π

∫
∞

0
e−βx sinsx dx

=

√
2
π

[
e−βx

s2 +β 2 (−β sinsx− scossx)

]∞

0

=

√
2
π

s
s2 +β 2 .

Since f is continuous, it follows by Fourier integral theorem that, for x > 0

f (x) =
2
π

∫
∞

0

∫
∞

0
f (t)sinst sinsx ds dt

∴
π

2
e−βx =

∫
∞

0

(∫
∞

0
e−β t sinst dt

)
sinsx ds

=
∫

∞

0

[
e−βx

s2 +β 2 (−β sinsx− scossx)

]∞

0

sinsx ds

=
∫

∞

0

ssinsx
β 2 + s2 ds.

Therefore ∫
∞

0

x sinux
β 2 + x2 dx =

π

2
e−βu.

Example 2.2.15. Find the Fourier transform of f (x) = χ[−1,1](1− x2) and hence evaluate the

integral
∫

∞

0

xcosx− sinx
x3 cos

(x
2

)
dx.

Solution. Since f is continuous, by Fourier integral theorem, the Fourier integral represen-
tation of f is f . Since f is an even function, the Fourier integral representation of f is the
Fourier cosine integral representation of f . Therefore

f (x) =
2
π

∫
∞

0

∫
∞

0
f (t)cosst cossx ds dt

=
2
π

∫
∞

0

(∫ 1

0
(1− t2)cosst dt

)
cossx ds

=
2
π

∫
∞

0

{[
sinst

s

]1

0
−
[

t2 sinst
s
−2t
−cosst

s2 +2
−sinst

s3

]1

0

}
cossx ds

=
2
π

∫
∞

0

{
sins

s
−
[

sins
s

+2
coss

s2 −2
sins
s3

]}
cossx ds

= − 4
π

∫
∞

0

(
sins− scoss

s3

)
cossx ds.

Now,
3
4
= f

(
1
2

)
=− 4

π

∫
∞

0

ssins− sins
s3 cos

( s
2

)
ds.

Hence, ∫
∞

0

xcosx− sinx
x3 cos

(x
2

)
dx =−3π

16
.
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2.3 Parseval’s identity

Theorem 2.3.1 (Parseval’s Identity for Fourier transform). Let f ,g ∈ L1(R)∩L2(R), and
let F [ f ],F [g] ∈ L1(R)∩L2(R). Then∫

∞

−∞

f (x)g(x)dx =
∫

∞

−∞

F [ f ](x)F [g](x)dx.

Proof. We see that∫
∞

−∞

F [ f ](x)F [g](x)dx =
∫

∞

−∞

F [ f ](x)
(

1√
2π

∫
∞

−∞

g(s)e−isxds
)

dx

=
∫

∞

−∞

F [ f ](x)
(

1√
2π

∫
∞

−∞

g(s)eisxds
)

dx

=
∫

∞

−∞

g(s)
(

1√
2π

∫
∞

−∞

F [ f ](x)eisxdx
)

ds

=
∫

∞

−∞

g(s) f (s)ds.
(
∵ f (t) = F−1[F [ f ]

]
(t)
)

This proves the result.

Corollary 2.3.2. If f ∈ L1(R)∩L2(R) and F [ f ] ∈ L1(R)∩L2(R), then∫
∞

−∞

| f (x)|2dx =
∫

∞

−∞

|F [ f ](x)|2dx.

Theorem 2.3.3 (Parseval’s Identity). Let f ,g ∈ L1(0,∞)∩ L2(0,∞), and let Fc[ f ], Fs[ f ],
Fc[g], Fs[g] be in L1(0,∞)∩L2(0,∞). Then∫

∞

0
f (x)g(x) dx =

∫
∞

0
Fc[ f ](x)Fc[g](x) dx =

∫
∞

0
Fs[ f ](x)Fs[g](x) dx.

Proof. Let f ,g ∈ L2(0,∞). Extend f and g as even functions on R. Then by the Parseval’s
identity ∫

R
f (x)g(x)dx =

∫
R

F [ f ](s)F [g](s)ds.

But F [ f ](s) = Fc[ f ](s) and F [g](s) = Fc[g](s). Since left hand side of the above equation
is an even function and both Fc[ f ] and Fc[g] are even functions s, we have∫

∞

0
f (x)g(x)dx =

∫
∞

0
Fc[ f ](s)Fc[g](s)ds.

Now, extend f and g as odd functions on R. Then by the Parseval’s identity∫
R

f (x)g(x)dx =
∫
R

F [ f ](s)F [g](s)ds.
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But F [ f ](s) = −iFs[ f ](s) and F [g](s) = −iFs[g](s). Since left hand side of the above
equation is an even function and both Fc[ f ] and Fc[g] are odd functions s, we have∫

∞

0
f (x)g(x)dx =

∫
∞

0
−iFs[ f ](s)(−iFs[g](s))ds

=
∫

∞

0
Fs[ f ](s)Fs[g](s)ds.

Example 2.3.4. Evaluate
∫

∞

0

x2

(x2 +a2)(x2 +b2)
dx, a,b > 0

Solution. Let f (x) = e−ax, x > 0 and g(x) = e−bx, x > 0. Then

Fs[e−ax](s) =

√
2
π

s
s2 +a2 and Fs[e−bx](s) =

√
2
π

s
s2 +b2 .

By using Parseval’s identity, we have∫
∞

0
e−axe−bx dx =

2
π

∫
∞

0

s
s2 +a2

s
s2 +b2 ds.

Therefore ∫
∞

0

s2

(s2 +a2)(s2 +b2)
ds =

π

2

∫
∞

0
e−(a+b)x dx

=
π

2

[
e−(a+b)

−(a+b)

]∞

0

=
π

2
1

a+b
.

Hence,
∫

∞

0

x2

(x2 +a2)(x2 +b2)
dx =

π

2(a+b)
.

Example 2.3.5. Evaluate
∫

∞

0

dx
(x2 +a2)(x2 +b2)

, a,b > 0

Solution. Let f (x) = e−ax, x > 0 and g(x) = e−bx, x > 0. Then

Fc[e−ax](s) =

√
2
π

a
s2 +a2 and Fc[e−bx](s) =

√
2
π

b
s2 +b2 .

By using Parseval’s identity, we have∫
∞

0
e−axe−bx dx =

2
π

∫
∞

0

a
s2 +a2

b
s2 +b2 ds.

Therefore ∫
∞

0

1
(s2 +a2)(s2 +b2)

ds =
π

2ab

∫
∞

0
e−(a+b)x dx

=
π

2ab

[
e−(a+b)

−(a+b)

]∞

0

=
π

2ab
1

(a+b)
.

Hence,
∫

∞

0

1
(x2 +a2)(x2 +b2)

dx =
π

2ab(a+b)
.
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Example 2.3.6. Evaluate
∫

∞

−∞

sinat
t(t2 +b2)

dt, where a,b > 0.

Solution. Let f = χ[−a,a], i.e. f (x) =

{
1, |x| ≤ a
0, |x|> a

and g(x) = e−b|x|, x > 0. Then

Fc[ f ](s) =

√
2
π

sinas
s

and Fc[g](s) =

√
2
π

b
s2 +b2 .

By Parseval’s identity ∫ a

−a
1 e−b|x| dx =

2b
π

∫
∞

−∞

sinas
s(s2 +b2)

ds

⇒ 2
∫ a

0
e−bx dx =

2b
π

∫
∞

−∞

sinas
s(s2 +b2)

ds

⇒
∫

∞

−∞

sinas
s(s2 +b2)

ds =
π

b

∫ a

0
e−bx dx

=
π

b

[
e−bx

−b

]a

0
=

π

b2 (−e−ba +1).

Hence,
∫

∞

−∞

sinat
t(t2 +b2)

dt =
π

b2 (1− e−ba).

Example 2.3.7. Evaluate
∫

∞

0

sinat
t(t2 +b2)

dt, a,b > 0.

Solution. Same as above. Answer is
π

2b2 (1− e−ba).

Example 2.3.8. Evaluate
∫

∞

−∞

(
sinat

t

)2

dt, a > 0.

Solution. Let f (x) = χ[−a,a](x). Then F [ f ](s) =

√
2
π

sinas
s

. Using Parseval’s identity, we get

∫ a

−a
1 dx =

2
π

∫
∞

−∞

(
sinas

s

)2

ds

⇒
∫

∞

−∞

(
sinas

s

)2

ds =
π

2
[x]a−a = aπ.

Hence,
∫

∞

−∞

(
sinat

t

)2

dt = aπ.

Example 2.3.9. Evaluate
∫

∞

0

(
sinat

t

)2

dt, a > 0.

Solution. Same as above. Answer is aπ

2 .

Example 2.3.10. Evaluate
∫

∞

0

(
sin t

t

)2

dt and
∫

∞

0

sin t
t

dt.
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Solution. Same as above. Answer is π

2 for both the integrals.

Ex
1. Find the Fourier transform of the following functions.

(a) f (x) =

{
x, |x| ≤ a
0, |x|> a,

where a > 0.

(b) f (x) =

{
x2, |x| ≤ a
0, |x|> a,

where a > 0.

(c) f (x) =

{
a−|x|, |x| ≤ a
0, |x|> a,

where a > 0.

2. Find the Fourier sine transform of the following functions.
(a) f (x) = x

1+x2 .
(b) f (x) = e−ax, where a > 0.

(c) f (x) =


x, 0≤ x≤ 1
2− x, 1 < x≤ 2
0, x > 2.

(d) f (x) = χ[0,a], where a > 0.
(e) f (x) = e−ax

x , where a > 0.
(f) f (x) = 1

x .

(g) f (x) =

{
sinx, 0 < x < a
0, x≥ a

3. Find the Fourier cosine transform of the following functions.
(a) f (x) = e−ax, where a > 0.
(b) f (x) = χ[0,a], where a > 0.
(c) f (x) = 1

1+x2 .

(d) f (x) =


x, 0≤ x≤ 1

2

1− x, 1
2 < x≤ 1

0, x > 1.

(e) f (x) =

{
cosx, 0 < x≤ a
0, x > a.

4. Find the Fourier cosine integral representation and the Fourier sine integral repre-
sentation of f (x) = e−βx. Hence evaluate

(a)
∫

∞

0
cosux
u2+β 2 du; (b)

∫
∞

0
usinux
u2+β 2 du.

5. Let f = χ[0,π]. Then find the Fourier sine integral representation of f . Hence
evaluate

∫
∞

0
1−cosπλ

λ
sinλxdλ .

6. Find the Fourier integral representation of f (x) = χ[−a,a](x)(a−|x|), where a > 0.

Hence evaluate
∫

∞

0
( sin t

t

)2
dt.

7. Find f if
∫

∞

0 f (x)sinsxdx =


1 0 < s < 1
2 1 < s < 2
0 s > 2

.
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2.4 Convolution Product

Let f (x) = χ(0,1)(x)
1√
x , x ∈ R. Then f ∈ L1(R). But f 2(x) = χ(0,1)(x)

1
x is not in L1(R).

Hence the product of two L1-functions may not be L1(R). The following operation (called
convolution) on L1(R) makes L1(R) an algebra. With this convolution product L1(R) is a
commutative algebra (in fact commutative Banach algebra).

Definition 2.4.1. Let f ,g ∈ L1(R). Then the convolution product ∗ of f and g is defined as

( f ∗g)(x) =
1√
2π

∫
∞

−∞

f (y)g(x− y) dy (x ∈ R). (2.7)

We first note that f ∗g ∈ L1(R), this will follow by Fubini-Tonelli theorem.

Example 2.4.2. If f ,g ∈ L1(R), then f ∗g ∈ L1(R).

Solution. Since f ,g ∈ L1(R),∫
∞

−∞

| f (x)| dx < ∞ and
∫

∞

−∞

|g(x)| dx < ∞.

We have to prove that
∫

∞

−∞

|( f ∗g)(x)| dx < ∞.

∫
∞

−∞

|( f ∗g)(x)|dx =
∫

∞

−∞

∣∣∣∣ 1√
2π

∫
∞

−∞

f (y)g(x− y) dy
∣∣∣∣ dx

≤ 1√
2π

∫
∞

−∞

∫
∞

−∞

| f (y)||g(x− y)| dx dy

=
1√
2π

∫
∞

−∞

| f (y)|
(∫

∞

−∞

|g(x− y)| dx
)

dy

=
1√
2π

∫
∞

−∞

| f (y)|
(∫

∞

−∞

|g(t)| dt
)

dy

=
1√
2π

(∫
∞

−∞

|g(t)| dt
)(∫

∞

−∞

| f (y)| dy
)
< ∞.

Hence f ∗g ∈ L1(R).

Ex Let f ,g,h∈ L1(R). Then show that the convolution product satisfies following properties:

(a) f ∗g = g∗ f , i.e. convolution product is commutative.
(b) ( f ∗g)∗h = f ∗ (g∗h), i.e. convolution is associative.
(c) f ∗ (g+h) = ( f ∗g)+( f ∗h), i.e. convolution is distributive over addition.

Theorem 2.4.3 (Convolution Theorem). Let f ,g ∈ L1(R). Then

F [ f ∗g] = F [ f ]F [g]. (2.8)
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Proof. Let s ∈ R. Then

F [ f ∗g](s) =
1√
2π

∫
∞

−∞

( f ∗g)(x)e−isx dx

=
1√
2π

∫
∞

−∞

(
1√
2π

∫
∞

−∞

f (y)g(x− y)dy
)

e−isx dx

=
1√
2π

∫
∞

−∞

f (y)
(

1√
2π

∫
∞

−∞

g(x− y)e−is(x−y)dx
)

e−isydy

=
1√
2π

∫
∞

−∞

f (y)F [g](s)e−isydy

= F [g](s)
1√
2π

∫
∞

−∞

f (y)e−isydy

= F [ f ](s)F [g](s) = (F [ f ](s)F [g])(s).

Hence, F [ f ∗g] = F [ f ]F [g].
In the proof we used Fubini–Tonelli theorem (where?).

Example 2.4.4. Find f if
∫

∞

−∞

f (t)e−|x−t|dt = φ(x).

Solution. Let g(x) = e−|x|. Then F [g](s) =
√

2
π

1
1+s2 . Now

1√
2π

∫
∞

−∞

f (t)e−|x−t|dt =
1√
2π

φ(x),

i.e. ( f ∗ g)(x) = 1√
2π

φ(x). Let F [φ ] be the Fourier transform of φ . Applying the Fourier
transform on both the sides of the above equation and applying the convolution theorem, we
get

F [ f ∗g](s) =
1√
2π

F [φ ](s)

i.e. F [ f ](s)F [g](s) =
1√
2π

F [φ ](s)

i.e. F [ f ](s)

√
2
π

1
1+ s2 =

1√
2π

F [φ ](s)

Therefore,

F [ f ](s) =
1
2
(1+ s2)F [φ ](s)

=
1
2
[
F [φ ](s)+ s2F [φ ](s)

]
=

1
2
[
F [φ ](s)− (is)2F [φ ](s)

]
=

1
2
[
F [φ ](s)−F [φ ′′](s)

] (
∵ F [ f (n)](s) = (is)nF [ f ](s)

)
Applying the inverse transform on both sides, we get

f (x) =
1
2
(φ(x)−φ

′′(x)).
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Example 2.4.5. Let f ∈ L1(R) be even. Then F [ f ] = F−1[ f ] = Fc[ f ].

Solution. Let s ∈ R. Then

F−1[ f ](s) =
1√
2π

∫
∞

−∞

f (x)eisx dx

=
1√
2π

∫
∞

−∞

f (x)cossx dx+ i
1√
2π

∫
∞

−∞

f (x)sinsx dx

=
1√
2π

∫
∞

−∞

f (x)cossx dx (∵ f is even)

=

√
2
π

∫
∞

0
f (x)cossx dx (which is Fc[ f ])

=
1√
2π

∫
∞

−∞

f (x)e−isx dx

= F [ f ](s).

Example 2.4.6. Let f : R→ R be defined by f (x) = 1
1+x2 . Then evaluate f ∗ f .

Solution. Let g(x) = e−|x|. Then F [g](s) =
√

2
π

1
1+s2 =

√
2
π

f (s). Since g is an even function,

F [g] = F−1[g]. Therefore

F−1[g] = F [g] =

√
2
π

f .

So, F [ f ] =
√

π

2 g. Then by Convolution theorem,

F [ f ∗ f ] = F [ f ]F [ f ] =
π

2
g2.

Applying inverse Fourier transform, we get

( f ∗ f )(x) =
1√
2π

∫
∞

−∞

π

2
e−2|s|eisx ds

=

√
π

2

∫
∞

0
e−2s cossx ds

=

√
π

2

[
e−2s

4+ x2 (−2cossx+ xsinsx)
]∞

0

=

√
π

2
2

4+ x2 =

√
2π

x2 +4
.

Example 2.4.7. Find f if
∫

∞

0 f (s)cossxds = e−ax, where a > 0.

Here √
2
π

∫
∞

0
f (s)cossxds =

√
2
π

e−ax.

Applying the inverse Fourier cosine transform, we get

f (x) =

√
2
π

∫
∞

0

√
2
π

e−as cossxds =
2
π

a
a2 + x2 =

2a
π(a2 + x2)

.
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2.5 Applications of Fourier Transform

Example 2.5.1. Solve y′′ − y = e−α|x|, where α > 0, α 6= 1, subject to the conditions
y(x),y′(x)→ 0 as |x| → ∞.

Solution. Let Y be the Fourier transform of y. Applying the Fourier transform to the equation
y′′− y = e−α|x|, we get

F [y′′](s)−F [y](s) = F
[
e−α|x|

]
(s).

Now, F [y′′](s) = (is)2F [y](s) =−s2[y](s). Therefore,

−s2Y −Y =

√
2
π

α

α2 + s2 .

Therefore

Y =−
√

2
π

1
1+ s2

α

α2 + s2 =

√
2
π

α

α2−1

[
1

α2 + s2 −
1

1+ s2

]
.

Applying the inverse Fourier transform, we get

y =
α

α2−1

√
2
π

{
F−1

[
1

s2 +α2

]
−F−1

[
1

s2 +1

]}
=

α

α2−1

√
2
π

{√
π

2
1
α

e−α|x|−
√

π

2
e−|x|

}
= − α

α2−1

(
e−|x|− 1

α
e−α|x|

)
=

e−α|x|−αe−|x|

α2−1
.

Definition 2.5.2. Let u(x, t) be a complex valued function of two variables. Then the
Fourier transform of u(x, t) in the first variable, i.e. with respect to x is defined as

F [u](s) =
1√
2π

∫
∞

−∞

u(x, t)e−isxdx.

The Fourier sine transform of u(x, t) with respect to variable x is defined as

Fs[u](s) =

√
2
π

∫
∞

0
u(x, t)sinsxdx.

The Fourier cosine transform of u(x, t) with respect to variable x is defined as

Fc[u](s) =

√
2
π

∫
∞

0
u(x, t)cossxdx.

Example 2.5.3. Let u(x, t) be a function of two variables and let u(x, t) and ux(x, t) both tend
to 0 as |x| → ∞ for all t. Then F [uxx](s) =−s2F [u](s) = i2s2F [u](s).
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Solution. Here,

F [uxx](s) =
1√
2π

∫
∞

−∞

uxx(x, t)e−ist dx

=
1√
2π

[
ux(x, t)e−isx + is

∫
e−istux(x, t)

]∞

−∞

=
1√
2π

[
ux(x, t)e−isx + isu(x, t)e−isx− s2

∫
e−isxu(x, t) dx

]∞

−∞

= − s2 1√
2π

∫
∞

−∞

u(x, t)e−isx dx

= − s2F [u](s).

Similarly, note that, F [ux](s) = isF [u](s).

Theorem 2.5.4. Let u(x, t) be a function of two variables and let u(x, t) and ux(x, t) both
tend to 0 as |x| → ∞. Then

1. Fc[ux](s) =−
√

2
π

u(0, t)+ sFs[u](s).

2. Fc[uxx](s) =−
√

2
π

ux(0, t)− s2Fc[u](s).
3. Fs[ux](s) =−sFc[u](s).

4. Fs[uxx](s) =
√

2
π

su(0, t)− s2Fs[u](s).

Proof. 1.

Fc[ux](s) =

√
2
π

∫
∞

0
ux(x, t)cossx dx

=

√
2
π

[
u(x, t)cossx+ s

∫
sinsx u(x, t) dx

]∞

0

=

√
2
π
(−u(0, t))+ s

√
2
π

∫
∞

0
u(x, t)sinsx dx

= =

√
2
π

u(0, t)+ sFs[u](s).

2.

Fc[uxx](s) =

√
2
π

∫
∞

0
uxx(x, t)cossx dx

=

√
2
π

[
ux(x, t)cossx+ s

∫
sinsx ux(x, t) dx

]∞

0

=

√
2
π

[
ux(x, t)cossx+ ssinsx u(x, t)− s2

∫
cossx u(x, t) dx

]∞

0

= −
√

2
π

ux(0, t)−
√

2
π

s2
∫

∞

0
u(x, t)cossx dx

= −
√

2
π

ux(0, t)− s2Fc[u](s).
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3.

Fs[ux](s) =

√
2
π

∫
∞

0
ux(x, t)sinsx dx

=

√
2
π

[
u(x, t)sinsx− s

∫
cossxu(x, t) dx

]∞

0

= − s

√
2
π

∫
∞

0
u(x, t)cossx dx

= − sFc[u](s).

4.

Fs[uxx](s) =

√
2
π

∫
∞

0
uxx(x, t)sinsx dx

=

√
2
π

[
ux(x, t)sinsx− s

∫
cossx ux(x, t) dx

]∞

0

=

√
2
π

[
ux(x, t)sinsx− scossx u(x, t)+ s2

∫
sinsx u(x, t) dx

]∞

0

=

√
2
π

su(0, t)− s2

√
2
π

∫
∞

0
u(x, t)sinsx dx

=

√
2
π

su(0, t)− s2Fs[u](s).

