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The problems incorporated in these notes serve only as an example of what different types
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as seminar exercises to the students during the semester.

Due to a large number of computational steps involved in the examples across the notes, it
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SYLLABUS

PSO3CMTHO02: Mathematical Methods I

Unit I: Fourier series and applications to boundary value problems and summation of
infinite series.

Unit II: Fourier integral representation and applications. Fourier transforms, compu-
tations of Fourier transforms of functions, properties of Fourier transforms,
convolution and Fourier transform, applications to the boundary value problems
involving Heat equation, Wave equation and Laplace equations..

Unit ITI: Laplace transform, Laplace transforms of some functions, properties of Laplace
transform, inverse transform, convolution theorem, applications to solutions
of ordinary differential equations, applications to the solutions of diffusion
equation and wave equation.

Unit IV:  Green’s function and its applications, Gram-Schmidt orthonormalization
method to Legendre polynomials, Hermite polynomials, Jacobi polynomials,
Z-transform.
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USEFUL TRIGONOMETRIC IDENTITIES

Reciprocal Identities

1 1
) cos 0 = (sece) tan @ = (—cote)
1 1 1
sinG) secb = <cosB> cotd = (tan@)

Quotient Identities

sin @ cos 0
a cos 0 <0 sin @
Pythagorean Identities
sin?@ +cos” 0 = 1 tan’0 + 1 = sec’ @ 14cot?0 = csc? 0
Cofunction Identities
sin (g—@) =cos0 tan (§_6> =cot0 sec (%—6) =cscH
cos (g-@) =sin6 cot(%—@) =tanf csc <g—9> =secO
Odd-Even Identities
sin(—@) = —sinO cos(—6) =cos 6 tan(—60) = —tan 6
csc(—0) = —cscO sec(—0) =secO cot(—60) = —cotO
Sum and Difference Identities
sin(at+ ) = sinccos B + cos o sin B cos(ax — f3) = cosacos B + sinasin B
sin(at — ) = sincxcos B — cos e sin B
cos(a+ f3) = cosacos B —sinasin fB tan(a — ) = tan o — tan 3

~ l+tanotan



tan o + tan
tan(o =
an(a+ ) 1 —tanatan 3

Double Angle Formulas

sin(20) = 2sin 6 cos O
cos(26) = cos> 6 —sin> 6
tan(20) = 2219 c0s(20) = 2cos? 6 — 1
1 —tan”6 cos(20) = 1 —2sin*@

Power Reducing Formulas

. 1 —cos(26) 1 +cos(26) 1 —cos(26)
29 _ 29 _ 29 _
sin“ 0 = > cos” 0 > tan [T cos(20)
Half Angle Formulas
, 9) 1 —cos(0)
sin| — | =4+\/ ————
1
<2 2 Ccos (g) =4 _eosi) C;)S(e)

0 1 —cos(6) sin
tan| - | = : =
2 sin(6) 1+cosa

The signs of sin (%) and cos (%) depend on the quadrant in which % lies.

Product to Sum Formulas
1 1
sinasinff = 5 [cos(ot — B) —cos(a + )] sinacosff = 5 [sin(a+ ) +sin(a — )]

cosacosf} = %[cos(a —B)+cos(a+B)] cosoasinf = % [sin(ot 4 B) —sin(o — B)]

Sum to Product Formulas

sinot +-sinf§ = 2sin <ocT+ﬁ) cos (a;ﬁ) cos ot +cos § =2cos (#) cos (azi)

sina —sin § = 2cos (#) sin (O‘;ﬁ) C0s @ — cos B = —2sin (a;rﬁ) in (a;ﬁ)




CHAPTER

FOURIER SERIES

1.1 Motivation

Let {@,} be a sequence of functions on [a,b] satisfying

b m n
/a () O () dx = {0’ 7 (1.1)

Qn, m=n,
where o, # 0. Let f be a well behaved function on [a, b] such that

=Y ano,. (1.2)

We want to find the coefficients a,’s in the equation (1.2). Fix m. We multiply equation (1.2)
by ¢, both the sides and integrate on [a,b]. Since f is a well behaved function, we have

/abf(x)‘Pm(x) dx = /ab <zn:a"(p"(x)(pm(x)) dx
— ;an/ab O (X) @ (x) dx

= ap /ab O (X) O (X) = @ Oy

Hence, we have

b
a = oci f(x)@n(x) dx, Vn. (1.3)

1.1.1 Orthogonality Relations

First we obtain the following important orthogonality relations:

11



12 §1.1. Motivation

Example 1.1.1. Evaluate

b9
/ cosnx cosmx dx
—TT

for non-negative integers m and n.