Theorem 2.5.5. Let u(x, t) be a function of two variables. Suppose that ∂ ru
∂xr ∈ L1(R) and it

is tending to 0 as |x| → ∞ for r = 0,1, . . . ,n−1. Then
1. F [∂ nu

∂xn ](s) = (is)nF [u](s).
2. F [∂ nu

∂ tn ](s) = ∂ n

∂ tn F [u](s).

3. Fs

[
∂ nu
∂ tn

]
(s) = ∂ n

∂ tn Fs[u](s), n ∈ N.

4. Fc

[
∂ nu
∂ tn

]
(s) = ∂ n

∂ tn Fc[u](s), n ∈ N.

Proof. 1. Same as proof of Property 33.
2. Let s ∈ R. Then

F
[

∂ nu
∂ tn

]
(s) =

1√
2π

∫
∞

−∞

∂ nu
∂ tn (x, t)e

−isx dx

=
∂ n

∂ tn

(
1√
2π

∫
∞

−∞

u(x, t)e−isx dx
)

=
∂ n

∂ tn F [u](s).

3. Let s ∈ R. Then

Fs

[
∂ nu
∂ tn

]
(s) =

√
2
π

∫
∞

0

∂ nu
∂ tn (x, t)sinsx dx
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=
∂ n

∂ tn

(√
2
π

∫
∞

0
u(x, t)sinsx dx

)

=
∂ n

∂ tn Fs[u](s).

4. Let s ∈ R. Then

Fc

[
∂ nu
∂ tn

]
(s) =

√
2
π

∫
∞

0

∂ nu
∂ tn (x, t)cossx dx

=
∂ n

∂ tn

(√
2
π

∫
∞

0
u(x, t)cossx dx

)

=
∂ n

∂ tn Fc[u](s).

Example 2.5.6. Obtain the solution of the free vibration of semi-infinite string governed
by the partial differential equation utt = c2uxx, 0 < x < ∞, t > 0 subject to u(x,0) = f (x),
ut(x,0) = g(x).

Solution: Since one end point of the string is fixed, u(0, t) = 0, t > 0. Hence we have to
solve the PDE utt = c2uxx, 0 < x < ∞, t > 0 subject to u(x,0) = f (x), ut(x,0) = g(x) and
u(0, t) = 0, t > 0.

Let U(s, t) be the Fourier sine transform of u(x, t) and let F and G be the Fourier sine
transforms of f and g respectively. Applying the Fourier sine transform to the equation
utt = c2uxx, we get

∂ 2

∂ t2U(s, t) = c2

[√
2
π

su(0, t)− s2U(s, t)

]
= − c2s2U(s, t) (∵ u(0, t) = 0).

By fixing s in the above equation, we may write it as
d2U
dt2 + c2s2U = 0. This implies that

U(s, t) = A(s)cos(cst)+B(s)sin(cst),

where A(s) and B(s) are arbitrary constants. Since u(x,0) = f (x), U(s,0) = F(s). Therefore
A(s) = F(s). Now since ut(x,0) = g(x), dU

dt (s,0) = G(s). Hence B(s) = 1
csG(s). This implies

U(s, t) = F(s)cos(cst)+
1
cs

G(s)sin(cst).

Since s was fixed arbitrarily, the above equation holds for every s and t. Applying the inverse
Fourier sine transform, we obtain

u(x, t) =

√
2
π

∫
∞

0
F(s)cos(cst)sinsxdx+

√
2
π

∫
∞

0

1
cs

G(s)sin(cst)sinsxdx.
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Now,√
2
π

∫
∞

0
F(s)cos(cst)sinsx ds

=

√
2
π

∫
∞

0

[
1
2
(sins(x+ ct)+ sins(x− ct))

]
F(s) ds

=
1√
2π

∫
∞

0
F(s)sins(x+ ct) ds+

1√
2π

∫
∞

0
F(s)sins(x− ct) ds

=
1
2
[
F−1

s [Fs[ f ]](x+ ct)+F−1
s [Fs[ f ]](x− ct)

]
(∵ F = Fs[ f ])

=
1
2
[ f (x+ ct)+ f (x− ct)] (∵ f = F−1

s [Fs[ f ]]).

Now, √
2
π

∫
∞

0

G(s)
cs

sinsxsin(cst) ds

=
1
2

√
2
π

∫
∞

0

G(s)
cs

[coss(x− ct)− coss(x+ ct)] ds

=
1
2

√
2
π

∫
∞

0

G(s)
cs

(∫ x+ct

x−ct
sinsu du

)
ds

=
1
2c

∫ x+ct

x−ct

(√
2
π

∫
∞

0
G(s)sinsu ds

)
du

=
1
2c

∫ x+ct

x−ct
g(u) du.

Therefore

u(x, t) =
1
2
[ f (x+ ct)+ f (x− ct)]+

1
2c

∫ x+ct

x−ct
g(u)du.

This is called D’Alembert’s solution which describes the vibrations of an infinite string.

Example 2.5.7. Solve uxx+uyy = 0 (x∈R, y> 0) subject to the conditions u(x,0)= f (x) (x∈
R), u is bounded as y→ ∞, both u and ∂u/∂x→ 0 as |x| → ∞.

Solution. Let U be the Fourier transform of u in the first variable, and let F be the Fourier
transform of f . Applying the Fourier transform to the equation uxx +uyy = 0, we have

F [uxx](s)+F [uyy](s) = 0

⇒ (is)2U(s, t)+
∂ 2U
∂y2 (s, t) =−s2U(s, t)+

∂ 2U
∂y2 (s, t) = 0.

Fixing s, the above equation reduces to d2U
dy2 +s2U = 0. Therefore U(s,y) = A(s)esy+B(s)e−sy.

Since s is arbitrary, above equation holds for every s and every y, i.e.

U(s,y) = A(s)esy +B(s)e−sy for all s and t.
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Since u is bounded as y→ ∞, U(s,y) is bounded as y→ ∞. If s > 0, then U(s, t) has to be of
the form B(s)e−sy, i.e. A(s) = 0; and if s < 0, then U(s,y) has to be of the form A(s)esy, i.e.
B(s) = 0. Thus

U(s,y) =

{
B(s)e−sy, s > 0
A(s)esy, s < 0

=C(s)e−|s|y.

Since u(x,0) = f (x), U(s,0) = F(s). Therefore F(s) =U(s,0) =C(s). Hence

U(s,y) = F(s)e−|s|y.

Applying the inverse Fourier transform to this equation, we obtain

u(x,y) =
1√
2π

∫
∞

−∞

F(s)e−|s|yeisxds

=
1√
2π

∫
∞

−∞

(
1√
2π

∫
∞

−∞

f (u)e−isudu
)

e−|s|yeisxds

=
1

2π

∫
∞

−∞

f (u)
(∫

∞

−∞

e−|s|yeis(x−u)ds
)

du

=
1

2π

∫
∞

−∞

f (u)
(∫

∞

−∞

e−|s|y[coss(u− x)+ isins(u− x)]ds
)

du

=
1

2π

∫
∞

−∞

f (u)
(∫

∞

−∞

e−|s|y coss(u− x)ds
)

du

=
1

2π

∫
∞

−∞

f (u)
(

2
∫

∞

0
e−sy coss(u− x)ds

)
du

=
1
π

∫
∞

−∞

f (u)
[

e−sy

y2 +(u− x)2 (−ycoss(u− x)+(u− x)sins(u− x))
]∞

0
du

=
1
π

∫
∞

−∞

f (u)
[

y
y2 +(u− x)2

]
du

=
y
π

∫
∞

−∞

f (u)
y2 +(u− x)2 du

Therefore

u(x,y) =
y
π

∫
∞

−∞

f (u)
y2 +(u− x)2 du.

Example 2.5.8. Solve ut = kuxx (x ∈R, t > 0) subject to the condition u(x,0) = f (x) (x ∈R)
and both u,ux→ 0 as |x| → ∞.

Solution. Let U be the Fourier transform of u in the first variable and F be the Fourier
transform of f . Applying the Fourier transform to the equation ut = kuxx, we get

F [ut ](s) = kF [uxx](s)⇒
∂

∂ t
U(s, t) =−ks2U(s, t).

Fixing s in the above equation will become dU
dt + ks2U = 0. Therefore

U(s, t) = A(s)e−ks2t , where A(s) is an arbitrary constant.
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Since u(x,0) = f (x), U(s,0) = F(s). Therefore A(s) = F(s). Since s is arbitrary, U(s, t) =
F(s)e−ks2t for all s and t. Applying the inverse Fourier transform to this equation, we obtain

u(x, t) =
1√
2π

∫
∞

−∞

F(s)e−ks2teisxds

=
1√
2π

∫
∞

−∞

(
1√
2π

∫
∞

−∞

f (u)e−isudu
)

e−ks2teisxds

=
1

2π

∫
∞

−∞

f (u)
(∫

∞

−∞

e−ks2t(coss(x−u)+ isins(x−u))ds
)

du

=
1
π

∫
∞

−∞

f (u)
(∫

∞

0
e−ks2t coss(x−u)ds

)
du

=
1
π

∫
∞

−∞

f (u)
(

1
2

√
π

kt
exp
(
−(x−u)2

4kt

))
du (∵ F [e−kts2

](x−u))

=
1

2
√

πkt

∫
∞

−∞

f (u)exp
(
−(x−u)2

4kt

)
du

Take
u− x
2
√

kt
= θ . Then

du
2
√

kt
= dθ ⇒ du = 2

√
ktdθ . Now, u→ ∞⇒ θ → ∞ and u→−∞⇒

θ →−∞. Therefore, we have

u(x, t) =
1

2
√

πkt

∫
∞

−∞

f (x+2θ
√

kt)e−θ 2
2
√

kt dθ

=
1√
π

∫
∞

−∞

f (x+2θ
√

kt)e−θ 2
dθ .

Example 2.5.9. Solve ut = kuxx (x > 0, t > 0) subject to the conditions u(x,0) = 0 and
ux(0, t) =−a and both u,ux→ 0 as x→ ∞.

Solution. Let U be the Fourier cosine transform of u in the first variable. Applying the Fourier
cosine transform to the equation ∂u

∂ t = k ∂ 2u
∂x2 , we get Fc[ut ](s) = kFc[uxx](s). Therefore,

∂

∂ t
U(s, t) =−k

√
2
π

ux(0, t)− ks2U(s, t)

⇒ ∂

∂ t
U(s, t) = ka

√
2
π
− ks2U(s, t).

Fixing s, the above equation reduces to
dU
dt

+ ks2U = ka

√
2
π

. Therefore,

Complementary Function (C.F.) = A(s)e−ks2t and

Particular Integral (P.I.) =
1

D+ ks2 ka

√
2
π

= ka

√
2
π

1

ks2
(

1+ D
ks2

) ·1 =
a
s2

√
2
π
.
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Therefore, U(s, t) = C.F + P.I. = A(s)e−ks2t +
a
s2

√
2
π

. Now since u(x,0) = 0, U(s,0) = 0.

This implies

A(s) =− a
s2

√
2
π
.

Therefore, U(s, t) =
a
s2

√
2
π

(
1− e−ks2t

)
. Applying the Fourier cosine transform, we get

u(x, t) =
2a
π

∫
∞

0

1− e−ks2t

s2 cossx ds.

Example 2.5.10. Solve utt = c2uxx (x ∈R, t > 0) subject to the conditions u(x,0) = f (x) and
ut(x,0) = 0 for all x ∈ R and both u,ux→ 0 as |x| → ∞.

Solution. Let U be the Fourier transform of u in the first variable and let F be the Fourier
transform of f . Applying Fourier transform to utt = c2uxx, we get

F [utt ](s) = c2F [uxx](s)

∴
∂ 2

∂ t2U(s, t) = c2 (−s2U(s, t)
)
.

Fix s. Then we may write above equation as
d2U
dt2 + c2s2U = 0. Therefore

U(s, t) = A(s)cos(cst)+B(s)sin(cst),

where A(s) and B(s) are arbitrary constants. Since s was fixed arbitrarily, the above solution
holds for all s and for all t. Also,

Ut(s, t) =−cs A(s)sin(cst)+ cs B(s)cos(cst).

Since u(x,0) = f (x), U(s,0) = F(s). Therefore A(s) = F(s). Again since ut(x,0) = 0,
Ut(s,0) = 0. This implies cs B(s) = 0 and so B(s) = 0. Therefore the required solution takes
the form

U(s, t) = F(s)cos(cst).

Applying inverse Fourier transform, we get

u(x, t) =
1√
2π

∫
∞

−∞

F(s)cos(cst)eisx ds

=
1√
2π

∫
∞

−∞

(
1√
2π

∫
∞

−∞

f (u)e−isu du
)

eisct + e−isct

2
eisx ds

=
1
2

[
1

2π

∫
∞

−∞

∫
∞

−∞

f (u)e−is(u−ct−x) du ds+
1

2π

∫
∞

−∞

∫
∞

−∞

f (u)e−is(u−ct−x) du ds
]

=
1
2
[ f (x+ ct)+ f (x− ct)] .

This is called D’Alembert’s solution.
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Definition 2.5.11. The error function erf(x) is defined as

erf(x) =
2√
π

∫ x

0
e−σ2

dσ .

We note that if a > 0 and b ∈ R, then∫
∞

0
e−ax2

cosbxdx =
1
2

√
π

a
exp
(
−b2

4a

)
.

Example 2.5.12. Solve ut = kuxx (x > 0, t > 0) subject to the conditions u(0, t) = 0 (t > 0)
and u(x,0) = f (x) (x > 0).

Solution. Let U be the Fourier sine transform of u in the first variable and F be the Fourier
sine transform of f . Applying the Fourier sine transform to the equation ut = kuxx, we get

Fs[ut ](s) = k Fs[uxx](s)

∴
∂

∂ t
U(s, t) = k

[√
2
π

su(0, t)− s2U(s, t)

]

∴
∂

∂ t
U(s, t) =−ks2U(s, t).

Fixing s the above equation will become
dU
dt

+ ks2U = 0. Therefore

U(s, t) = c(s)e−ks2t , where c(s) is an arbitrary constant.

Since u(x,0) = f (x), U(s,0) = F(s). Therefore c(s) = F(s). Since s is arbitrary, we have
U(s, t) =F(s)e−ks2t for all s and t. Applying the inverse Fourier sine transform to this equation,
we obtain

u(x, t) =

√
2
π

∫
∞

0
F(s)e−ks2t sinsx ds

=

√
2
π

∫
∞

0

(√
2
π

∫
∞

0
f (u)sinsu du

)
e−ks2t sinsx ds

=
1
π

∫
∞

0
f (u)

(∫
∞

0
e−ks2t2sinsusinsx ds

)
du

=
1
π

∫
∞

0
f (u)

(∫
∞

0
e−ks2t coss(u− x) ds−

∫
∞

0
e−ks2t coss(u+ x) ds

)
du

=
1
π

∫
∞

0
f (u)

[
1
2

√
π

kt
exp
(
−(u− x)2

4kt

)
− 1

2

√
π

kt
exp
(
−(u+ x)2

4kt

)]
du

=
1

2
√

πkt

[∫
∞

0
f (u)exp

(
−(u− x)2

4kt

)
du−

∫
∞

0
f (u)exp

(
−(u+ x)2

4kt

)
du
]

=
1√
π

[ ∫
∞

− x
2
√

kt

f (x+2θ
√

kt)e−θ 2
dθ −

∫
∞

x
2
√

kt

f (−x+2θ
√

kt)e−θ 2
dθ

]
.
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If f (x) = 1, then it follows that

u(x, t) = erf
(

x
2
√

kt

)
.

Example 2.5.13. Solve uxx + uyy = 0, (x ∈ R, y > 0) subject to the conditions uy(x,0) =
f (x) (x ∈ R), u is bounded as y→ ∞, and both u,ux→ 0 as |x| → ∞.

Solution. Let φ(x,y) = uy(x,y). Then φxx + φyy = uxxy + uyyy =
∂

∂y(uxx + uyy) = 0. Also,
φ(x,0) = uy(x,0) = f (x). Then by Example 2.5.72.5.7

φ(x,y) =
y
π

∫
∞

−∞

f (u)
y2 +(u− x)2 du

i.e. uy(x,y) =
y
π

∫
∞

−∞

f (u)
y2 +(u− x)2 du.

But then

u(x,y) =
∫

φ(x,y) dy

=
∫ ( y

π

∫
∞

−∞

f (u)
y2 +(u− x)2 du

)
dy

=
1

2π

∫
∞

−∞

f (u)
(∫ 2y

y2 +(u− x)2 dy
)

du

=
1

2π

∫
∞

−∞

f (u)(ln
(
y2 +(u− x)2)+ c) du,

where c is a constant.
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LAPLACE TRANSFORM

3.1 Definitions and Examples

Definition 3.1.1. Let f : (0,∞)→ C be a map. Then the Laplace transform, L[ f ], of f is
defined as

L[ f ](s) =
∫

∞

0
f (t)e−stdt.

The domain of the Laplace transform L[ f ] of f is the set of all those s ∈ C such that∫
∞

0 f (t)e−stdt exists.

Example 3.1.2. Compute the Laplace transform of the following:
1. 1.

Solution. L[1](s) =
∫

∞

0
1 · e−st dt =

[
e−st

−s

]∞

0
=

1
s

(∵ e−st → 0 as t→ ∞).

Thus, L[1](s) =
1
s

, for all s ∈ C and Res > 0.

2. t

Solution. L[t](s) =
∫

∞

0
te−st dt

=

[
t
(

e−st

−s

)
− e−st

s2

]∞

0
=

1
s2 .

L[t](s) =
1
s2 , for all s ∈ C such that Res > 0.

3. tn

87
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Solution. L[tn](s) =
∫

∞

0
tne−st dt.

Take st = θ , then s dt = dθ ⇒ t = θ

s and dt = dθ

s . Then we have,

L[tn](s) =
∫

∞

0

θ n

sn e−θ dθ

s

=
1

sn+1

∫
∞

0
θ

ne−θ dθ

=
1

sn+1 Γ(n+1) =
n!

sn+1 . (∵ Γ(z) =
∫

∞

0
xze−z dx and Γ(n) = (n−1)!)

L[tn](s) =
n!

sn+1 , for all s ∈ C such that Res > 0.

4. eat

Solution. L[eat ](s) =
∫

∞

0
eate−st dt

=
∫

∞

0
e−t(s−a) dt

=

[
e−t(s−a)

−(s−a)

]∞

0

=
1

s−a

L[eat ](s) =
1

s−a
, for all s ∈ C such that Re(s−a)> 0.

5. cos(at)

Solution. L[cosat](s) =
∫

∞

0
cos(at) e−st dt

=

[
e−st

s2 +a2 (−scosat +asinat)
]∞

0
=

s
s2 +a2 .

L[cos(at)](s) =
s

s2 +a2 .

6. sin(at)

Solution. L[cosat](s) =
∫

∞

0
sin(at) e−st dt

=

[
e−st

s2 +a2 (−ssinat−acosat)
]∞

0
=

a
s2 +a2 .

L[sin(at)](s) =
a

s2 +a2 .

7. cosh(at)
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Solution. L[cosh(at)](s) =
∫

∞

0
cosh(at)e−st dt

=
∫

∞

0

(
eat + e−at

2

)
e−st dt

=
1
2

∫
∞

0

(
e−(s−a)t + e−(s+a)t

)
dt

=
1
2

[
e−(s−a)t

−(s−a)
+

e−(s+a)t

−(s+a)

]∞

0

=
1
2

[
1

s−a
+

1
s+a

]
=

1
2

[
2s

s2−a2

]
.

L[cosh(at)](s) =
s

s2−a2 .

8. sinh(at)

Solution. L[sinh(at)](s) =
∫

∞

0
sinh(at)e−st dt

=
∫

∞

0

(
eat− e−at

2

)
e−st dt

=
1
2

∫
∞

0

(
e−(s−a)t− e−(s+a)t

)
dt

=
1
2

[
e−(s−a)t

−(s−a)
− e−(s+a)t

−(s+a)

]∞

0

=
1
2

[
1

s−a
− 1

s+a

]
=

1
2

[
2a

s2−a2

]
.

L[sinh(at)](s) =
a

s2−a2 .

From Examples 77 and 88 above, it can be observed that Laplace transform will be linear.
Indeed it is. We have the following properties of Laplace transform

3.2 Properties of Laplace transform

1. Laplace transform is linear, i.e. if f ,g : (0,∞)→ C and α,β ∈ C, then

L[α f +βg] = αL[ f ]+βL[g].

Proof. L[α f +βg](s) =
∫

∞

0
(α f +βg)(t)e−st dt

= α

∫
∞

0
f (t)e−st dt +β

∫
∞

0
g(t)e−st dt

= αL[ f ](s)+βL[g](s).
Thus, L[α f +βg](s) = (αL[ f ]+βL[g])(s) and since s is arbitrary, we have

L[α f +βg] = αL[ f ]+βL[g].
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2. (Shifting property):
L[eat f (t)](s) = L[ f ](s−a).

Proof. L[eat f (t)](s) =
∫

∞

0
f (t)eate−st dt

=
∫

∞

0
f (t)e−(s−a)t dt

= L[ f ](s−a).

Example 3.2.1. Compute the Laplace transforms of the following:
1. eat cosbt

Solution. We know that L[cos(bt)](s) =
s

s2 +b2 . Therefore

L[eat cos(bt)](s) = L[cos(bt)](s−a)

=
s−a

(s−a)2 +b2 .