Solution. Case-1: m = n.

/9 /9
/ cosnx cosmx dx = / cosnx cosnx dx
—TT —7T

T
=2 / cos?nx dx (.- cos is an even function)
0
_ 2/” 14 cos2nx i
0 2
[ sin2nx} &
2n |,
Case-II: m # n.
T T —
/ cosnx cosmx dx = / cos(r+m)x+cos(n —m)x dx
-7 -7 2
1 T T
=3 {2/ cos(n—+m)x dx+ 2/ cos(n—m)x dx} (. cos is even)
0 0

B [sin(n —|—m)x] : N [sin(n — m)x] : o

n+m n—m

Hence, we have

T 0
/cosnxcosmxdx:{’ m#n (m,n e NU{0}), (1.4)

-7 T, m=n

Similarly, we have

T 0
/sinnxsinmxdx:{’ MEN mneN) (1.5)
- T, m=n
and
T
/cosnxsinmxdx:O (m,n e NU{0}). (1.6)
-7

Therefore the set {1,cosx,cos2x,...,sinx,sin2x,...} is orthogonal over the interval [—7, 7|.

Let f : [-m, ] — C be a well behaved function. Suppose that

flx)= %+a1c0sx+a2c0s2x+---+b1sinx—|—bzsin2x—i—---

PSO03CMTHO2 2017-18



1.1. Motivation 13
§

1.e.,
X)=—+ a, cosnx + b, sinnx.

Then by using the above method and the above orthogonality relations, we have

-7 -7

=) . T oo
ap sinnx cosnxm
n=1 - n=1 -

T T ap had T o T
/ f(x) dx:/ ?dx+r;an/ﬂcosnxdx+’;1bn/ﬂsinnxdx

n n
=qapT.
Therefore,
1 T
ao——/ f(x) dx. (1.7)
TJ)-x
Also, form > 1,
f(x)cosmx = %0 cosmx + Z ap COSNXCOSMX + Z b, sinnxcosmx.
n=1 n=1

Integrating above on [—7, 7|, we get

T

T T hed
/ f(x)cosmx dx = / % cosmx dx + Z an / cosnxcosmx dx
-7 - n=1

—T

b V3
+ Z bn/ sinnxcosmx dx
n=1 T

T
= am/ COSMXCOSMX = ay,T.
-7

Therefore,

ap = %/n f(x)cosnxdx (neNU{0})| (1.8)

Similarly,

| Bl )
bn:E/_nf(x)smnxdx (n eN). (1.9)

T
Thus, if/ |£(x)| dx < o, then a,’s and b,,’s exist. So for f € L'[—7, 7], we can associate
—T
the series

ao

> +n;1ancosnx+ ansinnx (1.10)

n=1

called the Fourier series of f.

Remark 1.1.2. The important questions in the Fourier series are the following:
1. Does the Fourier series of f converge in any of the sense: pointwise convergent,
uniformly convergent, convergence in L”-sense?
2. If it converges, then will it converge to f (in any of the above sense)?

Dr. P. A. Dabhi lightatinfinite @ gmail.com
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14 §1.2. Fourier Series

1.2 Fourier Series

1.2.1 Definitions and Examples

Let L'[a,b] := {f: la,b] = C: /ab\f(x)]dx<oo}.

4 N\
Definition 1.2.1 (Fourier series). Let f € L'[—, 7]. Then the series
%O—l—Zancosnx%—ansinnx, (1.11)
n=1 n=1
where
1 T
Ty = %/ f(x)cosnxdx, (neNU{0}) (1.12)
|
by — %/ F()sinnxdx, (neN) (1.13)
-7
is called the Fourier series of f, and the scalars a,’s and b,’s are called the Fourier
\coefficients of f. )

Remark 1.2.2. Notice that if the given function f is an odd function, i.e. if f(—x) = —f(x)
for all x in the domain of f, then the function f(x)cosnx will be an odd function (as cos is
even). Therefore, the coefficients a,,’s are zero. On the other hand, if the function f is an even
function, i.e. if f(—x) = f(x) for all x in the domain of f, then the function f(x)sinnx will be
an odd function (as sin is odd). In this case, the coefficients b,,’s are zero.

Thus, making this observation while deriving Fourier series of a function f saves our effort
in computing the Fourier coefficients that already vanishes.

Example 1.2.3. Find the Fourier series of f : [—m, 7] — C defined as f(x) =

Solution. Since f(—x) = f(x), for all x € [—m, x|, f is an odd function and hence the coeffi-
cients a, = 0 for all n € NU{0}. Now, forn € N,

1 [~ 2 (7
b, = —/ xsmnxdx:—/ xsinnx dx
T)-n TJo

2 { coSnx /—cosnx ]”
= —|—x — dx
T n n 0
2 cosnx sinnx]”
= Z|—x
n n n? |,
2 2 2
= “[—mcosnm| = —=(—1)"= Z(=1)"".
2 [ eosn] = ~2(-1)" = 2(-1)

Therefore the Fourier series of f is

i 1 SIAX sinnx

]

PSO03CMTHO2 2017-18



§1.2. Fourier Series 15

Example 1.2.4. Compute the Fourier series of f : [—7x, ] — C defined as

0, —1<x<0
x, 0<x<m.

o=
Solution. Notice that the function is neither odd nor even and so we compute the coefficients
ap, a,’s and b,,’s. We have,
1 /” d T
apg=— [ xdx=—.
0 0 5

T
Let n € N. Then

1 V3
—/ xcosnx dx
T
1 [ sinnx smnx ]ﬂ
— dx
7 n 0
1 [ sinnx cosnx}
R 0
= —[(-1)"=1
e (V)
0, ifniseven
= 2
——>, ifnisodd.
n
Also, forn > 1
1 [* 1 /7
b, = —/ xsinnx dx = —/ xsinnx dx (o f(x)=0, —r <x<0)
T)—n TJo
1 [ cosnx /—cosnx r
=—|—x — dx
T n n 0
1 { COSNX sinnx} &
=— | —X + 3
T n n 0
1 -1 n+1
=—/|[—mcosnzm| = (—)
n n
Therefore, the Fourier series of f is
T 2 2 2 > (—1)rt!
— — —COSX— ———=C08S3x— ———=COS5x—--- ———sin
PR T nse o +n§’1 n =
T 2&cos(2n—1)x & (—1) !
= ——— sinnx.
4 n; 2n—1)2 +n§ innx
O]
Ex Show that
-1, — <0
1. The Fourier series of the periodic function f defined by f(x) = { ’ Txs
1, O0<x<m
. i i sin(2n—1)x
2n—1
Dr. P. A. Dabhi lightatinfinite @ gmail.com
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16 §1.2. Fourier Series

T 4 2n—1
2. The Fourier series of the periodic function f(x) = |x|, — T <x < T is 5% ,;1 w

Next, we recall the notion of periodic functions.

/ )
Definition 1.2.5 (Periodic function). A function f : R — C is said to be periodic if there
exist L > 0 such that

fx+L) = f(x) (x€R).

If f is periodic, then the smallest positive L such that f(x+ L) = f(x) (x € R) is called
\the fundamental period of f. y

Example 1.2.6. The sine and cosine functions are periodic with fundamental period 27.

Example 1.2.7. We compute the period of cos (%). We have,

cos (3la-+6m) ) =cos (3 +27) —cos 5.

Therefore, the period of cos (%) is 67.

Ex Show that

1. The period of cos () -+ sin (%) is 307.
2. The period of cos (%) +sin (<) is 3077,
3. The period of cos (%) +sin (iz) is 487.

Remark 1.2.8. Let f: (—7x,n] — C be a map. Then f can be extended to a 27-periodic map
on R by the relation f(x+ 27) = f(x). The extension of f will be denoted by f itself.

1.2.2 Dirichlet Theorem

(Deﬁnition 1.2.9. A function f : [a,b] — R is said to satisfy the Dirichlet conditions on\
la,D]. If
1. f is bounded on [a,b];
2. f has a finite number of extremas in [a, b|;
3. f has finite number of discontinuities in [a, b].
A function f = f] +if> : [a,b] — C is said to satisfy the Dirichlet conditions on [a,b] if
\both 1 and f; satisfy the Dirichlet conditions. )

The following theorem answers the convergence (pointwise) of Fourier series for a large class
of functions.