2. eat sinbt

Solution. We know that L[sin(bt)](s) =
b

s2 +b2 . Therefore

L[eat sin(bt)](s) = L[sin(bt)](s−a)

=
b

(s−a)2 +b2 .

3. eat coshbt

Solution. We know that L[cosh(bt)](s) =
s

s2−b2 . Therefore

L[eat cosh(bt)](s) = L[cosh(bt)](s−a)

=
s−a

(s−a)2−b2 .

4. eat sinhbt

Solution. We know that L[sinh(bt)](s) =
b

s2−b2 . Therefore

L[eat sinh(bt)](s) = L[sinh(bt)](s−a)

=
b

(s−a)2−b2 .
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5. eattn

Solution. We know that L[tn](s) =
n!

sn+1 . Therefore

L[eattn](s) = L[tn](s−a)

=
n!

(s−a)n+1 .

3. (Multiplication by power of t):

L[tn f (t)](s) = (−1)n dn

dsn L[ f ](s).

Proof.
dn

dsn L[ f ](s) =
dn

dsn

(∫
∞

0
f (t)e−stdt

)
=
∫

∞

0
f (t)(−t)ne−stdt

= (−1)n
∫

∞

0
f (t)tne−stdt

= (−1)nL[tn f (t)](s).
Therefore

L[tn f (t)](s) = (−1)n dn

dsn L[ f ](s).

Example 3.2.2. Compute the Laplace transform of the following:
1. t2 cos(at)

Solution. We know that L[cos(at)](s) =
s

s2 +a2 . Therefore

L[t2 cos(at)](s) = (−1)2 d2

ds2 L[cos(at)](s)

=
d2

ds2

(
s

s2 +a2

)
.

2. te2t sin(3t)

Solution. We know that L[e2t sin(3t)](s) =
3

(s−2)2 +32 . Therefore

L[te2t sin(3t)](s) = (−1)1 d
ds

L[e2t sin(3t)](s)

= − d
ds

(
3

(s−2)2 +32

)
.
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3. cos(at)cosh(bt)

Solution. We know that

L[cos(at)cosh(bt)](s) =
1
2

L[ebt cos(at)](s)+
1
2

L[e−bt cos(at)](s)

=
1
2

s−b
(s−b)2 +a2 +

1
2

s+b
(s+b)2 +a2 .

4. cos(at)sinh(bt) t2

Solution. We know that

L[cos(at)sinh(bt)](s) =
1
2

L[ebt cos(at)](s)− 1
2

L[e−bt cos(at)](s)

=
1
2

s−b
(s−b)2 +a2 −

1
2

s+b
(s+b)2 +a2 .

Therefore

L[cos(at)sinh(bt) t2](s) = (−1)2 d2

ds2 L[cos(at)sinh(bt)](s)

= (−1)2 d2

ds2

(
1
2

s−b
(s−b)2 +a2 −

1
2

s+b
(s+b)2 +a2

)
=

1
2

d2

ds2

(
s−b

(s−b)2 +a2 −
s+b

(s+b)2 +a2

)
.

Remark 3.2.3. Let s0 ∈ R. Let f : (0,∞)→ C be a map. If
∫

∞

0
| f (t)|e−s0t dt < ∞, then the

Laplace transform of f exists for all s ∈ C with Res > s0.

Proof. Let s = s1 + is2 ∈ C with Res = s1 > s0. Then for all t ≥ 0,

|e−st |= |e−(s1+is2)t |= e−s1t ≤ e−s0t .

Therefore ∫
∞

0
| f (t)||e−st | dt ≤

∫
∞

0
| f (t)|e−s0t dt < ∞.

Hence, L[ f ](s) =
∫

∞

0
f (t)e−st dt exists for all s ∈ C satisfying Res > s0.

4. (Division by t):

L
[

f (t)
t

]
(s) =

∞∫
s

L[ f ](u) du.
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Proof. We have ∫
∞

s
L[ f ](u)du =

∫
∞

s

(∫
∞

0
f (t)e−tu dt

)
du

=
∫

∞

0
f (t)

(∫
∞

s
e−tu du

)
dt

=
∫

∞

0
f (t)

[
e−tu

−t

]∞

s
dt

=
∫

∞

0

f (t)
t

e−stdt = L
[

f (t)
t

]
(s).

Example 3.2.4. Compute the Laplace transform of
1− cos2t

t
and

cos2t− cos3t
t

.

Solution. We have, L[1− cos2t](s) =
1
s
− s

s2 +4
. Now,

L
[

1− cos2t
t

]
(s) =

∫
∞

s
L[ f ](u) du

=
∫

∞

s

(
1
u
− u

u2 +4

)
du

=

[
logu− 1

2
log(u2 +4)

]∞

s

=

[
log
(

u√
u2 +4

)]∞

s

= log1− log
(

s√
s2 +4

)
= log

(√
s2 +4

s

)
.

Next, L[cos2t− cos3t](s) =
s

s2 +4
− s

s2 +9
. Therefore

L
[

cos2t− cos3t
t

]
(s) =

∫
∞

s
L[ f ](u) du

=
∫

∞

s

(
u

u2 +4
− u

u2 +9

)
du

=

[
1
2

log(u2 +4)− 1
2

log(u2 +9)
]∞

s

=

[
log

(√
u2 +4√
u2 +9

)]∞

s

= log1− log

√
s2 +4
s2 +9

= log

√s2 +9
s2 +4

 .
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Definition 3.2.5 (Heaviside step function). Let a≥ 0. Then the map H defined by

Ha(t) =
{

0, t ≤ a
1, t > a

is called Heaviside function at a sometimes also called Heaviside step function. We denote
it by H(t−a), i.e. Ha(t) = H(t−a).

Example 3.2.6. We compute below the Laplace transform of Heaviside function.

L[H(t−a)](s) =
∫

∞

0
H(t−a)e−st dt =

∫
∞

a
e−st dt =

[
e−st

−s

]∞

a
=

e−sa

s
.

Recall the translation operator given by Ta f (x) = f (x− a) for a ≥ 0. Then we have the
following property:

5. (Multiplication by Heaviside function H(t−a)):
Let f : (0,∞)→ C be a map and a≥ 0. Then

L[ f (t)H(t−a)](s) = e−saL[T−a f ](s).

Proof. L[ f (t)H(t−a)](s) =
∫

∞

0
f (t)H(t−a)e−st dt =

∫
∞

a
f (t)e−st dt.

Take t−a = u⇒ t = a+u and dt = du. Also, if t = a then u = 0, and if t→ ∞ then u→ ∞.
Therefore

L[ f (t)H(t−a)](s) =
∫

∞

a
f (t)e−stdt

=
∫

∞

0
f (u+a)e−s(u+a)du

= e−sa
∫

∞

0
f (u+a)e−sudu

= e−saL[ f (t +a)](s) = e−saL[T−a f ](s).

6. (Laplace transform of a periodic function):
If f : (0,∞)→ C is a periodic function with period T , then

L[ f ](s) =
1

(1− e−sT )

∫ T

0
f (t)e−stdt.

Proof. Since f is T -periodic function, f (t +T ) = f (t) for all t. Now,

L[ f ](s) =
∫

∞

0
f (t)e−st dt

=
∫ T

0
f (t)e−stdt +

∫
∞

T
f (t)e−st dt
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=
∫ T

0
f (t)e−stdt +

∫
∞

T
f (t +T )e−st dt

=
∫ T

0
f (t)e−stdt +

∫
∞

0
f (u)e−s(u−T ) du

=
∫ T

0
f (t)e−stdt + e−sT

∫
∞

0
f (u)e−su du

=
∫ T

0
f (t)e−stdt + e−sT L[ f ](s).

Therefore L[ f ](s) =
1

1− e−sT

∫ T

0
f (t)e−st dt.

Example 3.2.7. Use the above result to compute the Laplace transform of the functions
cos t,sin t,cos2t,sin2t.

Solution. We know that, cos t is a 2π-periodic function, i.e. T = 2π . Therefore,

L[cos t](s) =
1

1− e−s2π

∫ 2π

0
cos te−st dt

=
1

1− e−2πs

[
e−st

s2 +1
(−scos t + sin t)

]2π

0

=
1

1− e−2πs

[
−se−2πs

s2 +1
+

s
s2 +1

]
=

s
(1− e−2πs)(s2 +1)

(1− e−2πs) =
s

s2 +1
.

Similarly,

L[sin t](s) =
1

s2 +1
.

Example 3.2.8. Let f : (0,∞)→ C be a map and let a > 0. Let g(t) = f (t−a)H(t−a), i.e.

g(t) =
{

f (t−a), t > a
0, t ≤ a.

Then L[g](s) = e−saL[ f ](s).

Solution. We have

L[g](s) =
∫

∞

0
g(t)e−st dt

=
∫

∞

a
f (t−a)e−st dt

=
∫

∞

0
f (θ)e−s(θ+a) dθ

= e−sa
∫

∞

0
f (θ)e−sθ dθ = e−saL[ f ](s).
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Remark 3.2.9. Notice that the above example can be solved using Property 55 also. Since
g(t) = f (t−a)H(t−a), by that property

L[g](s) = e−saL[T−a f (t−a)](s) = e−saL[ f ((t−a)+a)](s) = e−saL[ f ](s).

Example 3.2.10. Compute the Laplace transform of g(t) = (t−1)2H(t−1).

Solution. Taking f (t) = (t−1)2, by above example, we have

L[g](s) = e−sL[t2](s) = e−s 2
s3 .

Example 3.2.11. Compute the Laplace transform of f (t) = sin(t−π)H(t−π).

Solution. By Example 3.2.83.2.8, we have

L[ f ](s) = e−sπL[sin t](s) =
e−sπ

s2 +1
.

Example 3.2.12. Let α > 0. Compute the Laplace transform of the function tα .

Solution. L[tα ](s) =
∫

∞

0 tαe−st dt. Take st = u. Then dt = du
s . Therefore

L[tα ](s) =
∫

∞

0

(u
s

)α

e−u du
s

=
1

sα+1

∫
∞

0
uαe−u du

=
1

sα+1

∫
∞

0
u(α+1)−1e−u du =

Γ(α +1)
sα+1 .

7. (Differentiation property):
Let f be n times differentiable. If f (r)(t)e−st → 0 as t → ∞ for all r = 0, . . . ,n− 1
and s in the domain of L[ f ], then

L[ f (n)](s) = snL[ f ](s)− sn−1 f (0)− sn−2 f (1)(0)−·· ·− s f (n−2)(0)− f (n−1)(0).

Proof. We prove the result using induction on n. For n = 1, we have

L[ f (1)](s) =
∫

∞

0
f (1)(t)e−st dt

=

[
e−st f (t)−

∫
(−s)e−st f (t) dt

]∞

0
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= − f (0)+ s
∫

∞

0
f (t)e−st dt

= sL[ f ](s)− f (0).

Hence, the result is true for n = 1. Assume that the result is true for n−1, i.e.

L[ f (n−1)](s) = sn−1L[ f ](s)− sn−1 f (0)−·· ·− s f (n−3)(0)− f (n−2)(0).

Now,

L[ f (n)](s) =
∫

∞

0
f (n)(t)e−st dt

=

[
e−st f (n−1)(t)−

∫
(−s)e−st f (n−1)(t)dt

]∞

0

= s
∫

∞

0
f (n−1)(t)e−stdt− f (n−1)(0)

= s L[ f (n−1)](s)− f (n−1)(0)

= snL[ f ](s)− sn−1 f (0)− sn−2 f (1)(0)−·· ·− s f (n−2)(0)− f (n−1)(0).

Ex Find the Laplace transform of the following functions.

1. t cosat
2. te−t sin t
3. tet sin2t
4. (1+ t)2eat

5. 1−et

t
6. J1(t)
7. tJ1(t)

8. f (t) =

{
t/τ, 0 < t < τ

1, t ≥ τ

9. f (t) =


t, 0 < t ≤ 1
1− t, 1 < t ≤ 2
0, t > 2

1. f (t) =

{
t, 0 < t ≤ 1
0, 1 < t ≤ 2

, f (t +2) = f (t) for all t > 0.

2. f (t) =

{
t, 0 < t ≤ 6
0, 6 < t ≤ 12

, f (t +12) = f (t) for all t > 0.

3. f (t) =

{
1, 0 < t ≤ b
−1, b < t ≤ 2b

, f (t +2b) = f (t) for all t > 0.

3.3 Inverse Laplace transform

Definition 3.3.1. If F the Laplace transform of f , then f is called the inverse Laplace
transform of F . We denote it by L−1[F ] = f .

Example 3.3.2. Compute the inverse Laplace transform of the following functions.
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98 §3.3. Inverse Laplace transform

1.
1
sn .

Since L
[

tn−1

(n−1)!

]
(s) =

1
(n−1)!

(n−1)!
sn ,

L−1
[

1
sn

]
(t) =

tn−1

(n−1)!
.

2.
1

(s−a)n .

Since L
[

eat tn−1

(n−1)!

]
(s) = L

[
tn−1

(n−1)!

]
(s−a) =

1
(s−a)n ,

L−1
[

1
(s−a)n

]
(t) = eat tn−1

(n−1)!
.

3.
s

s2 +a2 .

We know that L[cosat](s) =
s

s2 +a2 . Therefore

L−1
[

s
s2 +a2

]
(t) = cosat.

4.
1

s2 +a2 .

We know that L[1
a sinat](s) =

1
a

a
s2 +a2 =

1
s2 +a2 . Therefore

L−1
[

1
s2 +a2

]
(t) =

sinat
a

.

5.
s

s2−a2 .

We know that L[coshat](s) =
s

s2−a2 . Therefore

L−1
[

s
s2−a2

]
(t) = coshat.

6.
1

s2−a2 .

We know that L[1
a sinhat](s) =

1
a

a
s2−a2 =

1
s2−a2 . Therefore

L−1
[

1
s2−a2

]
(t) =

sinhat
a

.

7. L−1
[

1
(s−a)2 +b2

]
(t) =

1
b

eat sinbt.

8. L−1
[

s−a
(s−a)2 +b2

]
(t) = eat cosbt.

3.3.1 Properties of inverse Laplace transform

PS03CMTH02 2017-18



§3.3. Inverse Laplace transform 99

1. Inverse Laplace transform is linear, i.e.

L−1[αF +βG] = αL−1[F ]+βL−1[G].

Proof. Let f and g be the inverse Laplace transform of F and G respectively. Therefore
L[ f ] = F and L[g] = G. Now

L[α f +βg] = αL[ f ]+βL[g] = αF +βG.

Therefore
L−1[αF +βG] = α f +βg = αL−1[F ]+βL−1[G].

Example 3.3.3. Compute the inverse Laplace transform of
s

s4 + s2 +1
.

Solution. We have,

s
s4 + s2 +1

=
s

(s2 +1)2− s2

=
s

(s2 +1− s)(s2 +1+ s)

=
1
2

[
1

s2− s+1
− 1

s2 + s+1

]
=

1
2

[
1(

s− 1
2

)2
+ 3

4

− 1(
s+ 1

2

)2
+ 3

4

]

=
1
2

 1(
s− 1

2

)2
+
(√

3
2

)2 −
1(

s+ 1
2

)2
+
(√

3
2

)2

 .
Therefore

L−1
[

s
s4 + s2 +1

]
(t) =

1
2

L−1

 1(
s− 1

2

)2
+
(√

3
2

)2

− 1
2

L−1

 1(
s+ 1

2

)2
+
(√

3
2

)2


=

1
2

e
t
2 sin

(√
3

2 t
)

√
3

2

− 1
2

e−
t
2 sin

(√
3

2 t
)

√
3

2

=
1√
3

sin

(√
3

2
t

)
2

(
e

t
2 − e−

t
2

2

)

=
2√
3

sin

(√
3

2
t

)
sinh

( t
2

)
.
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100 §3.3. Inverse Laplace transform

2. (Shifting property):
If f is the Laplace transform of f , then

L−1[ f (s−a)](t) = eat f (t) = eatL−1[ f ](t).

Proof. We know that, L[eat f (t)](s) = L[ f ](s−a) = f (s−a). Therefore

L−1[ f (s−a)](t) = eat f (t) = eatL−1[ f ](t).

Example 3.3.4. Compute the inverse Laplace transform of

1. f (t) =
s−2

(s−2)2 +25
+

s+4
(s+4)2−9

+
1

(s+2)2 +16

2. g(t) =
1

(s−4)2 +
5

(s−2)2 +25
+

s+3
(s+3)2 +4

Solution. 1. Since L−1
[

s
s2+a2

]
(t)= cosat, L−1

[
a

s2+a2

]
(t)= sinat and L−1[ f (s−a)](t)=

eat f (t), it follows that

L−1[ f ](t) = e2t cos5t + e−4t cosh3t +
1
4

e−2t sin4t.

2. L−1[g](t) = te4t + e2t sin5t + e−3t cos2t.

3. (Second shifting property):
If f is the Laplace transform of f and a > 0, then

L−1[e−as f (s)](t) = f (t−a)H(t−a).

Proof. L[ f (t−a)H(t−a)](s) =
∫

∞

a f (t−a)e−stdt =
∫

∞

0 f (u)e−s(u+a)du = e−sa f (s).
Therefore L−1[e−as f (s)](t) = f (t−a)H(t−a).

Example 3.3.5. Compute the inverse Laplace transform of

1.
e−2s

s2 +1

2. e−3s 1
(s−1)2 +2

3.
e−2s

(s−4)2

Solution. 1. Let f (t) = sin t. Then f (s) =
1

s2 +1
. Then

L−1
[

e−2s 1
s2 +1

]
(t) = L−1 [e−2s f (s)

]
(t)

= f (t−2)H(t−2)
= sin(t−2)H(t−2).
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2. Let f (t) =
et
√

2
sin(
√

2t). Then f (s) =
1

(s−1)2 +2
. Then

L−1
[

e−3s 1
(s−1)2 +2

]
(t) = L−1 [e−3s f (s)

]
(t)

= f (t−3)H(t−3)

=
et−3
√

2
sin(
√

2(t−3))H(t−3).

3. Let f (t) = te4t . Then f (s) =
1

(s−4)2 .

L−1
[

e−2s

(s−4)2

]
(t) = L−1[e−2s f (s)](t) = f (t−π)H(t−π) = (t−2)e4(t−2)H(t−2).

4. (Change of scale):
Let f be the Laplace transform of f . If a > 0, then

L−1[ f (as)](t) =
1
a

f
( t

a

)
.

Proof. We have

L
[

1
a

f
( t

a

)]
(s) =

∫
∞

0

1
a

f
( t

a

)
e−stdt

=
1
a

∫
∞

0
f (u)e−sauadu

(
taking

t
a
= u
)

=
∫

∞

0
f (u)e−sau du = f (as).

Therefore L−1[ f (as)](t) =
1
a

f
( t

a

)
.

Example 3.3.6. If L−1
[

s2−1
(s2 +1)2

]
(t) = t cos t, then find the inverse Laplace transform of

9s2−1
(9s2 +1)2 .

Solution. Let f (t) = t cos t, then f (s) =
s2−1

(s2 +1)2 . Now

L−1
[

9s2−1
(9s2 +1)2

]
(t) = L−1

[
(3s)2−1

((3s)2 +1)2

]
= L−1[ f (3s)](t)

=
1
3

f
( t

3

)
=

t
9

cos
( t

3

)
.
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Example 3.3.7. 1. If f (t) = sin t, then find the inverse Laplace transform of
1

4s2 +1
.

2. If f (t) = cosh(2
√

2t), then find the inverse Laplace transform of
s

s2−8
.

Solution. 1. Let f (t) = sin t. Then f (s) =
1

s2 +1
. Now,

L−1
[

1
4s2 +1

]
(t) = L−1

[
1

(2s)2 +1

]
(t)

= L−1 [ f (2s)
]
(t)

=
1
2

f
( t

2

)
=

1
2

sin
(

1
2

)
.

2. Let f (t) = cosh(2
√

2t). Then f (s) = s
s2−8 . Now

L−1
[

s
s2−8

]
(t) =

1√
2

L−1

[ √
2s

(
√

2s)2−8

]
(t)

=
1√
2

L−1[ f (
√

2s)](t)

=
1√
2

1√
2

f
(

t√
2

)
=

1
2

cosh2t.

5. If f is the Laplace transform of f , then

L−1[ f (n)](t) = (−1)ntn f (t).

Proof. We know that L[tn f (t)](s) = (−1)n dn

dsn L[ f ](s) = (−1)n f (n)(s). Therefore, it follows

that L−1[ f (n)](t) = (−1)ntn f (t).

Example 3.3.8. Compute the inverse Laplace transform of log
(

s2 +4
s2 +9

)
.

Solution. Let f (s) = log
(

s2 +4
s2 +9

)
. Therefore, f ′(s) =

2s
s2 +4

− 2s
s2 +9

. Then

L−1[ f ′](t) = 2cos2t−2cos3t. But by above property, L−1[ f ′](t) =−t f (t). Therefore

f (t) =−1
t

L−1[ f ′](t) =
2(cos3t− cos2t)

t
.

Example 3.3.9. Compute the inverse Laplace transform of log
(

s2 +4
s+9

)
.
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Solution. Let f (s) = log
(

s2 +4
s+9

)
. Therefore, f ′(s) =

2s
s2 +4

− 2s
s+9

. Then

L−1[ f ′](t) = 2cos2t− e−9t . But by above property, L−1[ f ′](t) =−t f (t). Therefore

f (t) =−1
t

L−1[ f ′](t) =
e−9t−2cos2t

t
.

6. (Division by s):
Let f be the Laplace transform of f , then

L−1
[

f (s)
s

]
(t) =

∫ t

0
f (u)du.

Proof. Let G(t) =
∫ t

0
f (u)du, then G(0) = 0, and G′(t) = f (t) for all t. Now

L[G′(t)](s) = sL[G(t)](s)−G(0) = sL
[∫ t

0
f (u)du

]
(s).