Theorem 1.2.10 (Dirichlet Theorem). Let f : R — C be a 27 periodic function. If f satisfies

the Dirichlet conditions on [—1t, ], then the Fourier series of f converges to w
for every x € R, where f(x") is the right limit of f at x and f(x™) is the left limit of f at x.

PSO03CMTHO2 2017-18



1.2. Fourier Series 17
§

Writing the Dirichlet conditions within the statement, Theorem 1.2.10 can be restated as
follows:

Theorem 1.2.10 (Dirichlet Theorem). Let f : R — C be a 2w-periodic function. Assume that
1. fis bounded on [—m, 7|
2. f has finite number of discontinuities in |1, |
3. f has finite number of local extrema in [— 7, T

Then the Fourier series of f at x € R convergers to w where f(x") is the right limit

of f at x and f(x™) is the left limit of f at x.

Remark 1.2.11. If f is continuous at x, then the Fourier series of f at x converges to f(x).

Example 1.2.12. Consider a 27-periodic function f : R — R defined as f(x) =x, x € (-, 7].
We note that the set of discontinuities of f is {(2n+ 1) : n € Z}. Also notice that f satisfies
Dirichlet conditions on the interval [—x, ]. Now, at x = (2n+ 1),

fa)=f(-m)=-m and f(x7)=f(m)=m.

Therefore, by Dirichlet theorem, the Fourier series of f (found in Example 1.2.3) converges to
i -
f(x) =xforx # (2n+ 1)m and converges to Sl )erf(x ) = T —Qatx= (2n+ 1), i.e.

i anmnx {x, x# (2n+ 1w

0, otherwise

Example 1.2.13. Compute the Fourier series of a periodic function f(x) = |x|, -7 <x < 7.

1
Hence find the sum of the series n;l W

Solution. We first note the function f is continuous and it satisfies the Dirichlet conditions on
[—m, 7]. Since f is an even function b, = 0 for all n € N. Now

1 (7 2 (7 2 [2]7
aoz—/ \x\dx:—/ xa’x:—[x—} =x
TJ-n r Jo T|2],

1 /= 2 (7
a, = —/ |x| cosnx dx = —/ xcosnx dx
TJ)-7n T Jo

Also forn e N

2 [ sinnx /sinnx &
= — | X —
T n no |
B 2 [cos nx] T
xl on Jo
2
=iz [(=1)"—1]
0, if n is even
-2, ifnisodd.
Therefore, the Fourier series of f is
i 4 cos 4 cos3 cos5S
_— x — x —_— x —_ e e e
2 w12 w32 w-52
Dr. P. A. Dabhi lightatinfinite @ gmail.com
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18 §1.2. Fourier Series

Since f is continuous and satisfies Dirichlet conditions on any interval of length 27, by
Dirichlet theorem we have

T 4 2n—1
f(x)ZE—E;—CO(Sz(n,il)z)x, x € R.

Substituting x = 0 in the above equation, we get

Therefore,

o3}

1
Lo 8

n=1
[l

Example 1.2.14. Compute the Fourier series of a 27-periodic function f(x) = x +x2, -7 <

=1 & (=1)" > 1
x < 1. Hence find the sum of the series Z 3> Z ( 2) ,and Z m
-1 n=1 n n=1 =

n=1

Solution. Here the given function f is neither odd nor even and so we have to compute a,’s
and b,;’s. Here,

ao=%/if(x)dx
= l/” (x+x%) dx

T
2 T
:E/ X dx (. x is odd and x? is even)
0
2 x? 7r_27172
Sr 3], 3

Forn>1,

1 T

ay = —/ (x+x%) cosnx dx
TJ)-n

1 T

TJ)-n

2 (7 . .
=— / x% cos nx dx (.- xcosnx is odd and x> cos nx is even)
0

1 T
xcosnx dx+ — / x% cosnx dx
TJ-n

T
2 | ,sinnx sinnx | "
= — - / 2x dx
0

T n n

—4 { —cosnx CcoSnx
b4 n n

T

0

—4 cosnx  sinnx
= — |—x +—5—dx
T n n 0

PSO03CMTHO2 2017-18




§1.2. Fourier Series 19

4r 4
= %COSHTC = ;(—1)”
Also,
1 /= N
b, = —/ (x+x7) sinnx dx

TJ)-xn
2 [ 2 .. o

= E/ xsinnx dx (*.- x“sinnx is odd and xsinnx is even)