Therefore
f (s)

s
=

L[ f ](s)
s

= L
[∫ t

0
f (u)du

]
(s).

Hence

L−1
[

f (s)
s

]
(t) =

∫ t

0
f (u)du.

Example 3.3.10. Compute the inverse Laplace transform of

1.
1

s(s+1)4 2.
1

s(s2 +4)

Solution. 1. We have L−1
[

1
(s+1)4

]
(t) = e−tL−1

[
1
s4

]
(t) = e−t t3

3!
.

Let f (t) =
e−tt3

6
. Then f (s) =

1
(s+1)4 . Now,

L−1
[

1
s(s+1)4

]
(t) = L−1

[
f (s)

s

]
(t)

=
∫ t

0

e−uu3

6
du

=
1
6

[
u3 e−u

−1
−3u2e−u +6u

e−u

−1
−6e−u

]t

0

= − 1
6
[
t3e−t +3t2e−t +6te−t +6e−t−6

]
= − e−t

6
[
t3 +3t2 +6t +6−6et] .
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2. We have L−1
[

1
s2 +4

]
(t) =

1
2

sin2t. Let f (t) =
sin2t

2
. Then f (s) =

1
s2 +4

. Now,

L−1
[

1
s(s2 +4)

]
(t) = L−1

[
f (s)

s

]
(t)

=
∫ t

0

sin2u
2

du

=
1
2

[
−cos2u

2

]t

0

=
1
4
[−cos2t +1] =

1− cos2t
4

.

3.4 Convolution Product

Definition 3.4.1. Let f ,g : (0,∞)→C. Then the convolution product ∗ of f and g is defined
as

( f ∗g)(t) =
∫ t

0
f (u)g(t−u) du (t > 0).

Ex Show that
1. f ∗g = g∗ f , i.e. convolution is commutative.
2. ( f ∗g)∗h = f ∗ (g∗h), i.e. convolution is associative.

Theorem 3.4.2 (Convolution Theorem). Let f and g be Laplace transforms of f and g
respectively. Then

L[ f ∗g] = f g = L[ f ]L[g].

Corollary 3.4.3. If f i is the Laplace transform of fi, i = 1,2, . . . ,n, then

L[ f1 ∗ f2 ∗ · · · ∗ fn] = L[ f1]L[ f2] · · ·L[ fn].

Corollary 3.4.4. If f and g are Laplace transforms of f and g respectively, then

L−1[ f g] = f ∗g.

Example 3.4.5. Compute the inverse Laplace transform of
1

(s+a)(s+b)
.

Solution. Let f (t) = e−at and g(t) = e−bt . Then f (s) =
1

s+a
and g(s) =

1
s+b

. Now,

L−1
[

1
(s+b)(s+b)

]
(t) = L−1[ f g](t)
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= ( f ∗g)(t) (by Convolution theorem)

=
∫ t

0
e−aue−b(t−u) du

= e−bt
∫ t

0
e(b−a)u du

=
e−bt

b−a

[
e(b−a)u

]t

0

=
e−bt

b−a

[
e(b−a)t−1

]
=

e−at− e−bt

b−a
.

Example 3.4.6. Compute the inverse Laplace transform of
1

(s2 +a2)(s2 +b2)
by using con-

volution theorem.

Solution. Let f (t) = 1
a sinat and g(t) = 1

b sinbt. Then f (s) = 1
s2+a2 and g(s) = 1

s2+b2 . Now,

L−1
[

1
(s2 +a2)(s2 +b2)

]
(t) = L−1[ f g](t) = ( f ∗g)(t)

=
1

ab

∫ t

0
sinausinb(t−u) du

= − 1
2ab

∫ t

0
−2sinausinb(t−u) du

= − 1
2ab

∫ t

0
[cos((a−b)u+bt)− cos((a+b)u−bt)] du

= − 1
2ab

[
sin((a−b)u+bt)

a−b
− sin((a+b)u−bt)

a+b

]t

0

= − 1
2ab

[
sinat
a−b

− sinat
a+b

− sinbt
a−b

+
sin(−bt)

a+b

]
= − 1

2ab

[
−2bsinat−2asinbt

a2−b2

]
=

1
ab

[
bsinat +asinbt

a2−b2

]
.

Example 3.4.7. Compute the inverse Laplace transform of
s

(s2 +a2)2 .

Solution. Let f (t) = cosat and g(t) = 1
a sinat. Then f (s) =

s
s2 +a2 and g(t) =

1
s2 +a2 . Now,

L−1
[

s
(s2 +a2)2

]
(t) = L−1[ f g](t) = ( f ∗g)(t)

=
1
a

∫ t

0
cosausina(t−u) du

=
1

2a

∫ t

0
[sin(at)− sin(2au−at)] du
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=
1

2a

[
usinat +

cos(2au−at)
2a

]t

0

=
1

2a

[
t sinat +

cosat
2a
− cosat

2a

]
=

1
2a

t sinat.

Example 3.4.8. Compute the inverse Laplace transform of
1

(s−1)(s2 +1)
.

Solution. Let f (t) = et and g(t) = sin t. Then f (s) =
1

s−1
and g(s) =

1
s2 +1

. Now,

L−1
[

1
(s−1)(s2 +1)

]
(t) = L

[
f g
]
(t) = ( f ∗g)(t)

=
∫ t

0
eu sin(t−u) du

=
∫ t

0
e(t−u) sinu du (∵ f ∗g = g∗ f )

=
∫ t

0
ete−u sinu du

= et
[

e−u

2
(−sinu− cosu)

]t

0

= et
[

e−t

2
(−sin t− cos t)− 1

2
(−1)

]
=
−sin t− cos t + et

2
.

Example 3.4.9. Compute the inverse Laplace transform of
s+1

(s2 +2s+2)2 .

Solution. We have
s+1

(s2 +2s+2)2 =
s+1

((s+1)2 +12 .

We know that L−1
[

s
(s2 +1)2

]
(t) =

t
2

sin t. Let h(t) = t
2 sin t. Then

L−1
[

s+1
((s+1)2 +1)2

]
(t) = L−1 [h(s+1)

]
(t)

= e−th(t) =
e−t

2
t sin t.

The above example is solved by direct method. Verify the solution by solving it using
convolution theorem.

Example 3.4.10. Compute the inverse Laplace transform of
s

(s2 +4)3 .
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Solution. By Example 3.4.73.4.7 (taking a = 2), we have

L−1
[

s
(s2 +4)2

]
(t) =

t
4

sin2t.

Let h(t) =
t
4

sin2t and k(t) =
1
2

sin2t. Then h(s) =
s

(s2 +4)2 and k(s) =
1

s2 +4
. Then

L−1
[

s
(s2 +4)3

]
(t) = L−1[hk](t) = (h∗ k)(t)

=
∫ t

0

u
4

sin2u
1
2

sin2(t−u) du

= − 1
16

∫ t

0
[(ucos2t)− (ucos(4u−2t))] du

= − 1
16

[
u2

2
cos2t−

{
u

sin(4u−2t)
4

−1 · −cos(4u−2t)
16

}]t

0

= − 1
16

[
t2

2
cos2t− t

sin2t
4
− cos2t

16
+

cos2t
16

]
=

t sin2t−2t2 cos2t
64

.

Solution. [Alternate solution]
Take f (t) = cos2t and g(t) = sin2t

2 . Then f (s) = s
s2+4 and g(s) = 1

s2+4 . Now

L−1
[

s
(s2 +4)3

]
(t) = L−1[ f gg](t) = ( f ∗g∗g)(t) = [ f ∗ (g∗g)](t).

We shall find g∗g. By definition

(g∗g)(t) =
∫ t

0
g(u)g(t−u)du =

1
4

∫ t

0
sin2usin(2t−2u)du

=
1
8

∫ t

0
[cos(4u−2t)− cos(2t)]du =

1
8

[
sin(4u−2t)

4
−ucos(2t)

]t

0

=
1
8

[
sin2t

2
− t cos2t

]
Now compute f ∗ (g∗g) (Exercise).

Other Miscellaneous Examples

Example 3.4.11. 1. Compute L−1
[

s
s4+4

]
.

L−1
[

s
s4 +4

]
= L−1

[
s

(s2−2s+2)(s2 +2s+2)

]
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=
1
4

L−1
[

1
s2−2s+2

− 1
s2 +2s+2

]
=

1
4

L−1
[

1
s2−2s+2

]
− 1

4
L−1

[
1

s2 +2s+2

]
=

1
4

L−1
[

1
(s−1)2 +1

]
− 1

4
L−1

[
1

(s+1)2 +1

]
=

1
4

et sin t− 1
4

e−t sin t

=
1
2

sin t sinh t.

2. Compute L−1
[

s(s2+2)
s4+4

]
.

L−1
[

s(s2 +2)
s4 +4

]
(t) = L−1

[
s(s2 +2)

(s2−2s+2)(s2 +2s+2)

]
(t)

=
1
2

L−1
[

s
s2−2s+2

+
s

s2 +2s+2

]
(t)

=
1
2

L−1
[

s
s2−2s+2

]
(t)− 1

2
L−1

[
s

s2 +2s+2

]
(t)

=
1
2

L−1
[

s−1
(s−1)2 +1

+
1

(s−1)2 +1

]
(t)

−1
2

L−1
[

s+1
(s+1)2 +1

− 1
(s+1)2 +1

]
(t)

=
1
2
[et cos t + et sin t]− 1

2
[e−t cos t− e−t sin t]

=
et− e−t

2
cos t +

et + e−t

2
sin t

= sinh t cos t + cosh t sin t.

3. Find L−1 [ln( s+3
s+2

)]
.

Let f (s) =
[
ln
( s+3

s+2

)]
. Then f ′(s) = 1

s+3 −
1

s+2 . So, L−1[ f ′(s)](t) = e−3t − e−2t . Now

L−1[ f (n)](t) = (−1)ntnL−1[ f ](t). Therefore

e−3t− e−2t = (−1)tL−1[ f ](t) = (−1)tL−1
[

ln
(

s+3
s+2

)]
.

Hence

L−1
[

ln
(

s+3
s+2

)]
(t) =

e−2t− e−3t

t
.

4. Find L−1
[

s
(s2+a2)2

]
.

Let f (t) = sinat. Then f (s) = a
s2+a2 . Therefore f ′(s) = −2as

(s2+a2)2 . Now

L−1
[
−2as

(s2 +a2)2

]
(t) = (−1)tL−1[ f ](t)

= (−1)t f (t) =−t sinat.

Therefore L−1
[

s
(s2+a2)2

]
(t) = 1

2at sinat.
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5. Find L−1
[

1
s(s+1)2

]
.

Let f (t) = te−t . Then f (s) = 1
(s+1)2 . Now

L−1
[

1
s(s+1)2

]
(t) =

∫ t

0
f (u)du

=
∫ t

0
ue−udu

=

[
u

e−u

−1
+
∫

e−u
]t

0

= [−ue−u− e−u]t0
= −te−t− e−t +1
= 1− e−t− te−t .

Example 3.4.12. Evaluate the inverse Laplace Transform of following functions using Con-
volution Theorem.

1. s
(s+a)(s2+1) 2. 1

s2(s+1) .

Solution. 1. Take f (t) = e−at and g(t) = cos t. Then f (s) = 1
s+a and g(s) = 1

s2+1 . Using
Convolution Theorem, we get

L−1
[

s
(s+a)(s2 +1)

]
(t) = L−1[ f (s)g(s)](t) = ( f ∗g)(t)

=
∫ t

0
e−a(t−u) cosudu

= e−at
[

eau

a2 +1
[acosu+ sinu]

]t

0

=
e−at

a2 +1
[eat(acos t + sin t)−a]

2. Take f (t) = t and g(t) = e−t . Then f (s) = 1
s2 and g(s) = 1

s+1 . By Convolution Theorem

L−1
[

1
s2(s+1)

]
(t) = L−1[ f (s)g(s)](t) = ( f ∗g)(t)

=
∫ t

0
ue−(t−u) du = e−t

∫ t

0
ueu du

= et [ueu− eu]t0 = et([tet− et ]− (−1))
= te2t− e2t + et

Ex Compute the inverse Laplace transforms of following using Convolution Theorem.
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1. s2

(s2+a2)(s2+b2)
2. s2

(s2−a2)(s2−b2)

3. 1
(s2−a2)(s2−b2)

4. s
(s2−a2)(s2−b2)

5. 1
(s−a)

√
s

Ex

1. Show that L−1
[

e−
1
s

s

]
(t) = J0(2

√
t).

2. Compute the inverse Laplace transforms of (s+1)e−πs

s2+s+1 and s+1
(s2+2s+2)2

3.5 Applications of Laplace transform

There are many applications of Laplace transform. Here, we shall see some of its applications
to integral equations, ordinary and partial differential equations, and simultaneous differential
equations.

3.5.1 Applications to Ordinary Differential Equations

We recall that L[ f (n)](s) = sn f (s)−sn−1 f (0)−sn−2 f (1)(0)−·· ·−s f (n−2)(0)− f (n−1)(0) and
L[tn f (t)](s) = (−1)n dn

dsn f (s).

Example 3.5.1. Solve y′′+9y = cos2t subject to y(0) = 1 = y′(0).

Solution. Let Y be the Laplace transform of y. Applying Laplace transform to the given
equation, we get

L[y′′](s)+9L[y](s) = L[cos2t](s)

⇒ s2L[y](s)− sy(0)− y′(0)+9L[y](s) =
s

s2 +4

⇒ s2Y − s−1+9Y =
s

s2 +4

⇒ (s2 +9)Y =
s

s2 +4
+ s+1.

Therefore,

Y (s) =
s+1
s2 +9

+
s

(s2 +4)(s2 +9)

=
s

s2 +9
+

1
3

3
s2 +9

+
1
5

[
s

s2 +4
− s

s2 +9

]
.

Applying inverse Laplace transform, we get

y(t) = cos3t +
1
3

sin3t +
cos2t

5
− cos3t

5

=
1
3

sin3t +
1
5

cos2t +
4
5

cos3t.
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Example 3.5.2. Solve 2y′′+5y′+2y = e−2t subject to y′(0) = y(0) = 1.

Solution. Let Y be the Laplace transform of y. Applying Laplace transform to the given
equation, we get

2L[y′′](s)+5L[y′](s)+2L[y](s) = L[e−2t ](s)

⇒ 2(s2Y (s)− sy(0)− y′(0))+5(sY (s)− y(0))+2Y (s) =
1

s+2

⇒ (2s2 +5s+2)Y (s) = 2s+2+5+
1

s+2

⇒ (2s+1)(s+2)Y (s) = (2s+1)+6+
1

s+2

⇒ Y (s) =
1

s+2
+

6
(2s+1)(s+2)

+
1

(2s+1)(s+2)2

⇒ Y (s) =
1

s+2
+

12
(2s+1)(2s+4)

+
1

2(s+ 1
2)(s+2)2

⇒ Y (s) =
1

s+2
+

{
12
3

[
1

2s+1
− 1

2s+4

]}
+

1
2

1
(s+ 1

2)(s+2)2

⇒ Y (s) =
1

s+2
+

2
s+ 1

2

− 2
s+2

+
1
2

1
(s+ 1

2)(s+2)2

Applying inverse Laplace transform and using convolution theorem, we have

y(t) = e−2t +2e−
t
2 −2e−2t +

1
2

∫ t

0
ue−2ue−

1
2 (t−u) du

= 2e−
t
2 − e−2t +

1
2

∫ t

0
ue−

3u
2 −

t
2 du

= 2e−
t
2 − e−2t +

1
2

[
u

(
e−

3u
2 −

t
2

−3
2

)
− e−

3u
2 −

t
2

9
4

]t

0

= 2e−
t
2 − e−2t +

1
2

[(
−2t

e−2t

3
−4

e−2t

9

)
+

4
9

e−
t
2

]
=

18e−
t
2 −9e−2t−3te−2t−2e−2t +2e−

t
2

9

=
20e−

t
2 −3te−2t−11e−2t

9
.

Example 3.5.3. Solve y(4)− y = 1 subject to y(0) = y′(0) = y′′(0) = y′′′(0) = 0.

Solution. Let Y be the Laplace transform of y. Applying Laplace transform to the given
equation, we get

L[y(4)](s)−L[y](s) = L[1](s)

⇒ s4Y (s)− s3y(0)− s2y′(0)− sy′′(0)− y′′′(0)−Y (s) =
1
s
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⇒ Y (s) =
1

s(s4−1)
=

1
2

[
1
s

1
s2−1

− 1
s

1
s2 +1

]
.

Applying inverse Laplace transform, we get

y(t) =
1
2

∫ t

0
sinhu du− 1

2

∫ t

0
sinu du

=
1
2
[coshu+ cosu]t0 =

cosh t + cos t
2

−1.

Example 3.5.4. Solve ty′′+ y′+4ty = 0 subject to y(0) = 3 and y′(0) = 0.

Solution. Let Y be the Laplace transform of y. Applying Laplace transform to the given
equation, we get

− d
ds

L[y′′](s)+L[y′](s)−4
d
ds

L[y](s) = 0

⇒ − d
ds

[s2Y (s)− sy(0)− y′(0)]+ sY (s)− y(0)−4
dY
ds

= 0

⇒ − s2 dY
ds
−2sY (s)+ y(0)+ sY (s)− y(0)−4

dY
ds

= 0

⇒ − (s2 +4)
dY
ds
− sY = 0

⇒ dY
Y

+
1
2

2s
s2 +4

ds = 0

⇒ logY +
1
2

log(s2 +4) = logc

⇒ Y (s) =
c√

s2 +4
.

Applying inverse Laplace transform, we get

y(t) = cL−1
[

1√
s2 +4

]
(t).

Example 3.5.5. Solve y′′+6y′+9y = 6t2e−3t subject to y(0) = 1 and y′(0) = 2.

Solution. Let Y be the Laplace transform of y. Applying Laplace transform to the given
equation, we get

L[y′′](s)+6L[y′](s)+9L[y](s) = 6L[t2e−3t ](s)

⇒ s2Y (s)− sy(0)− y′(0)+6sY (s)−6y(0)+9Y (s) = 6
2

(s+3)3

⇒ (s2 +6s+9)Y (s)− s−2−6 =
12

(s+3)3

⇒ (s+3)2Y (s) = (s+3)+5+
12

(s+3)3
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⇒ Y (s) =
1

s+3
+

5
(s+3)2 +

12
(s+3)5 .

Applying inverse Laplace transform, we get

y(t) = e−3t +5te−3t +12e−3t t4

4!
= e−3t

[
1+5t +

t4

2

]
.

Example 3.5.6. Solve y′′+2y′+5y = e−t sin t subject to y(0) = 3, y′(0) = 1.

Solution. Let Y be the Laplace transform of y. Applying Laplace transform to the given
equation, we get

L[y′′](s)+2L[y′](s)+5L[y](s) = L[e−t sin t](s)

⇒ s2Y (s)− sy(0)− y′(0)+2sY (s)−2y(0)+5Y (s) =
1

(s+1)2 +1

⇒ (s2 +2s+5)Y (s)−3s−1−6 =
1

(s+1)2 +1

⇒ (s2 +2s+1+4)Y (s) = 3s+7+
1

(s+1)2 +1

⇒ ((s+1)2 +4)Y (s) = 3(s+1)+4+
1

(s+1)2 +1

⇒ Y (s) = 3
(s+1)

(s+1)2 +4
+

4
(s+1)2 +4

+
1

((s+1)2 +1)((s+1)2 +4)

⇒ Y (s) = 3
(s+1)

(s+1)2 +4
+

4
(s+1)2 +4

+
1
3

[
1

(s+1)2 +1
− 1

(s+1)2 +4

]
.

Applying inverse Laplace transform, we get

y(t) = 3e−t cos2t +2e−t sin2t +
1
3

e−t sin t− 1
6

e−t sin2t

= 3e−t cos2t +
11
6

e−t sin2t +
1
3

e−t sin t

=
e−t

6
[18cos2t +11sin2t +2sin t] .

Example 3.5.7. 1. Solve y′′+9y = cos2t, y(0) = 1 and y(π/2) = 1 using Laplace trans-
form methods.
Let Y be the Laplace transform of y. Applying Laplace transform to the equation
y′′+ 9y = cos2t we get s2Y − sy(0)− y′(0)+ 9Y = s

s2+4 . Substituting y(0) = 1 and
simplifying it we get

Y =
s

s2 +9
+ y′(0)

1
s2 +9

+
s

(s2 +4)(s2 +9)
.
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Applying inverse Laplace transform to the last equation we obtain

y(t) = cos3t +
y′(0)

3
sin3t +

1
5

cos2t− 1
5

cos3t

=
4
5

cos3t +
y′(0)

3
sin3t +

1
5

cos2t.

Since y(π/2) = 1, we get a = 12
5 . Hence y(t) = 4

5 cos3t + 4
5 sin3t + 1

5 cos2t is the
required solution.

Ex Solve the following differential equations using Laplace transform methods.

1. y′′+4y = 9t, y(0) = 0, y′(0) = 7.
2. y′′+6y′+9y = 6t2e−3t , y(0) = y′(0) = 0.
3. (D3−D2 +4D−4)y = 68et sin t, y(0) = 1, y′(0) =−19, y′′(0) =−37.
4. ty′′+2y′+ ty = sin t, y(0) = 1.
5. ty′′+(1−2t)y′−2y = 0, y(0) = 1.
6. y′′+9y = 9u(t−3), y(0) = y′(0) = 0.

3.5.2 Applications to Integral Equations

We shall now solve some integral equations by using Laplace transform methods.

Example 3.5.8. Solve the integral equation F(t) = 1+2
∫ t

0
F(t−u)e−2u du.

Solution. We want to find all F satisfying the above equation. Let G(t) = e−2t . Then

G(s) =
1

s+2
. Then the given equation may be written as

F(t) = 1+2(F ∗G)(t).

Applying the Laplace transform to the above equation, we get

F(s) =
1
s
+L[(F ∗G)](s) =

1
s
+2F(s)G(s).

Therefore

F(s) =
1
s
+2

F(s)
s+2

⇒ F(s)−2
F(s)
s+2

=
1
s
.

Therefore
sF(s)
s+2

=
1
s
⇒ F(s) =

s+2
s2 =

1
s
+

2
s2 .

Applying inverse Laplace transform, we get F(t) = 1+2t.

Example 3.5.9. Solve F(t) = 1+2
∫ t

0
F(t−u)cosu du.

OR

Solve F(t) = 1+2
∫ t

0
F(t)cos(t−u) du.
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Solution. Let G(t) = cos t. Then G(s) =
s

s2 +1
. Then the given equation may be written as

F(t) = 1+2(F ∗G)(t).

Applying Laplace transform on the above equation, we get

F(s) = 1+2F(s)G(s) =
1
s
+

2F(s)s
s2 +1

⇒ F(s)−2
F(s)s
s2 +1

=
1
s

⇒ F(s)
(s2−2s+1)

s2 +1
=

1
s

⇒ F(s) =
1
s

s2 +1
(s−1)2 =

1
s
(s2−1)+2
(s−1)2

⇒ F(s) =
1
s

[
s+1
s−1

+
2

(s−1)2

]
⇒ F(s) =

1
s

[
(s−1)+2

s−1
+

2
(s−1)2

]
⇒ F(s) =

1
s

[
1+

2
s−1

+
2

(s−1)2

]
⇒ F(s) =

1
s
+

2
s(s−1)

+
2

s(s−1)2

Applying inverse Laplace transform, we get

F(t) = 1+2
∫ t

0
eu du+2

∫ t

0
ueu du

= 1+2[eu]t0 +2[ueu− eu]t0
= 1+2et−2+2tet−2et +2
= 1+2tet .

Example 3.5.10. Solve F(t) = 1+2
∫ t

0
F(t−u)sinu du.

Solution. Let G(t) = sin t. Then G(s) =
1

s2 +1
. Then the given equation may be written as

F(t) = 1+2(F ∗G)(t).

Applying Laplace transform on the above equation, we get

F(s) =
1
s
+2F(s)G(s) =

1
s
+

2F(s)
s2 +1

⇒ F(s)− 2F(s)
s2 +1

=
1
s

⇒ F(s)
s2−1
s2 +1

=
1
s
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⇒ F(s) =
s2 +1

s(s2−1)
=

1
s

[
s2

s2−1
+

1
s2−1

]
⇒ F(s) =

s
s2−1

+
1

s(s2−1)
.

Now, applying inverse Laplace transform we get

F(t) = cosh t +
∫ t

0
sinhu du

= cosh t +[coshu]t0
= cosh t + cosh t−1 = 2cosh t−1.

3.5.3 Applications to Partial Differential Equations

Definition 3.5.11. Let u(x, t) be a function of two variables. The Laplace transform L[u] of
u in the variable t is defined as

L[u](s) =
∫

∞

0
u(x, t)e−stdt.

The above is defined for all s for which the above integral exists.

Lemma 3.5.12. Let u(x, t) be a function of two variables, and let U(x,s) be the Laplace
transform of u(x, t) in the variable t.

1. Suppose that ∂ui

∂ t i (x, t) is bounded at infinity for 0 ≤ i ≤ n−1 and ∂ui

∂ t i (x, t) are con-

tinuous at (x,0) for all x and for all 0≤ i≤ n−1. Then L
[

∂ nu
∂ tn (x, t)

]
= snU(x,s)−

sn−1u(x,0)− sn−2ut(x,0)− . . .− ∂ n−1u
∂ tn−1 (x,0).

2. L
[

∂ nu
∂xn (x, t)

]
(s) = ∂ n

∂xnU(x,s).

3. L
[

∂ 2u
∂x∂ t (x, t)

]
(s) = s ∂

∂xU(x,s)− d
dxu(x,0).

Proof. 1. We shall prove it by using Principle of Mathematical Induction. Let n = 1. Then

L
[

∂u
∂ t

(x, t)
]
(s) =

∫
∞

0

∂u
∂ t

(x, t)e−stdt

=

[
e−stu(x, t)+ s

∫
u(x, t)e−stdt

]∞

0
= sU(x,s)−u(x,0).

Assume that the above is true for n−1. Now

L
[

∂ nu
∂ tn (x, t)

]
(s) =

∫
∞

0

∂ nu
∂ tn (x, t)e

−stdt
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=

[
e−st ∂ n−1u

∂ tn−1 (x, t)+ s
∫

∂ n−1u
∂ tn−1 (x, t)e

−stdt
]

= −∂ n−1u
∂ tn−1 (x,0)+ s

∫
∞

0

∂ n−1u
∂ tn−1 (x, t)e

−stdt

= −∂ n−1u
∂ tn−1 (x,0)+ s[sn−1U(x,s)− sn−2u(x, t)−·· ·− ∂ n−2u

∂ tn−2 (x,0)]

= snU(x,s)− sn−1u(x,0)− sn−2ut(x,0)− . . .− ∂ n−1u
∂ tn−1 (x,0).

Hence the proof.
2. We see that

L
[

∂ nu
∂xn (x, t)

]
(s) =

∫
∞

0

∂ nu
∂xn (x, t)e

−stdt =
∂ n

∂xn

[∫
∞

0
u(x, t)e−stdt

]
=

∂ n

∂xnU(x,s).

3.

L
[

∂ 2u
∂x∂ t

(x, t)
]
(s) =

∫
∞

0

∂ 2u
∂x∂ t

(x, t)e−stdt =
∂

∂x

[∫
∞

0

∂u
∂ t

(x, t)e−stdt
]

=
∂

∂x
[sU(x,s)−u(x,0)] = s

∂

∂x
U(x,s)− d

dx
u(x,0).

Example 3.5.13. Solve ut = uxx, 0 < x < 1, t > 0 subject to the conditions u(0, t) = 1 = u(1, t)
for all t > 0 and u(x,0) = 1+ sinπx, 0 < x < 1.

Solution. Let U(x,s) be the Laplace transform of u(x, t) in the variable t. Applying Laplace
transform to ut = uxx, we have

sU(x,s)−u(x,0) =
∂ 2

∂x2 u(x,s)

i.e.,

sU(x,s)− (1+ sinπx) =
∂ 2

∂x2U(x,s).

Fixing s, the above equation reduces to d2

dx2U − sU = −(1 + sinπx). Solving the above
differential equation, we have

C.F. = c1(s)e
√

sx + c2e−
√

sx.

P.I. =
1

D2− s
(−1− sinπx)

= − 1
D2− s

1− 1
D2− s

sinπx

=
1
s

1

1− D2

s

1− D2− s
sinπx

=
1
s
− 1
−π2− s

sinπx
(
∵

1
f (D2)

sinax =
1

f (−a2)
sinax

)
.
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Therefore
U(x,s) = C.F. + P.I. = c1(s)e

√
sx + c2(s)e−

√
sx +

1
s
+

sinπx
π2 + s

,

where c1(s) and c2(s) are arbitrary constants. Since s is arbitrary, the above solution holds for
all x and for all s. Since u(0, t) = 1, applying Laplace transform yields U(0,s) = 1

s . Putting
U(0,s) = 1

s in above equation, we get c1(s) =−c2(s). Therefore,

U(x,s) = c1(s)(e
√

sx− e−
√

sx)+
1
s
+

sinπx
π2 + s

.

Now, u(1, t) = 1⇒U(1,s) = 1
s . Then c1(s)(e

√
s−e−

√
s) = 0. Since s > 0, we have c1(s) = 0.

Hence
U(x,s) =

1
s
+

sinπx
π2 + s

.

Applying inverse Laplace transform, one obtains

u(x, t) = 1+ e−π2t sinπx.

Example 3.5.14. Solve uxx =
1
c2 utt − cosωt, 0 < x < ∞, 0 < t < ∞ subject to u(0, t) = 0 for

all t, u is bounded in the variable x, and ut(x,0) = u(x,0) = 0 for all x.

Solution. Let U be the Laplace transform of u in the second variable t. Applying Laplace
transform on uxx =

1
c2 utt− cosωt, we get

∂ 2

∂x2U(x,s) =
1
c2

[
s2U(x,s)− su(x,0)−ut(x,0)

]
− s

s2 +ω2 .

Since u(x,0) = ut(x,0) = 0, we have

∂ 2

∂x2U(x,s) =
s2

c2U(x,s)− s
s2 +ω2 .

Fix s. Then the above equation will become

d2U
dx2 −

s2

c2U =− s
s2 +ω2 .

Therefore the solution is
C.F. = c1(s)e

sx
c + c2(s)e−

sx
x .

P.I. =
1

D2− s2

c2

(
− s

s2 +ω2

)
= − s

s2 +ω2
1
s2

c2

(
1− c2D2

s2

)
1 =

c2

s(s2 +ω2)
.

Thus,

U(x,s) = c1(s)e
sx
c + c2(s)e−

sx
x +

c2

s(s2 +ω2)
.
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Since u is bounded in the variable x, its Laplace transform U is bounded in the variable s.
Since s > 0, it follows that c1(s) = 0. Therefore,

U(x,s) = c2(s)e−
sx
x +

c2

s(s2 +ω2)
.

Since u(0, t) = 0, U(0,s) = 0. Therefore

0 =U(0,s) = c2(s)e−
sx
x +

c2

s(s2 +ω2)
.

Therefore c2(s) =
−c2

s(s2 +ω2)
. Then

U(x,s) =− c2

s(s2 +ω2)
e−

sx
x +

c2

s(s2 +ω2)
. (3.1)

Now, we have

1
ω

L−1
[

ω

s(s2 +ω2)

]
(t) =

1
ω

∫ t

0
sinωu du =− 1

ω2 [cosωu]t0 =−
cosωt

ω2 +
1

ω2

and
L−1[e−as f (s)](t) = f (t−a)H(t−a).

Therefore applying inverse Laplace transform to equation (3.13.1), we get

u(x, t) =− c2

ω2

(
1− cosω

(
t− x

x

))
H
(

t− x
c

)
+

c2

ω2 (1− cosωt).

Example 3.5.15. Solve utt = uxx, 0 < x < 1, t > 0 subject to u(0, t) = 0 = u(1, t) for all t,
u(x,0) = sinπx and ut(x,0) =−sinπx, for all x.

Solution. Let U be the Laplace transform of u in the second variable t. Applying Laplace
transform on utt = uxx, we get

s2U(x,s)− su(x,0)−ut(x,0) =
∂ 2

∂x2U(x,s),

i.e. s2U(x,s)− ssinπx+ sinπx =
∂ 2

∂x2U(x,s).

Fix s. Then the above equation becomes

d2U
dx2 − s2U = sinπx− ssinπx.

Then
C.F. = c1(s)esx + c2(s)e−sx.

P.I. =
1

D2− s2 [sinπx− ssinπx]
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=
1

−π2− s2 sinπx− s
−π2− s2 sinπx.

Therefore
U(x,s) = c1(s)esx + c2(s)e−sx +

sinπx
π2 + s2 (s−1).

Since u(0, t) = 0 = u(1, t), we get U(0,s) = 0 =U(1,s). Then

0 =U(0,s) = c1(s)+ c2(s)⇒ c1(s) =−c2(s).

Therefore U(x,s) = c1(s)(esx− e−sx)+
sinπx

π2 + s2 (s−1). Also U(1,s) = 0 implies

0 =U(1,s) = c1(s)(es− e−s)+
sinπ

π2 + s2 (s−1),

i.e. c1(s) = 0 (since s > 0). Therefore

U(x,s) =
sinπx

π2 + s2 (s−1).

Applying inverse Laplace transform, we get

u(x, t) = sinπx
[

cosπt− 1
π

sinπt
]
.

Example 3.5.16. Solve uxx =
1
c2 utt + k, 0 < x < l, t > 0 subject to u(0, t) = ux(0, t) = 0 for

all t > 0 and u(x,0) = ut(x,0) = 0 for all x.

Solution. Let U be the Laplace transform of u in the second variable t. Applying Laplace
transform on the given equation, we get

∂ 2

∂x2U(x,s) =
1
c2

[
s2U(x,s)− su(x,0)−ut(x,0)

]
+ k

1
s
.

Fix s. Then the above becomes
d2U
dx2 −

s2

c2U =
k
s
.

Therefore C.F. = c1(s)e
sx
c + c2(s)e−

sx
c .

P.I. =
1

D2− s2

c2

k
s

= − k
s

1
s2

c2

(
1− c2

s2 D2
)1 =−kc2

s3 .

Therefore

U(x,s) = c1(s)e
sx
c + c2(s)e−

sx
c − kc2

s3 .

Then
∂

∂x
U(x,s) =

s
c
(c1(s)− c2(s)) .
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Since ux(0, t) = 0, ∂

∂xU(0,s) = 0. Therefore

0 =
∂U
∂x

=
s
c
(c1(s)− c2(s))⇒ c1(s) = c2(s).

Therefore,

U(x,s) = c1(s)(e
sx
c + e−

sx
c )− kc2

s3 .

Since u(0, t) = 0, U(0,s) = 0. Then 0 =U(0,s) = 2c1(s)− kc2

s3 ⇒ c1(s) = kc2

2s3 . Therefore

U(x,s) =
kc2

2s3

(
e

sx
c + e−

sx
c

)
− kc2

s3 =
kc2

2

[
e

sx
c

s3 +
e−

sx
c

s3

]
− kc2

s3 .

Now, applying the inverse Laplace transform, we get

u(x, t) =
kc2

2

(
t + x

c

)2

2
H
(

t +
x
c

)
+

kc2

2

(
t− x

c

)2

2
H
(

t− x
c

)
− kc2t2

2
.

Therefore

u(x, t) =
kc2

4

(
t +

x
c

)2
H
(

t +
x
c

)
+

kc2

4

(
t− x

c

)2
H
(

t− x
c

)
− kc2t2

2
.

Example 3.5.17. Solve utt = c2uxx, x > 0, t > 0 subject to u(0, t) = Asinωt, ux(0, t) = 0 for
all t, u(x,0) = ut(x,0) = 0 for all x.

Solution. Let U be the Laplace transform of u in the second variable t. Applying Laplace
transform to utt = c2uxx, we get

s2U(x,s)− su(x,0)−ut(x,0) = c2 ∂ 2

∂x2U(x,s).

Fix s. Then the above equation becomes

s2U = c2 d2U
dx2 ⇒

d2U
dx2 −

s2

c2U = 0.

C.F. = c1(s)e
sx
c + c2(s)e−

sx
c . Therefore

U(x,s) = c1(s)e
sx
c + c2(s)e−

sx
c .

Since u(0, t) = Asinωt, U(0,s) = Aω

s2+ω2 . Also,

∂

∂x
U(0,s) = c1(s)− c2(s) = 0⇒ c1(s) = c2(s).

Therefore U(x,s) = c1(s)
(

e
sx
c + e−

sx
c

)
. Thus, U(0,s) = Aω

s2+ω2 = 2c1(s). Therefore

U(x,s) =
A
2

[
ωe

sx
c

s2 +ω2 +
ωe−

sx
c

s2 +ω2

]
.

Applying inverse Laplace transform, we get

u(x, t) =
A
2

[
sin
(

ω

(
t +

x
c

))
H
(

t +
x
c

)
+ sin

(
ω

(
t− x

c

))
H
(

t− x
c

)]
.
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Example 3.5.18. Solve utt = c2uxx, 0 < x < l, t > 0 subject to u(0, t) = u(l, t) = 0, t > 0 and
u(x,0) = λ sin

(
πx
l

)
, ut(x,0) = 0.

Solution. Let U be the Laplace transform of u in the second variable t. Applying Laplace
transform to utt = c2uxx, we get

s2U(x,s)− su(x,0)−ut(x,0) = c2 ∂ 2

∂x2U(x,s).

Fix s, then the above equation becomes

d2U
dx2 −

s2

c2U =−sλ sin
(

πx
l

)
.

Therefore C.F. = c1(s)e
sx
c + c2(s)e−

sx
c . Also,

P.I. =
1

D2− s2

c2

(
−sλ sin

(
πx
l

))
= − sλ

1(
−π2

l2 − s2

c2

) sin
(

πx
l

)
.

Therefore

U(x,s) = c1(s)e
sx
c + c2(s)e−

sx
c + sλ

1(
π2

l2 + s2

c2

) sin
(

πx
l

)
.

Since s was arbitrary, the above solution holds for all s and all x. Since u(0, t) = 0, U(0,s) = 0.
Therefore c1(s) =−c2(s). Then

U(x,s) = c1(s)
(

e
sx
c − e−

sx
c

)
+ sλ

1(
π2

l2 + s2

c2

) sin
(

πx
l

)
.

Since u(l, t) = 0, U(l,s) = 0. Therefore

0 =U(l,s) = c1(s)
[
e

s
c l− e−

s
c l
]
, i.e. c1(s)sinh

(
sl
c

)
= 0.

Since s > 0 and c > 0, c1(s) = 0. Hence

U(x,s) =− λ sc2

s2− c2π2

l2

sin
(

πx
l

)
.

Applying inverse Laplace transform, we get

u(x, t) =−sin
(

πx
l

)
λc2 cosh

(cπt
l

)
.
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3.5.4 Applications to Simultaneous Differential Equations

We consider some examples on solving simultaneous differential equations by an application
of Laplace transform. The final answers are not given and the students are encourage to do the
computations.

Example 3.5.19. Solve (D2− 2)x− 3y = e2t , (D2 + 2)y+ x = 0 subject to x(0) = y(0) = 1
and x′(0) = y′(0) = 0.

Solution. Here x′′−2x−3y = e2t and y′′+2y+ x = 0. Let X and Y be the Laplace transform
of x and y respectively. Applying Laplace transform to both the above equations, we get

s2X− sx(0)− x′(0)−2X−3Y =
1

s−2
s2Y − sy(0)− y′(0)+2Y +X = 0.

Therefore

s2X− s−2X−3Y =
1

s−2
s2Y − s+2Y +X = 0.

Then

(s2−2)X−3Y =
1

s−2
+ s (3.2)

X +(s2 +2)Y = s. (3.3)

Multiplying equation (3.33.3) by (s2−2) and subtracting it from equation (3.23.2), we get

−3Y − (s2−2)(s2 +2)Y =
1

s−2
+ s− s(s2−2),

⇒ (−s4 +1)Y =
1

s−2
+2− s(s2−2)

⇒ Y =− 1
(s4−1)(s−2)

− s
s4−1

+
s(s2−2)

s4−1
.

Now, L−1
[

1
(s2−1)(s2 +1)

]
(t) =

1
2

L−1
[
−1

s2 +1
+

1
s2−1

]
(t) =−1

2
sin t +

1
2

sinh t.

Also, L−1
[

1
s−2

]
(t) = e2t . Therefore

L−1
[

1
(s4−1)(s−2)

]
(t) =

∫ t

0
e2(t−u)

(
1
2

sinu+
1
2

sinhu
)

du.

Also, L−1
[

s
s4−1

]
=

1
2

[
s

s2−1
− s

s2 +1

]
=

1
2
(cosh t− cos t) .

Now,
s(s2−1−1)

(s2−1)(s2 +1)
=

s
(s2 +1)

− s
(s2−1)(s2 +1)

. Then

L−1
[

s(s2−2)
s4−1

]
= L−1

[
s

s2 +1

]
(t)−L−1

[
s

(s2−1)(s2 +1)

]
(t)
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= cos t− 1
2
(cosh t− cos t) =

1
2
(cos t− cosh t) .

Therefore,
Now multiplying equation (3.23.2) by s2 +2 and equation (3.33.3) by −3, we get

(s2−1)(s2 +2)X−3(s2 +2)Y = (s2 +2)
1

s−2
+ s(s2 +2)

and 3X−3(s2 +2)Y = 3s.

Therefore

((s4−4)+3)X =
s2 +2
s−2

+3s+ s(s2 +2)

⇒ X =
s2 +2

(s−2)(s4−1)
+

s(s2 +2)
s4−1

+
3s

s4−1
.

Applying inverse Laplace transform, we get

s(s2 +2)
s4−1

=
s(s2 +1+1)

(s2−1)(s2 +1)
=

s
s2−1

+
s

(s2−1)(s2 +1)

L−1
[

s(s2 +2)
s4−1

]
(t) = cosh t +

1
2
(cosh t− cos t) =

3
2

cosh t− 1
2

cos t.

3s
s4−1

=
3
2

[
s

s2−1
− s

s2 +1

]
.

Then L−1
[

3s
s4−1

]
=

3
2
(cosh t− cos t) .

Also for
s2 +2

(s−2)(s4−1)
=

s2−1+3
(s−2)(s4−1)

.

Complete it.

Example 3.5.20. Solve (D−2)x− (D+1)y = 6e3t , (2D−3)x+(D−3)y = 6e3t subject to
x(0) = y(0) = 3.

Solution. Here x′−2x−y′−y= 6e3t and 2x′−3x+y′−3y= 6e3t . Let X and Y be the Laplace
transform of x and y respectively. Applying Laplace transform to both the above equations,
we get

sX− x(0)−2X− sY + y(0)−Y = L
[
6e3t]

2sX−2x(0)−3x+ sY − y(0)−3Y = L
[
6e3t] .

Therefore

sX−3−2x− sY +3−Y =
6

s−3

2sX−6−3X + sY −3−3Y =
6

s−3
.

Then

(s−2)X− (s+1)Y =
6

s−3
(3.4)
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(2s−3)X +(s−3)Y =
6

s−3
+9. (3.5)

From equations (3.43.4) and (3.53.5), we have

[−(2s−3)(s+1)− (s−2)(s−3)]Y =
6(2s−3)

s−3
− 6(s−2)

s−3
−9(s−2)

⇒ [−2s2−2s+3s+3− s2 +5s−6]Y =
6(2s−3)

s−3
− 6(s−2)

s−3
−9(s−2)

⇒ [−3s2 +6s−3]Y =
6(2s−3)

s−3
− 6(s−2)

s−3
−9(s−2).

Therefore

Y = − 6(2s−3)
3(s−1)2(s−3)

+
6(s−2)

3(s−3)(s−1)2 +
9(s−2)
3(s−1)2

=
−4s+6+2s−4
(s−3)(s−1)2 +

9(s−1−1)
3(s−1)2

=
−2(s−1)

(s−3)(s−1)2 +
3

s−1
− 3

(s−1)2

=
1

s−1
− 1

s−3
+

3
s−1

− 3
(s−1)2 .

Applying inverse Laplace transform, we get

y(t) = L−1
[

1
s−1

− 1
s−3

+
3

s−1
− 3

(s−1)2

]
(t)

= et− e3t +3et−3tet

= 4et−3e3t−3tet .

Now, multiplying equation (3.43.4) by −2 and adding it to equation (3.53.5) gives

x = y−3y′−6e3t .

Using the solution y(t) obtained above, we get

x(t) = et +6tet +2e3t .

Example 3.5.21. Solve D2x+Dy+ 3x = 15e−t and D2y− 4Dx+ 3y = 15sin2t subject to
x(0) = 35, x′(0) =−48, y(0) = 27, y′(0) =−55.

Solution. Here x′′+y′+3x = 15e−t and y′′−4x′+3y = 15sin2t. Let X and Y be the Laplace
transform of x and y respectively. Applying Laplace transform to both the above equations,
we get

s2X− sx(0)− x′(0)+ sY − y(0)+3X =
15

s+1

s2Y − sy(0)− y′(0)+4sX−4x(0)+3Y =
30

s2 +4
.
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Then

(s2 +3)X−35s+48+ sY −27 =
15

s+1

(s2 +3)Y −27s+55+4sX−140 =
30

s2 +4
.

Complete it as an exercise.

Examples 3.5.22. 1. Solve dx
dt −2x− dy

dt − y = 6e3t , 2dx
dt −3x+ dy

dt −3y = 6e3t subject to
x(0) = 3, y(0) = 0 using Laplace transform methods.
Let X and Y be the Laplace transforms of x and y respectively. Applying Laplace
transform on the equations dx

dt −2x− dy
dt − y = 6e3t and 2dx

dt −3x+ dy
dt −3y = 6e3t , we

have sX− x(0)−2X− sY + y(0)−Y = 6
s−3 and 2sX−2x(0)−3X + sY − y(0)−3Y =

6
s−3 . Substituting x(0) = 3, y(0) = 0 and simplifying we obtain (s−2)X− (s+1)Y =

6
s−3 +3 and (2s−3)X +(s−3)Y = 6

s−3 +6. Solving the last two equation for X and Y ,
we get X = 3s−1

(s−1)2 +
4

(s−1)(s−3) and Y =− 1
(s−1)2 +

1
s−1 −

1
s−3 . Applying inverse Laplace

transform gives x(t) = (1+2t)e2t +2e3t and y(t) = (1− t)et− e3t .
2. Solve dx

dt +
dy
dt = t, d2x

dt2 −y = e−t subject to x(0) = 3, x′(0) =−2, y(0) = 0 using Laplace
transform methods.
Let X and Y be the Laplace transforms of x and y respectively. Applying Laplace
transform to both the differential equations and using the conditions given, we obtain
X +Y = 3

s +
1
s3 and s2X −Y = 3s− 2+ 1

s+1 . Using the last two equations, we have
(1+s2)Y = 1

s +2− 1
s+1 , i.e., Y = 1

s(1+s2)
+ 2

1+s2 − 1
(1+s)(1+s2)

. Applying inverse Laplace
transform, we get

y(t) =
∫ t

0
sinudu+2sin t−

∫ t

0
e−(t−u) sinudu

= 1− cos t +2sin t− e−t
[

e−u

2
(sinu− cosu)

]t

0

= 1− 1
2

cos t +
3
2

sin t− 1
2

e−t .

Since X +Y = 3
s +

1
s3 , x(t)+y(t) = 3+ t2

2 . Using y(t) obtained above, x(t) = 2+ 1
2 [t

2 +
cos t−3sin t + et ].

3. Solve the simultaneous differential equations (D−2)x+3y = 0 and 2x+(D−1)y = 0
subject to x(0) = 8 and y(0) = 3.
Applying Laplace transform to above differential equations and using the conditions
gives, (s− 2)X + 3Y = 8 and 2X + (s− 1)Y = 3. Solving above equations for Y ,
we get Y = 3(s−2)

(s−4)(s+1) −
16

(s−4)(s+1) . Applying inverse Laplace transform gives y(t) =

−1
5e4t + 77

10e−t .
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4.1 Green’s Function and its Application

In what follows, we describe the method to solve the second order differential equation using
Green’s function.

Consider the differential equation

y′′+P(x)y′+Q(x)y = f (x)

on [a,b] subject to conditions B1(y) = 0 and B2(y) = 0.

Steps:

1. Find the fundamental solutions u1 and u2 of the equation y′′+P(x)y′+Q(x)y = f (x),
i.e., u1 and u2 are solutions of given equations and they are linearly independent.

2. By taking appropriate linear combinations of u1 and u2, find y1 and y2 so that B1(y1) =
0 and B2(y2) = 0.

3. Define Green’s function G(x,s) as follows:

G(x,s) =

{ y1(s)y2(x)
W (y1,y2)(s)

, s≤ x;
y1(x)y2(s)

W (y1,y2)(s)
, s≥ x,

where W (y1,y2) =

∣∣∣∣y1 y2
y′1 y′2

∣∣∣∣ is the Wronskian of y1 and y2.

4. Evaluate y(s) =
∫ b

a
G(x,s) f (s) ds.

Example 4.1.1. Find the Green’s function for y′′(x) = f (x), y(0) = 0 = y(1) and hence find
the solution of the above equation when f (x) = x2.
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128 §4.1. Green’s Function and its Application

Solution. The fundamental solution of y′′= 0 are u1(x) = 1 and u2(x) = x (∵ y(x) = c1+c2x).
Consider y1(x) = x and y2(x) = x−1. Then y1(0) = 0 and y2(1) = 0.
Now the Wronskian of y1 and y2 is

W (y1,y2) =

∣∣∣∣x x−1
1 1

∣∣∣∣= x− (x−1) = 1.

Therefore the Green’s function for the above problem is

G(x,s) =

{
s(x−1)

1 , s≤ x
x(s−1)

1 , s≥ x
.

When f (x) = x2, the solution of the above differential equation is

y(x) =
∫ 1

0
G(x,s)s2 ds

=
∫ x

0
G(x,s)s2 ds+

∫ 1

x
G(x,s)s2 ds

=
∫ x

0
s(x−1)s2 ds+

∫ 1

x
x(s−1)s2 ds

= (x−1)
[

s4

4

]x

0
+ x
[

s4

4
− s3

3

]1

x

=
x5

4
− x4

4
+

x
4
− x

3
− x5

4
+

x4

3

=
x4

12
− x

12
=

x4− x
12

.

Example 4.1.2. Find the Green’s function for y′′(x)+y(x) = f (x), y(0) = 0, y′(1) = 0. Hence
find the solution of the above equation when f (x) = x.

Solution. The fundamental solution of y′′(x)+ y(x) = 0 are

u1(x) = cosx, u2(x) = sinx (as y(x) = c1 cosx+ c2 sinx).

Consider y1(x) = sinx. Then y1(0) = 0. For y2, consider y2(x) = c1 cosx+ c2 sinx. Then
y′2(x) =−c1 sinx+ c2 cosx. Thus, y′2(1) = 0 implies −c1 sin1+ c2 cos1 = 0. Take c1 = cos1
and c2 = sin1. Then we have

y2(x) = cos1cosx+ sin1sinx = cos(x−1).

Then y1(0) = 0 and y′2(1) = 0. Now, the Wronskian of y1 and y2 is

W (y1,y2) =

∣∣∣∣sinx cos(x−1)
cosx −sin(x−1)

∣∣∣∣
= − sinxsin(x−1)− cosxcos(x−1)
= − cos1.
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Therefore Green’s function for the above problem is

G(x,s) =

{
sinscos(x−1)
−cos1 , s≤ x

sinxcos(s−1)
−cos1 , s≥ x.

When f (x) = x the solution of the above differential equation is

y(x) =
∫ 1

0
G(x,s)s ds

=
∫ x

0

sinscos(x−1)
−cos1

s ds+
∫ 1

x

sinxcos(s−1)
−cos1

s ds

=
cos(x−1)
−cos1

[s[−coss]−1[−sins]]x0 +
sinx
−cos1

[s[sin(s−1)]− [−cos(s−1)]]1x

=
cos(x−1)
−cos1

[−xcosx+ sinxr]− sinx
cos1

[1− xsin(x−1)− cos(x−1)]

= x
cos1
cos1

− sinx
cos1

= x− sinx
cos1

.

Example 4.1.3. Solve y′′(x)+9y(x) = xcosx subject to y(0) = 0, y′(π) = 0.

Solution. The fundamental solutions of y′′(x)+9y(x) = xcosx are

u1(x) = cos3x and u2(x) = sin3x.

Consider y1(x) = sin3x and y2(x) = cos3x. Then y1(0) = 0 and y′2(π) = 0. Now,

W (y1,y2) =

∣∣∣∣y1 y2
y′1 y′2

∣∣∣∣= ∣∣∣∣ sin3x cos3x
3cos3x −3sin3x

∣∣∣∣=−3.

Therefore Green’s function for the problem is

G(x,s) =
{ sin3scos3x

−3 , s≤ x
sin3xcos3s
−3 , s≥ x.

When f (x) = xcosx, the solution of the above differential equation is

y(x) =
∫

π

0
G(x,s)scoss ds

=
∫ x

0

sin3scos3x
−3

scoss ds+
∫

π

x

sin3xcos3s
−3

scoss ds

=
cos3x
−6

∫ x

0
[sin4s+ sin2s]s ds+

sin3x
−6

∫
π

x
[cos4s+ cos2s]s ds

=
cos3x
−6

[
s
−cos4s

4
+1

sin4s
16

+ s
−cos2s

2
+

sin2s
4

]x

0

− sin3x
−6

[
s
sin4s

4
+1

cos4s
16

+ s
sin2s

2
+

cos2s
4

]π

x

= − cos3x
6

[
−x
(

cos4x
4

+
cos2x

2

)
+

(
sin4x

16
+

sin2x
4

)]
− sin3x

6

[
1

16
+

1
4
− x
(

sin4x
4

+
sin2x

2

)
−
(

cos4x
16

+
cos2x

4

)]
.
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4.2 Gram Schmidt Orthonormalization

Definition 4.2.1. Let V be a vector space over K (K= R or C). A map 〈· , ·〉 : V ×V →K
is called an inner product if for all x,y,z ∈V and α ∈K,

1. 〈x,x〉 ≥ 0 and if 〈x,x〉= 0 then x = 0
2. 〈x,y〉= 〈y,x〉
3. 〈αx,y〉= α〈x,y〉
4. 〈x+ y,z〉= 〈x,z〉+ 〈y,z〉

A vector space V with an inner product is called an inner product space.

Examples 4.2.2. 1. Cn is an inner product space with the inner product

〈(x1,x2, . . . ,xn),(y1,y2, . . .yn)〉 :=
n

∑
k=1

xkyk.

2. Let `2 = {(xn)n∈N : ∑n |xn|2 < ∞} Then `2 is an inner product space with an inner
product

〈(xn),(yn)〉= ∑
n

xnyn.

3. Let C[a,b] = { f : [a,b]→ C : f is continuous}. Then C[a,b] is an inner product space
with an inner product

〈 f ,g〉 :=
b∫

a

f (x)g(x) dx.

Definition 4.2.3. Let V be an inner product space and let x,y ∈V . Then elements x and y
are called orthogonal if 〈x,y〉= 0.

Definition 4.2.4. A non-empty subset A of an inner product space V is called orthogonal if
〈x,y〉= 0 for every x,y ∈ A with x 6= y.

Example 4.2.5. Show that any orthogonal subset of an inner product space, which does not
contain zero, is linearly independent.

Solution. Let A= {x1,x2, . . . ,xn} be an orthogonal set such that xi 6= 0 for all i. Let α1,α2, . . . ,αn ∈
K such that

α1x1 +α2x2 + · · ·+αnxn = 0.

Then

0 = 〈0,xi〉 ∀ i = 1,2, . . . ,n
= 〈α1x1 +α2x2 + · · ·+αnxn,xi〉
= α1〈x1,xi〉+α2〈x2,xi〉+ · · ·+αn〈xn,xi〉
= αi〈xi,xi〉.

Since 〈xi,xi〉 6= 0, αi = 0 for all i and hence A is linearly independent.
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Definition 4.2.6. Let V be an inner product space. Then the map ‖ · ‖ : V →K defined by
‖x‖=

√
〈x,x〉, (x ∈V ) is called a norm on V .

Definition 4.2.7. A non-empty subset of an inner product space V is called orthonormal if
the set is orthogonal and the norm of each element of the set is 1.

Ex Show that every orthonormal set is linearly independent.

Theorem 4.2.8 (Gram Schmidt orthonormalization theorem). Let V be an inner product
space and let {x1,x2, . . .} be a linearly independent subset of V . Then there exists an
orthonormal subset {e1,e2, . . .} of V such that

sp{e1,e2, . . .}= sp{x1,x2, . . .}.

[Gram Schmidt orthonormalization process]
Let {x1,x2, . . .} be a linearly independent subset of an inner product space V . Let e1 =

x1

‖x1‖
(and y1 = x1). Let

y2 = x2−〈x2,e1〉e1.

Take e2 =
y2

‖y2‖
. Let

y3 = x3−〈x3,e1〉e1−〈x3,e2〉e2.

Take e3 =
y3

‖y3‖
. In general, we get

yn = xn−
n−1

∑
j=1
〈xn,e j〉e j and en =

yn

‖yn‖
.

Example 4.2.9. Orthonormalize the set {1,x,x2,x3} over [−1,1].

Solution. Let f0(x) = 1, f1(x) = x, f2(x) = x2 and f3(x) = x3. We have to orthonormalize the
set { f0, f1, f2, f3} of C[−1,1]. Let h0(x) = f0(x). Then

‖h0‖= ‖ f0‖=
(∫ 1

−1
12 dx

) 1
2

=
√

2.

Take g0(x) =
f0(x)
‖ f0(x)‖

=
1√
2
. Let

h1(x) = f1(x)−〈 f1,g0〉g0(x) = x−
(∫ 1

−1
x

1√
2

dx
)

1√
2
= x.

Then ‖h1‖=
(∫ 1

−1
x2 dx

) 1
2

=

√
2
3
. Let g1(x) =

h1(x)
‖h1‖

=

√
3
2

x. Let

h2(x) = f2(x)−〈 f2,g0〉g0(x)−〈 f2,g1〉g1(x)
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= x2−
∫ 1

−1

(
x2 1√

2
dx
)

1√
2
−
∫ 1

−1

(
x

√
3
2

x dx

)√
3
2

x = x2− 1
3
.

Then

‖h2‖=

(∫ 1

−1

(
x2− 1

3

)2

dx

) 1
2

=

(
2
∫ 1

0

(
x2− 1

3

)2

dx

) 1
2

=

(
8

45

) 1
2

=
2
3

√
2
5
.

Let g2(x) =
h2(x)
‖h2‖ =

3
2

√
5
2

(
x2− 1

3

)
=
√

5
2

(3
2x2− 1

2

)
. Let

h3(x) = f3(x)−〈 f3,g0〉g0(x)−〈 f3,g1〉g1(x)−〈 f3,g2〉g2(x)

= x3−
(∫ 1

−1
x3 1√

2
dx
)

1√
2
−

(∫ 1

−1
x3

√
3
2

x dx

)√
3
2

x

−

(∫ 1

−1
x3 3

2

√
5
2

(
x2− 1

3

))
3
2

√
5
2

(
x2− 1

3

)
= x3− 3

5
x.

Therefore

‖h3‖2 =

(∫ 1

−1

(
x3− 3

5
x
)2

dx

)

= 2
∫ 1

0

(
x3− 3

5
x
)2

dx

= 2
[

1
7
− 6

5
1
5
+

9
25

1
3

]
= 2

[
1
7
− 3

25

]
=

8
175

.

Therefore ‖h3‖= 2
5

√
2
7 . Let g3(x) =

h3(x)
‖h3‖ . Thus, {g0,g1,g2,g3} is the required orthonormal

set.
Hence, by Gram-Schmidt orthonormalization method, the orthonormal set obtained by

orthonormalizing the set {1,x,x2,x3} over [−1,1] is{√
1
2

P0(x),

√
3
2

P1(x),

√
5
2

P2(x),

√
7
2

P3(x)

}
.

Example 4.2.10. Show that sp{1,x,x2,x3}= sp
{√

2n+1
2 Pn(x) : n ∈ N∪{0}

}
in C[−1,1].

Solution. Let n ∈ N∪{0}. Since Pn(x) is the polynomial, we have√
2n+1

2
Pn(x) = a0 +a1x+a2x2 + · · ·+anxn ∈ L({xn : n ∈ N∪{0}}),
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where a0,a1, . . . ,an ∈ R. Hence, it follows that

sp

{√
2n+1

2
Pn(x) : n ∈ N∪{0}

}
⊂ sp{1,x,x2,x3}.

Since any polynomial can be expressed as a linear combination of Legendre polynomials, it
follows that

sp{1,x,x2,x3} ⊂ sp

{√
2n+1

2
Pn(x) : n ∈ N∪{0}

}
.

Hence the result.

Example 4.2.11. The set
{√

2n+1
2 Pn(x) : n ∈ N∪{0}

}
is orthonormal set in C[−1,1] (or

L2[−1,1]).

Solution. We know that ∫ 1

−1
Pn(x)Pm(x) dx =

{
0, n 6= m

2
2n+1 , n = m

.

Let n ∈ N∪{0}. Then ∫ 1

−1

√
2n+1

2
Pn(x)

√
2m+1

2
Pm(x) dx

=

√
(2n+1)(2m+1)

2

∫ 1

−1
Pn(x)Pm(x) dx

=

{
0, m 6= n

2n+1
2

2
2n+1 = 1, m = n.

Hence, the given set is orthonormal.

Remark 4.2.12. Note that the above orthonormal set is an orthonormal basis for the Hilbert
space L2[−1,1] and

f (x) =
∞

∑
n=0

〈
f ,

√
2n+1

2
Pn

〉√
2n+1

2
Pn(x).

4.3 Least Square Approximation

Theorem 4.3.1 (Least square approximation). Let f ∈ L2[−1,1] and let p(x) = b0P0(x)+

b1P1(x)+ · · ·+bnPn(x) be a polynomial of degree n. Then the integral
∫ 1

−1
| f (x)− p(x)|2 dx

is minimum if and only if

bk =
2k+1

2

∫ 1

−1
f (x)Pk(x) dx, k = 0,1,2, . . . ,n.
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Proof. For k = 0,1, . . . ,n, let ak =
2k+1

2

∫ 1

−1
f (x)Pk(x) dx. Now,

∫ 1

−1
| f (x)− p(x)|2 dx =

∫ 1

−1

(
f (x)−

n

∑
j=0

b jPj(x)

)2

dx

=
∫ 1

−1
f (x)2 dx−2

n

∑
j=0

b j

∫ 1

−1
f (x)Pj(x) dx+

∫ 1

−1

(
n

∑
j=0

b jPj(x)

)2

dx

=
∫ 1

−1
f (x)2 dx−2

n

∑
j=0

b j
2a j

2 j+1
+

n

∑
j=0

b2
j

2
2 j+1

+
n

∑
j=0

2a2
j

2 j+1
−

n

∑
j=0

2a2
j

2 j+1

=
∫ 1

−1
f (x)2dx+2

n

∑
j=0

(a j−b j)
2

2 j+1
−

n

∑
j=0

2a2
j

2 j+1
.

Since the first and the last term on the right hand side of the above equation are fixed, the

above integral will be minimum if and only if
n

∑
j=0

(a j−b j)
2

2 j+1
= 0, i.e. if and only if b j = a j

for all j.

Example 4.3.2. Find a polynomial of degree two so that
∫ 1

−1
|ex− p(x)|2 dx is minimum.

Solution. Let p(x) = b0P0(x)+b1P1(x)+b2P2(x), where

bk =
2k+1

2

∫ 1

−1
exPk(x) dx, (k = 0,1,2).

Then p(x) = b0 +b1x+b2
(3

2x2− 1
2

)
. Here

b0 =
1
2

∫ 1

−1
ex ·1 dx =

1
2
[e1− e−1] = sinh1.

b1 =
3
2

∫ 1

−1
ex x dx =

3
2
[xex− ex]1−1 = 3e−1.

b2 =
5
2

∫ 1

−1
ex
(

3
2

x2− 1
2

)
dx

=
15
4

∫ 1

−1
exx2 dx− 5

4

∫ 1

−1
ex dx

=
15
4
[
x2ex−2xex +2ex]1

−1−
5
2

sinh1

=
15
4
[
e1−2e1 +2e1− (e−1 +2e−1 +2e−1)

]
− 5

2
sinh1

=
15
4
[e− e−1−4e−1]− 5

2
sinh1

=
15
2

sinh1−15e−1− 5
2

sinh1 = 5(sinh1−3e−1).

PS03CMTH02 2017-18



§4.3. Least Square Approximation 135

Example 4.3.3. Show that

min
{∫ 1

−1
p(x)2 dx : p(x) is a monic polynomial of degree n

}
=
∫ 1

−1
(cPn(x))

2 dx,

where c ∈ R, so that cPn(x) is a monic polynomial.

Solution. Let p(x) be a monic polynomial of degree n. Then there exists c0,c1, . . . ,cn−1 such
that

p(x) = c0P0(x)+ c1P1(x)+ · · ·+ cn−1Pn−1(x)+ cPn(x).

Therefore∫ 1

−1
p(x)2 dx =

∫ 1

−1
(c0P0(x)+ c1P1(x)+ · · ·+ cn−1Pn−1(x)+ cnPn(x))

2 dx

= c2
0

∫ 1

−1
P0(x)2dx+ · · ·+ c2

n−1

∫ 1

−1
Pn−1(x)2dx+ c2

∫ 1

−1
Pn(x)2dx.

Since c is fixed, above integral will be minimum if and only if c0 = c1 = · · ·= cn−1 = 0. Hence
the result.

Example 4.3.4. Find min
{∫ 1
−1 p(x)2 dx : p(x) is a monic polynomial of degree 2

}
Solution. By above example, we have to find

∫ 1
−1(cP2(x))2dx, where c ∈ R so that cP2(x) is a

monic polynomial. Thus, c = 2
3 . Therefore

∫ 1

−1

(
2
3

(
3
2

x2− 1
2

))2

dx =
[

1
5
− 2

3
1
3
+

1
9
]

]
= 2

[
1
5
− 1

9

]
=

8
45

.

Example 4.3.5. Find a polynomial of degree 2 so that
∫ 1
−1 |sinx− p(x)|2dx is minimum.

Solution. For this, let bk =
2k+1

2
∫ 1
−1 sinxPk(x) dx, k= 0,1,2. Then p(x)= b0+b1x+b2

(3
2x2− 1

2

)
.

Now,

b0 =
1
2

∫ 1

−1
sinx dx = 0.

b1 =
3
2

∫ 1

−1
sinx x dx = 3

∫ 1

0
xsinx dx = 3 [x(−cosx)+ sinx]10 = 3(sin1− cos1).

b2 =
5
2

∫ 1

−1
sinx

(
3
2

x2− 1
2

)
dx =

15
4

∫ 1

−1
x2 sinx dx− 5

4

∫ 1

−1
sinx dx = 0.

Hence p(x) = 3(sin1− cos1)x.

Example 4.3.6. Find a polynomial of degree 2 so that
∫ 1
−1 |cosx− p(x)|2dx is minimum.
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Solution. For this, let bk =
2k+1

2
∫ 1
−1 cosxPk(x) dx, k= 0,1,2. Then p(x)= b0+b1x+b2

(3
2x2− 1

2

)
.

Now,

b0 =
1
2

∫ 1

−1
cosx dx = sin1.

b1 =
3
2

∫ 1

−1
cosx x dx = 0.

b2 =
5
2

∫ 1

−1
cosx

(
3
2

x2− 1
2

)
dx

=
15
4

∫ 1

−1
x2 cosx dx− 5

4

∫ 1

−1
cosx dx

=
15
2

∫ 1

0
x2 cosx dx− 5

2

∫ 1

0
cosx dx

=
15
2
[
x2 sinx+2xcosx−2sinx

]1
0−

5
2

sin1

=
15
2
[sin1+2cos1−2sin1]− 5

2
sin1

= 15cos1−10sin1.

Hence p(x) = sin1+5(3cos1−2sin1)x2.

4.4 Orthogonality with respect to weight functions

Let ω be a non-negative “weight function” on [a,b]. Two functions f and g are called
orthogonal with respect to the weight function ω if∫ b

a
f (x)g(x)ω(x) dx = 0 i.e.,

∫ b

a
f (x)

√
ω(x)g(x)

√
ω(x) dx = 0.

We know that the set {1,x,x2, . . .} is linearly independent over [a,b]. Let ω be a weight
function on [a,b]. Then {

√
ω(x),x

√
ω(x), . . .} is linearly independent over [a,b]. When we

orthonormalize the above set on [a,b], we get an orthonormal set

{Q0(x)
√

ω(x),Q1(x)
√

ω(x),Q2(x)
√

ω(x), . . .},

where Qn(x) is a polynomial of degree n. That is the set {Q0(x),Q1(x), . . .} is an orthonormal
set on [a,b] with respect to the weight function ω . For example,

1. If a =−1, b = 1 and ω(x) = 1√
1−x2 , then we obtain Tchebycheff polynomials Tn(x),

Tn(x) =
1

2n−1
cos(ncos−1(x)).

2. If a =−1, b = 1 and ω(x) = 1, then we get Legendre polynomials.
3. If a =−1, b = 1 and ω(x) =

√
1− x2, then we get the polynomials

Qn(x) =
sin((n+1)cos−1 x)√

1− x2
.
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4. If a = 0, b = 1 and ω(x) = xq−1(1− x)p−q, q > 0 and p− q > 1, then we get Jacobi
polynomials.

5. If a = 0, b = ∞ and ω(x) = e−x2
, then we get Hermite polynomials.

6. If a = 0, b = ∞ and ω(x) = ex, then we get Laguerre polynomials.

Example 4.4.1. Orthonormalize the set {1,x,x2,x3} on (0,∞) with respect to the weight
function e−x2

.

Solution. We need to orthonormalize the set

{
√

e−x2
,x
√

e−x2
,x2
√

e−x2
,x3
√

e−x2}

on (0,∞). Let fi(x) = xi
√

e−x2 , i = 0,1,2,3. Now,

‖ f0‖2 =
∫

∞

0

√
e−x2

√
e−x2 dx =

∫
∞

0
e−x2

dx =
√

π

2
.

Let g(x) =
f0(x)
‖ f0‖

=

√
2

π
1
4

√
e−x2

. Let

h1(x) = f1(x)−〈 f1,g0〉g0(x)

= x
√

e−x2−
(∫

∞

0
xe−x2

dx
)

2√
π

Complete it as exercise.

4.5 Hermite Polynomials

Definition 4.5.1. Hermite polynomials Hn(x) of degree n are orthogonal polynomials over
(0,∞) with respect to the weight function e−x2

.
They are most conveniently defined by means of a generating function ψ(x, t) given by

ψ(x, t) = e−t2+2xt :=
∞

∑
n=0

Hn(x)
n!

tn.

Theorem 4.5.2. Let n ∈ N∪{0}. Then Hn(x) = (−1)nex2 dn

dxn e−x2
.

Proof. We have ψ(x, t) = e−t2+2xt =
∞

∑
n=0

Hn(x)
n!

tn. We note that Hn(x) = ∂ n

∂ tn ψ(x, t)
∣∣∣
t=0

.

We have

ψ(x, t) = e−t2+2xt−x2+x2
= ex2

e−(t−x)2
= ex2

∞

∑
k=0

(−1)k

k!
(t− x)2k.

Therefore

∂ n

∂ tn ψ(x, t) = ex2

∑
2k≥n

(−1)k2k(2k−1) · · ·(2k−n+1)
k!

(t− x)2k−n.
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Therefore

∂ n

∂ tn ψ

∣∣∣
t=0

= ex2

∑
2k≥n

(−1)k2k(2k−1) · · ·(2k−n+1)
k!

x2k−n

= (−1)nex2

∑
2k≥n

(−1)k

k!
dn

dxn x2k

= (−1)nex2 dn

dxn

(
∑

2k≥n

(−1)k

k!
x2k

)

= (−1)nex2 dn

dxn

(
∑

2k<n

(−1)k

k!
x2k + ∑

2k≥n

(−1)k

k!
x2k

)

= (−1)nex2 dn

dxn

(
∞

∑
k=0

(−x2)k

k!

)
.

Hence,

Hn(x) = (−1)nex2 dn

dxn

(
e−x2

)
.

Example 4.5.3. Find H2(x) and hence compute H2(0).

Solution. We have

H2(x) = ex2 d2

dx2 (e
x2
)

= ex2 d
dx

(
e−x2

(−2x)
)

= − ex2
[
e−x2

(2)+2xe−x2
(−2x)

]
= − ex2

[2e−x2
−4x2e−x2

]

= − (−4x2 +2) = 4x2−2.

Hence H2(0) =−2.

Example 4.5.4. Show that H ′n(x) = 2nHn−1(x), n≥ 1.

Solution. We have e−t2+2xt =
∞

∑
n=0

Hn(x)
n!

tn. Then differentiating both sides with respect to x,

we get

e−t2+2xt(2t) =
∞

∑
n=1

H ′n(x)
n!

tn (∵ first term is constant)

⇒ 2t
∞

∑
n=0

Hn(x)
n!

tn =
∞

∑
n=1

H ′n(x)
n!

tn

⇒
∞

∑
n=0

2
Hn(x)

n!
tn+1 =

∞

∑
n=1

H ′n(x)
n!

tn
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⇒
∞

∑
n=1

2
Hn−1(x)
(n−1)!

tn =
∞

∑
n=1

H ′n(x)
n!

tn.

Comparing the coefficients of tn on both the sides, we get

2
Hn−1(x)
(n−1)!

=
H ′n(x)

n!
⇒ 2nHn−1(x) = H ′n(x), n≥ 1.

Example 4.5.5. Show that Hn+1(x)−2xHn(x)+2nHn−1(x) = 0, ∀ n≥ 1.

Solution. We know that e−t2+2xt =
∞

∑
n=0

Hn(x)
n!

tn. Then differentiating both sides with respect

to t, we get

(−2t +2x)e−t2+2xt =
∞

∑
n=1

Hn(x)
n!

ntn−1 (differentiating wrt t)

⇒ −2
∞

∑
n=0

Hn(x)
n!

tn+1 +2x
∞

∑
n=0

Hn(x)
n!

tn =
∞

∑
n=1

Hn(x)
(n−1)!

tn−1

⇒ −2
∞

∑
n=1

Hn−1(x)
(n−1)!

tn +2x∑n = 0∞ Hn(x)
n!

tn =
∞

∑
n=0

Hn+1(x)
n!

tn.

Comparing the coefficients of tn on both the sides, we get

−2
Hn−1(x)
(n−1)!

+2x
Hn(x)

n!
=

Hn+1(x)
n!

, n≥ 1.

Hence multiplying above equation by n!, we get

Hn+1(x)−2xHn(x)+2nHn−1(x) = 0, ∀ n≥ 1.

Example 4.5.6. Show that Hn(x) satisfies y′′−2xy′+2ny = 0.

Solution. We know that

Hn+1(x)−2xHn(x)+2nHn−1(x) = 0
⇒ Hn+1(x)−2xHn(x)+H ′n(x) = 0
⇒ H ′n+1(x)−2Hn(x)−2xH ′n(x)+H ′′n (x) = 0 (differentiating wrt x)
⇒ 2(n+1)Hn(x)−2Hn(x)−2xH ′n(x)+H ′′n (x) = 0 (by previous example)
⇒ H ′′n (x)−2xH ′n(x)+2nHn(x) = 0.

Hence Hn(x) satisfies y′′−2xy′+2ny = 0 which is known as Hermite equation.

4.5.1 Orthogonality of Hermite polynomials
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Theorem 4.5.7. Hermite polynomials are orthogonal. More precisely,∫
∞

−∞

Hn(x)Hm(x)e−x2
dx =

{
0, m 6= n

2nn!
√

π, m = n.

Proof. Let m,n ∈ N∪{0} and let m 6= n. We may assume that m < n. Now,∫
∞

−∞

Hn(x)Hm(x)e−x2
dx

=
∫

∞

−∞

Hm(x)e−x2
[
(−1)n

(
dn

dxn

(
e−x2

))
ex2
]

dx

= (−1)n
∫

∞

−∞

Hm(x)
dn

dxn

(
e−x2

)
dx

= (−1)n
[

Hm(x)
dn−1

dxn−1

(
e−x2

)
−
∫

H ′m(x)
dn−1

dxn−1

(
e−x2

)
dx
]∞

−∞

= 0− (−1)n
∫

∞

−∞

2mHm−1(x)
dn−1

dxn−1

(
e−x2

)
dx

= (−1)n22m(m−1)
∫

∞

−∞

Hm−2(x)
dn−2

dxn−2

(
e−x2

)
dx (repeating once more).

Repeating this process m-times, we get∫
∞

−∞

Hn(x)Hm(x)e−x2
dx

= (−1)n(−1)m2mm(m−1) · · ·2 ·1
∫

∞

−∞

H0(x)
dn−m

dxn−m

(
e−x2

)
dx (4.1)

= (−1)n(−1)m2mm!H0(x)
[

dn−m−1

dxn−m−1

(
e−x2

)]∞

−∞

= 0.

This is because, n > m⇒ n−m−1 ≥ 0 and hence dm

dxm

(
e−x2

)
= p(x)e−x2 → 0 as |x| → ∞.

Also for n = 0, H0(x) = ex2 dn

dxn

(
e−x2

)
= ex2

e−x2
= 1.

Now, if m = n then by equation (4.14.1), we have∫
∞

−∞

Hn(x)Hn(x)e−x2
dx = 2nn!

∫
∞

−∞

dx = 2nn!
√

π.

4.6 Z-transform

Definition 4.6.1. Let (an)n≥0 = (a0,a1,a2, . . .) be a sequence of complex numbers. The Z-
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transform, Z[(an)], of (an) is defined by

Z[(an)](z) =
∞

∑
n=0

an

zn .

Remark 4.6.2. Note the the domain of Z[(an)] is the set of all complex numbers where the

series
∞

∑
n=0

an

zn converges.

Now onwards whenever we write (an) means (an) = (a0,a1,a2, . . .). We see below some
examples in which we compute the Z-transform of some standard series.

Compute the Z-transform of the following:

Example 4.6.3. (an)n≥0 or simply written as (an).

Solution. Z[(an)](z) =
∞

∑
n=0

an

zn =
∞

∑
n=0

(
a
z

)n

=
1

1− a
z

(|z|> |a|)

=
z

z−a
, (|z|> |a|) .

Example 4.6.4. ((−1)n)n≥0.

Solution. Z[(−1)n](z) =
∞

∑
n=0

(−1)n

zn =
∞

∑
n=0

(
−1
z

)n

=
1

1+ 1
z

(|z|> 1)

=
z

z+1
, (|z|> 1) .

Example 4.6.5. (e−αn).

Solution. Z[(e−αn)](z) =
∞

∑
n=0

e−αn

zn =
∞

∑
n=0

(
e−α

z

)n

=
1

1− e−α

z

=
z

z− e−α
.

Example 4.6.6. (cos(nα)), where α ∈ R.
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Solution. Z[(cos(nα))](z) =
∞

∑
n=0

cosαn
zn

=
1
2

∞

∑
n=0

eiαn + e−iαn

zn

=
1
2

[
∞

∑
n=0

(
eiα

z

)n

+
∞

∑
n=0

(
e−iα

z

)n
]

=
1
2

(
1

1− eiα

z

+
1

1− e−iα

z

)

=
1
2

[
z

z− eiα +
z

z− e−iα

]
=

1
2

z(z− e−iα + z− e−iα)

z2 + ze−iα − zeiα +1

=
1
2

z(2z−2cosα)

z2−2zcosα +1

=
z(z− cosα)

z2−2zcosα +1
.

Corollary 4.6.7. Z[cosnπ](z) =
z

z+1
and Z

[
cos nπ

2

]
(z) =

z2

z2 +1
.

Example 4.6.8. (sin(nα)), where α ∈ R.

Solution. Z[(sin(nα))](z) =
∞

∑
n=1

sinαn
zn

=
1
2i

∞

∑
n=1

eiαn− e−iαn

zn

=
1
2i

[
∞

∑
n=1

(
eiα

z

)n

−
∞

∑
n=1

(
e−iα

z

)n
]

=
1
2i

[
1

1− eiα

z

− 1

1− e−iα

z

]

=
1
2i

[
z

z− eiα −
z

z− e−iα

]
=

1
2i

z(z− e−iα − z+ e−iα)

z2− ze−iα − zeiα +1

=
z(sinα)

z2−2zcosα +1
.

Corollary 4.6.9. Z[sinnπ](z) = 0 and Z
[
sin nπ

2

]
(z) =

z
z2 +1

.
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Ex Compute the Z-transform of the following:

1. (coshαn)

Answer:
z(z− coshα)

z2−2zcoshα +1
.

2. (sinhαn)

Answer:
z(sinhα)

z2−2zcoshα +1
.

4.6.1 Properties of Z-transform

We note some of the properties of the Z- transform.

Proposition 4.6.10.
1. Z-transform is linear. Let (an) and (bn) be complex sequences, and α,β ∈ C. Then

Z[α(an)+β (bn)] = αZ[(an)]+βZ[(bn)].

2. Let (an) be a complex sequence, and let 0 6= α ∈C. Then Z[(αnan)](z) = Z[(an)[
( z

α

)
.

Similarly Z[(α−nan)](z) = Z[(an)](αz).
3. Let p ∈ N. Then Z[(np)](z) =−z d

dzZ[(np−1)](z).
4. Let (an) be a complex sequence, and let k ∈ N∪{0}. Then

Z[(an+k)](z) = zkZ[(an)](z)−a0zk−a1zk−1−·· ·−ak−1z.

Proof.
1. Let z be in the intersection of Z-transforms of both (an) and (bn). Then

Z[α(an)+β (bn)](z) =
∞

∑
n=0

αan +βbn

zn

=
∞

∑
n=0

αan

zn +
∞

∑
n=0

βbn

zn

= α

∞

∑
n=0

an

zn +β

∞

∑
n=0

bn

zn

= αZ[(an)](z)+βZ[(bn)](z).

2. We have

Z[(αnan)](z) =
∞

∑
n=0

an

(
α

z

)n

=
∞

∑
n=0

an( z
α

)n = Z[(an)]
( z

α

)
.

Similarly,

Z[(α−nan)](z) =
∞

∑
n=0

α−nan

zn =
∞

∑
n=0

an

(αz)n = Z[(an)](αz).
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3. z
d
dz

Z[(np−1)](z) = z
d
dz

(
∞

∑
n=0

np−1z−n

)

= z
∞

∑
n=1

(−n)np−1z−n−1

= −
∞

∑
n=1

npz−n =−
∞

∑
n=0

npz−n

= Z[(np)](z).
4. By definition

Z[(an+k)](z) =
∞

∑
n=0

an+kz−n

= zk
∞

∑
n=0

an+kz−n−k

= zk
∞

∑
n=k

anz−n

= zk

(
∞

∑
n=0

anz−n−a0−
a1

z
−·· ·− ak−1

zk−1

)
= zkZ[(an)](z)−a0zk−a1zk−1−·· ·−ak−1z.

We shall compute the Z-transform of following sequences.

Example 4.6.11. Z[(1)](z) =
z

z−1
.

Example 4.6.12. Z[(n)](z) =
z

(z−1)2 .

Solution. Z[(n)](z) = Z[(n1)](z) = − z
d
dz

Z[(1)](z)

= − z
d
dz

(
z

z−1

)
= − z

[
(z−1)− z(1)

(z−1)2

]
=

z
(z−1)2 .

Example 4.6.13. Z[(n2)](z) =
z(z+1)
(z−1)3 .

Solution. Z[(n2)](z) = − z
d
dz

Z[(n)](z)

= − z
d
dz

(
z

(z−1)2

)
= − z

[
(z−1)2− z ·2(z−1)

(z−1)4

]
= z

z2−1
(z−1)4 =

z(z+1)
(z−1)3 .
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Example 4.6.14. Z[(n+1)2](z)

Solution. Z[(n+1)2](z) = Z[(n2)](z)+2Z[(n)](z)+Z[(1)](z)

=
z(z+1)
(z−1)3 +

2z
(z−1)2 +

z
z−1

=
(z2 + z)+2z(z−1)+ z(z−1)2

(z−1)3

=
z2 + z+2z2−2z+ z3−2z2 + z

(z−1)3

=
z3 + z2

(z−1)3 =
z2(z+1)
(z−1)3 .

Example 4.6.15. Z[(2n ·n)](z)

Solution. Z[(2n ·n)](z) = Z[(n)]
( z

2

)
=

z
2( z

2 −1
)2 =

2z
(z−2)2 .

Example 4.6.16. Z[
(

an

n!

)
](z)

Solution. Here an =
1
n! . Now

Z[(an)](z) =
∞

∑
n=0

an

zn =
∞

∑
n=0

1
n!
zn =

∞

∑
n=0

(1
z

)n

n!
= e

1
z .

Therefore
Z[(anan)](z) = Z[(an)]

( z
a

)
= e

1
z/a = e

a
z .

Example 4.6.17. Z[(an+1)](z) =
∞

∑
n=0

an+1

zn

= z
∞

∑
n=0

an+1

zn+1

= z

(
∞

∑
n=1

an+1

zn+1 −a0

)
= zZ[(an)](z)−a0z.

Example 4.6.18. Z[(an+2)](z) =
∞

∑
n=0

an+2

zn

= z2
∞

∑
n=0

an+2

zn+2

= z2

(
∞

∑
n=2

an+2

zn+2 −a0−
a1

z

)
= z2Z[(an)](z)−a0z2−a1z.
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In general
Z[(an+p)](z) = zpZ[(an)](z)−a0zp−a1zp−1−·· ·−ap−1z.

Proof by induction.

Examples 4.6.19. 1. an =
1
3n if 0≤ n≤ 5 and an = 0 if n > 5.

By definition Z[(an)](z) = ∑
5
n=0(3z)−n. Thus the domain of the Z- transform of this

sequence is C\{0}.

4.7 Inverse Z-transform

Definition 4.7.1. Let f be a complex function. If there is a sequence (an) such that
Z[(an)] = f , i.e. if f is the Z-transform of the sequence (an), then (an) is called the inverse
Z-transform of f . In this case, we write Z−1[ f ] = (an).

Since Z-transform is linear, it follows that inverse Z-transform is linear, i.e.

Z−1[α f +βg] = αZ−1 f +βZ−1g.

Proof. Let Z−1[ f ] = (an) and Z−1[g] = (bn). Then

Z[(αan +βbn)] = αZ[(an)]+βZ[(bn)] = α f +βg.

Therefore

Z−1[α f +βg] = (αan +βbn) = α(an)+β (bn) = αZ−1[ f ]+βZ−1[(bn)].

4.7.1 Convolution product of sequences

Definition 4.7.2. Let (an) and (bn) be sequences of complex numbers. Then the convolution,
(an)∗ (bn), of (an) and (bn) is the sequence (cn), where

cn =
n

∑
k=0

akbn−k for all n ∈ N∪{0}.

Theorem 4.7.3 (Convolution theorem). Let (an) and (bn) be complex sequences. Then

Z[(an)∗ (bn)] = Z[(an)]Z[(bn)].

Proof. Let z ∈ C be in the intersection of domains of Z- transforms of (an) and (bn). Then

(Z[(an)]Z[(bn)])(z) = Z[(an)](z)Z[(bn)](z)
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=

(
∞

∑
n=0

an

zn

)(
∞

∑
n=0

bn

zn

)

=
∞

∑
n=0

cn

zn

= Z[(cn)](z) = Z[(an)∗ (bn)](z),

where cn =
n

∑
k=0

akbn−k for all n ∈ N∪{0}.

Corollary 4.7.4. Z−1[Z(an)z(bn)] = (an)∗ (bn).

Thus, it follows from Convolution Theorem that if f and g are Z- transforms of (an) and (bn),
then Z−1[ f g] = (an)∗ (bn).

Remark 4.7.5. We know that, if |r|< 1 then
n

∑
k=1

ak = a1

(
1− rn

1− r

)
. Therefore

n

∑
k=0

akbn−k = bn
n

∑
k=0

(a
b

)k

= bn

(
1+

n

∑
k=1

(a
b

)k
)

= bn

(
1+

a
b

(
1−
(a

b

)n

1− a
b

))

= bn
(

1+
a
bn

(bn−an)

b−a

)
= bn

(
b−a+ a

bn (bn−an)

b−a

)
=

bn+1−abn +abn−an+1

b−a
=

bn+1−an+1

b−a
.

Thus,
n

∑
k=0

akbn−k =

{(
bn+1−an+1

b−a

)
if a 6= b

((n+1)an) if a = b.

Example 4.7.6. Compute the inverse Z-transform of
z2

(z−a)(z−b)
.

Solution. Let (xn) = (an) and (yn) = (bn). Then Z[(xn)](z) =
z

z−a
and Z[(yn)](z) =

z
z−b

.

Now

Z−1
[

z2

(z−a)(z−b)

]
= Z−1

[
z

z−a
· z

z−b

]
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= Z−1
[

z
z−a

]
∗Z−1

[
z

z−b

]
= (an)∗ (bn)

(
=

n

∑
k=0

akbn−k

)

=

{
bn+1−an+1

b−a if a 6= b
(n+1)an if a = b.

Example 4.7.7. Compute the inverse Z-transform of
z2

(z−2)(z−3)
.

Solution. Z−1
[

z2

(z−2)(z−3)

]
= (2n)∗ (3n) = (cn). Then

cn =
∞

∑
k=0

2k3n−k
(

3−2
3−2

)
= 3n+1−2n+1.

Examples 4.7.8. 1. Since the Z-transform of (an), where a ∈ C, is z
z−a , Z−1 [ z

z−a

]
= (an).

2. Now we shall show that Z−1
[

z
(z+5)(z+6)

]
= ((−1)n(5n−6n)).

We note that z
(z+5)(z+6) =

z
z+5 −

z
z+6 . Hence

Z−1
[

z
(z+5)(z+6)

]
= Z−1

[
z

z+5

]
−Z−1

[
z

z+6

]
= ((−5)n)− ((−6)n) = ((−1)n(5n−6n)).

3. We shall compute the inverse Z-transform of z(z+1)
(z−1)2 .

We first note that Z−1
[

z
(z−1)2

]
= (n). Now

Z−1
[

z(z+1)
(z−1)2

]
= Z−1

[
z

z−1
+

2z
(z−1)2

]
= Z−1

[
z

z−1

]
+Z−1

[
2z

(z−1)2

]
= (1)+(2n) = (2n+1).

4. Next we find the inverse Z-transform of z2−3z+5
(z−1)(z+2) .

We notice that z2−3z+5
(z−1)(z+2) =

z
z−1 −

5
z+2 . Now

1
z+2

=
1
z

1
1+ 2

z

=
1
z

∞

∑
n=0

(−1)n(2z−1)n =
∞

∑
n=1

(−1)n+12n−1z−n.

Therefore Z−1 [ 1
z+2

]
= (an), where a0 = 0 and an = (−1)n+12n−1 for all n ∈ N. Now

Z−1
[

z2−3z+5
(z−1)(z+2)

]
= Z−1

[
z

z−1
− 5

z+2

]
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= Z−1
[

z
z−1

]
−5Z−1

[
1

z+2

]
= (1)−5(an) = (1−5an).

5. We shall find the inverse Z-transform of 8z−19
z(z−2)(z−3) .

It can be seen easily that 8z−19
z(z−2)(z−3) =−

19
6 + 3

2
z

z−2 +
5
3

z
z−3 . Therefore Z−1

[
8z−19

z(z−2)(z−3)

]
=

−19
6 e0 +

(3
22n + 5

33n), where e0 = (1,0,0, . . .).
6. 1

(z−a)2 .

If a = 0, then Z−1
[

1
(z−a)2

]
= Z−1

[
1
z2

]
= e2.

Suppose that a 6= 0. If |z|> |a|, then

1
(z−a)2 =

1
z2

1
(1− a

z )
2 =

1
z2

(
1+2

a
z
+3

a2

z2 +4
a3

z3 + · · ·
)

=
1
a2

(
a2

z2 +2
a3

z3 +3
a4

z4 +4
a5

z5 + · · ·
)

=
∞

∑
n=2

(n−1)
an−2

zn .

Thus Z−1
[

1
(z−a)2

]
= (yn), where y0 = y1 = 0 and yn = (n−1)an−2 for all n≥ 2.

4.8 Applications of Z-transform

Example 4.8.1. Solve the difference equation yn+2−7yn+1 +12yn = 0 subject to y0 = 1 and
y1 = 2.

Solution. Let Y (z) be the Z-transform of (yn). Applying the Z-transform on the given equation
yn+2−7yn+1 +12yn = 0, we get

z2Y (z)− y0z2− y1z−7zY (z)+7y0z+12Y (z) = 0.

Using given condition, it will become (z2−7z+12)Y (z)− z2−2z+7z = 0. Further simplifi-
cation gives (z2−7z+12)Y (z) = z2−5z. Therefore

Y (z) =
z2

(z−4)(z−3)
− 5z

(z−4)(z−3)

=
z2

(z−4)(z−3)
−5
[

z
(z−4)

− z
(z−3)

]
=

z2

(z−4)(z−3)
− 5z

(z−4)
+

5z
(z−3)

.

Applying the inverse Z-transform, we get

(yn) = (4n+1−3n+1)−5 · (4n)+5 · (3n)

= (4n+1−3n+1−5 ·4n +5 ·3n)

= (−4n +2 ·3n).
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Example 4.8.2. Solve yn+2−3yn+1 +2yn = 0 subject to y0 =−1, y1 = 2.

Solution. Let Y (z) be the Z-transform of (yn). Applying Z-transform to the given equation,
we get

z2Y (z)− y0z2− y1z−3zY (z)+3y0z+2Y (z) = 0,

i.e. (z2−3z+2)Y (z)+ z2−2z−3z = 0.

Therefore

Y (z) = − z2−5z
(z−2)(z−1)

= −
(

z2

(z−2)(z−1)
−5
[

z
z−2

− z
z−1

])
.

Applying the inverse Z-transform, we get

(yn) = − (2n+1−1n+1)+5 · (2n)−5 · (1n)

= −2 · (2n)+(1n)+5 · (2n)−5 · (1n)

= 3 ·2n−4 = 3 · (2n)−4 · (1n).

Example 4.8.3. Find the (100)th term of the Fibonacci sequence.

Solution. Here we have to solve the difference equation yn+2−yn+1−yn = 0 subject to y0 = 0
and y1 = 1. Let Y (z) be the Z-transform of (yn). Applying the Z-transform on the given
equation, we get

z2Y (z)− y0z2− y1z− zY (z)+ y0z−Y (z) = 0,

i.e. z2Y (z)− z− zY (z)−Y (z) = 0,

i.e. (z2− z−1)Y (z)− z = 0.

Therefore

Y (z) =
z

z2− z−1

=
z(

z− 1+
√

5
2

)(
z− 1−

√
5

2

)
=

z
(z−w1)(z−w2)

=
1

w1−w2

[
z

z−w1
− z

z−w2

]
=

1√
5

((
1+
√

5
2

)n

−

(
1−
√

5
2

)n)
.

Take n = 99 (this gives the 100th term of the Fibonacci sequence). Then we have

y99 =
1√
5

(1+
√

5
2

)99

−

(
1−
√

5
2

)99
 .
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Z[(nan)](z) =−z
d
dz

Z[(an)](z).

Proof. We have Z[(an)](z) =
∞

∑
n=0

an

zn . Then

d
dz

Z[(an)](z) =
∞

∑
n=1

(−n)
an

zn+1

= − 1
z

∞

∑
n=1

nan

zn =−1
z

Z[(nan)](z).

Example 4.8.4.

1. Z[(nan)](z) = − z
d
dz

Z[(an)](z)

= − z
d
dz

z
z−a

= − z
z−a− z
(z−a)2 =

az
(z−a)2 .

2. Z[(n2an)](z) = − z
d
dz

Z[(an)](z)

= − z
d
dz

[
az

(z−a)2

]
(z)

= − z
(z−a)2a−2az(z−a)

(z−a)4

= − az(z−a+2)
(z−a)3 .

Example 4.8.5. Solve yn+2−6yn+1 +5yn = 0 subject to y0 = 1 and y1 =−2.

Solution. Let Y (z) be the Z-transform of (yn). Applying Z-transform to the given equation,
we get

z2Y (z)− y0z2− y1z−6zY (z)+6zy0 +5Y (z) = 0

⇒ (z2−6z+5)Y (z)− z2 +2z+6z = 0

⇒ Y (z) =
z2−8z

z2−6z+5

⇒ Y (z)
z

=
z−8

z2−6z+5

⇒ Y (z)
z

=
A

z−5
+

B
z−1

.

Then (z−8) = A(z−1)+B(z−5). Taking z = 5, we get A = −3
4 and taking z = 1, we get

B = 7
4 . Hence,

Y (z)
z

=−3
4

(
1

z−5

)
+

7
4

(
1

z−1

)
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⇒ Y (z) =−3
4

(
z

z−5

)
+

7
4

(
z

z−1

)
.

Applying inverse Z-transform, we get

(yn) =−
3
4
(5n)+

7
4
(1n).

Example 4.8.6. Solve yn+2− yn = 1 subject to y0 = 1 and y1 = 2.

Solution. Let Y (z) be the Z-transform of (yn). Applying Z-transform to the given equation,
we get

z2Y (z)− y0z2− y1z−Y (z) =
z

z−1

⇒ (z2−1)Y (z) = z2 +2z+
z

z−1

⇒ Y (z) =
z2 +2z
z2−1

+
z

(z−1)2(z+1)

⇒ Y (z) =
z2

(z−1)(z+1)
+

[
z

z−1
− z

z+1

]
+ z

[
−1

4z+ 3
4

(z−1)2 +
1
4

z+1

]
(by partial fraction)

⇒ Y (z) =
z2

(z−1)(z+1)
+

z
z−1

− z
z+1

− 1
4

z2

(z−1)2 +
3
4

z
(z−1)2 +

1
4

z
z+1

.

Applying the inverse Z-transform, we get

(yn) =

(
1n+1− (−1)n+1

2

)
+(1)− ((−1)n)+

3
4
(n)− 1

4
((−1)n)− 1

4
(n+1).

Example 4.8.7. Solve yn+2−4yn+1 +3yn = 5n subject to y0 = 1, y1 = 1.

Solution. Let Y (z) be the Z-transform of (yn). Applying Z-transform to the given equation,
we get

z2Y (z)− y0z2− y1z−4zY (z)+4y0z+3Y (z) =
z

z−5

⇒ (z2−4z+3)Y (z) = z2−3z+
z

z−5
.

Therefore, applying partial fractions, we get

Y (z) =
z2

(z−3)(z−1)
− 3

2

[
z

z−3
− z

z−1

]
+ z
[

1
8

1
z−5

− 5
16

1
z−1

+
1
4

1
z−1

]
.

Applying inverse Z-transform, we get

(yn) = (3n+1−1n+1)− 3
2
(3n)+

3
2
(3n)+

3
2
(1n)+

1
8
(5n)− 5

16
(1n)+

1
4
(1n).
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Examples 4.8.8. We shall solve the following difference equations.
1. yn+2 +5yn+1 +4yn = 2n subject to y0 = 1 and y1 =−4.

Let Y be the Z- transform of (yn). Applying Z- transform to above equation we get
z2Y (z)− z2y0− zy1 +5zY (z)−5zy0 +4Y (z) = z

z−2 . Substituting y0 = 1, y1 = −4 and
simplifying, we get Y (z) = 19

18
z

z+4 +
1

18
z

z−2 −
1
9

z
z+1 . Applying inverse Z- transform,

(yn) =

(
19
18

(−4)n +
1

18
2n− 1

9
(−1)n

)
.

2. yn+2− yn = 1 subject to y0 = 1 and y1 = 2.
Let Y be the Z- transform of (yn). Applying Z- transform to yn+2− yn = 1 and using
given constraints, one obtains (z2− 1)Y (z)− z2− 2z = z

z−1 . Further simplification
gives Y (z) = 5

4
z

z−1 −
1
4

z
z+1 +

1
2

z
(z−1)2 . An application of inverse Z- transform give

(yn) = (5
4 −

1
4(−1)n + n

2).
3. yn+1−ayn = an subject to y0 = x0.

If a = 0, then yn+1 = 0 for all n ∈ N∪{0}. Thus (yn) = x0e0.
Let a 6= 0. Then applying Z- transform, one has zY (z)− zx0−aY (z) = z

z−a , i.e., Y (z) =
x0

z
z−a +

1
z

z
(z−a)2 . When we apply inverse transform, we get (yn) = (x0an +nan−1).

4. yn+1− yn = a(1− yn) subject to y0 = x0. If a = 0. Then yn+1 = yn for all n ∈ N∪{0}
and y0 = x0 implies that (yn) is a constant sequence (x0).
Suppose that a 6= 0. Then applying Z- transform, we have zY (z)− zx0+(a−1)Y (z) = a.

5. yn+2− yn+1−6yn = 0 subject to y0 = 0 and y1 = 3.
An application of Z- transform on the above sequence gives z2Y (z)− 3z− zY (z)−
6Y (z) = 0. Therefore Y (z) = 3

5
z

z−3 −
3
5

z
z+2 . Applying inverse Z- transform, one obtains

(yn) =
(3

5(3
n− (−2)n)

)
.

6. yn+2 +4yn+1 +3yn = 0 subject to y0 = y1 = 1.
Applying Z- transform to the sequence and using given conditions, we get z2Y (z)−
z2−z+4zY (z)−4z+zY (z) = 0. Therefore Y (z) = 2z

z+1−
z

z+3 . Hence (yn) = (2(−1)n−
(−3)n).

Dr. P. A. Dabhi
Dr. Jay Mehta

lightatinfinite@gmail.comlightatinfinite@gmail.com
jay mehta@spuvvn.edujay mehta@spuvvn.edu

mailto:lightatinfinite@gmail.com
mailto:jay_mehta@spuvvn.edu




INDEX

Symbols

H ′n(x) formula . . . . . . . . . . . . . . . . . . . . . . 138138
Z-transform . . . . . . . . . . . . . . . . . . . . . . . . 140140

A

Applications of Z-transform . . . . . . . . . 149149
Applications of Fourier series . . . . . . . . . 4343
Applications of Fourier transform . . . . . 7676
Applications of Laplace transform . . . . 110110

Integral Equations . . . . . . . . . . . . . . 114114
Ordinary Differential Equations . . 110110
Partial Differential Equations . . . . 116116
Simultaneous Differential Equations

123123

C

Complex Fourier series . . . . . . . . . . . . . . . 2727
convolution product . . . . . . . . . . . . . 7373, 104104

of sequences . . . . . . . . . . . . . . . . . . . 146146
Convolution theorem. . . . . . . . 7373, 104104, 146146

D

Dirichlet conditions . . . . . . . . . . . . . . . . . . 1616
Dirichlet problem

Exterior of a circle . . . . . . . . . . . . . . . 5050
For a rectangle . . . . . . . . . . . . . . . . . . .5252
Interior of a circle . . . . . . . . . . . . . . . . 4747

Dirichlet theorem. . . . . . . . . . . . . . . . .1616, 1717

F

Fourier coefficients . . . . . . . . . . . . . . . . . . 1414
relation with complex coefficients . 2929

Fourier cosine integral representation . . 6666
Fourier integral representation . . . . . . . . 6262

Fourier inversion formula . . . . . . . . . . . . . 6161
Fourier inversion theorem. . . . . . . . . . . . .6161
Fourier series . . . . . . . . . . . . . . . . . . . . . . . .1414

applications . . . . . . . . . . . . . . . . . . . . . 4343
complex form . . . . . . . . . . . . . . . . . . . 2727
on other intervals . . . . . . . . . . . . . . . . 3838

Fourier sine integral representation . . . . 6666
Fourier transform . . . . . . . . . . . . . . . . . . . . 5555

function of two variables . . . . . . . . . 7676
properties . . . . . . . . . . . . . . . . . . . . . . . 5858

G

Gram Schmidt orthonormalization process
131131

Gram Schmidt orthonormalization theorem
131131

Green’s function . . . . . . . . . . . . . . . . . . . . 127127

H

half range Fourier series
cosine series . . . . . . . . . . . . . . . . . . . . . 2424
sine series . . . . . . . . . . . . . . . . . . . . . . . 2424

heat equation . . . . . . . . . . . . . . . . . . . . . . . . 4646
Heaviside function . . . . . . . . . . . . . . . . . . . 9494
Hermite polynomials . . . . . . . . . . . . . . . . 137137

I

inner product space . . . . . . . . . . . . . . . . . 130130
Inverse Z-transform . . . . . . . . . . . . . . . . . 146146
Inverse Fourier transform . . . . . . . . . . . . . 6161
Inverse Laplace transform . . . . . . . . . . . . 9797

L

Laplace transform . . . . . . . . . . . . . . . . . . . 8787
applications . . . . . . . . . . . . . . . . . . . . 110110

155



156 §4.8. Applications of Z-transform

properties . . . . . . . . . . . . . . . . . . . . . . . 8989
least square approximation . . . . . . . . . . 133133
linearly independent . . . . . . . . . . . . . . . . 130130

N

Neumann Problem for a rectangle . . . . . 5454
norm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131131

O

orthogonal . . . . . . . . . . . . . . . . . . . . . . . . . 130130
Orthogonality of Hermite polynomials139139
orthogonality with weight functions . . 136136
orthonormal . . . . . . . . . . . . . . . . . . . . . . . . 131131

P

Parseval’s identity

complex form. . . . . . . . . . . . . . . . . . . .3131
Fourier series . . . . . . . . . . . . . . . . . . . . 3030
Fourier transform . . . . . . . . . . . . . . . . 6969
on other intervals . . . . . . . . . . . . . . . . 4242

periodic function . . . . . . . . . . . . . . . . . . . . 1616
Poisson Integral Formula . . . . . . . . . . 5050, 5151
Properties of Z-transform. . . . . . . . . . . . 143143
Properties of Fourier transform . . . . . . . . 5858
Properties of inverse Laplace transform 9999
Properties of Laplace transform . . . . . . . 8989

W

wave equation . . . . . . . . . . . . . . . . . . . . . . . 4343
Wronskian . . . . . . . . . . . . . . . . . . . . . . . . . 127127

PS03CMTH02 2017-18


	Syllabus
	Some Useful Trigonometric Identities
	Fourier Series
	Motivation
	Orthogonality Relations

	Fourier Series
	Definitions and Examples
	Dirichlet Theorem
	Half range Fourier series
	Complex form of the Fourier series
	Parseval's Identity

	Periodic Functions on Other Intervals
	Parseval's Identity

	Applications of Fourier series

	Fourier Transform
	Fourier Transform
	Definition and Examples
	Properties of Fourier Transform

	Fourier Integral Representation
	Inverse Fourier Transform
	Fourier Cosine and Fourier Sine Integral Representation

	Parseval's identity
	Convolution Product
	Applications of Fourier Transform

	Laplace Transform
	Definitions and Examples
	Properties of Laplace transform
	Inverse Laplace transform
	Properties of inverse Laplace transform

	Convolution Product
	Applications of Laplace transform
	Applications to Ordinary Differential Equations
	Applications to Integral Equations
	Applications to Partial Differential Equations
	Applications to Simultaneous Differential Equations


	Z- Transform
	Green's Function and its Application
	Gram Schmidt Orthonormalization
	Least Square Approximation
	Orthogonality with respect to weight functions
	Hermite Polynomials
	Orthogonality of Hermite polynomials

	Z-transform
	Properties of Z-transform

	Inverse Z-transform
	Convolution product of sequences

	Applications of Z-transform

	Index