0

2 [ cosnx /—cosnx ]ﬂ

=—|—x — dx
T n n 0
2 cosnx sinnx]”

=—|—x
T n n? |,
2 2 -1 n+1

= —[—mcosnn] = ——(—1)"= 2(—)_
Tn n

Therefore the Fourier series of f is

n o (_1 n+1
cosnx+22

n=1

2 oo
T (—1) .
Z 44 .
3 + n;l 7 . sinnx

The given function f is continuous on R except at the points of the form (2n+ 1), n € Z, i.e.
f is continuous on R\ {(2n+ 1)7 : n € Z}. We note that

f(@n+Dr)=f(n)=n+7r* and f(2n+1)n") = f(n") = —m+ .

The function f satisfied Dirichlet conditions on any interval of length 2. Therefore, by
Dirichlet theorem, we have

2 o ( 1\n o 1\n+l1
%+4nz,]( i) COSnx—f—ZZ‘]&sinnx:{f(x)’ x7é(2n+l)ﬂ. (1.14)

n n n2, otherwise

n—=

Taking x = 7 in the above equation, we get

2
—+4nz::1$:7r
or
=1 7
L%

2 oo
T 1 2
—+4) =1
3 + r; n?
= (-1 _
:> [ —
n;l n? 12
We have,
il_ 2iel—|—1+l+ s
“nr 6 22 32 6
Dr. P. A. Dabhi lightatinfinite @ gmail.com
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20 §1.2. Fourier Series

and
i(—l)”_ 216 AL s
= n? 12 22 32 7 42 12
. 1 N 11 N 2
1.€. - — =
22 732 42 12

> 1 T T T
2 - 2 =
,;(Zn—l) 6 12 4
o 2
T
= -
Z’lZn—l 8

[]

Example 1.2.15. Compute the Fourier series of a 2x-periodic function f(x) = xsinx, —1 <
| = (—1)"

3 and (2 ) .
=n-—1 = n—1

x < 1. Hence evaluate

Solution. We note that the function f is an even function and so b,, = 0 for all n. Now,

| R 2 [T
ap = —/ xsinx dx = —/ xsinx dx
T)—n TJo

2 ﬂ
=— [x(—cosx)—i—/cosx dx]
T 0

2 )
== i =—|—-n(—1)]=2.
7r[ xcosx + sinx] n[ m(—1)]

Forn>1,

1 T
a, = —/ xsinxcosnx dx
TJ)-n

_1 /ix[sin(l +n)x+sin(1 —n)x| dx

2r J-
= %/0 xsin(n—l—l)xdx#—%/o xsin(1 —n)x dx
:%{x—coli(:_zi—l)x+/cos’5n+—kll)x dx]j—kl [x—cols(_l;n)x_i_/cosil_—nn)x dx}:
A== 1 [m(-D'"
T [ﬁ] o [ﬁ]
—(—1)" {—n(;i) n El—_lﬂ (1 [n—nlz—_nl— 1] _ _52(:11)n )

Note that the above is true only when n # 1 and so we have for all n > 2,

an = (—1)" {n _nlz__nl_ l} = —52(:11)”

PSO03CMTHO2 2017-18



§1.2. Fourier Series 21

Now, forn =1

a) =

1 /" I /7
—/ xsinxcosx dx = —/ x(2sinxcosx) dx
TJ)-x 21 -

1 T
= —/ xsin2x dx
TJo

1 —cost+ costd T . 1 1
= — |x x| =—|m- | —= = ——.
T 2 2 g T 2 2

Therefore the Fourier series of f is

1 > (=1)"
1-— Ecosx—Z’;ziz _)1 COS 7X.

We notice that the function f is continuous on R and satisfies Dirichlet conditions on [—7, 7]
(on any interval of length 27). Therefore by Dirichlet theorem we have

(="
—1

cosnx (x€RR).

1
flx )—1—§cosx 22

n2n

Taking x = 7, we get

> ( 1 > 1 3
0= f(m) —1+——2 "= = —, (1.15)
Taking x = 0, we get
I o) ey 1
0=f0)=1—=-2 = -, 1.16
]
1
Example 1.2.16. In the above example, evaluate the sum Z 2 —|—1 and Z (2n)
n n)?

Solution. Rewriting equations (1.15) and (1.16) from the above example, we have

i ! —é i.e ! + ! + ! + —E
“nt-1 4 7221 31 42-1 4

and
i(—l)” 1. 1 1 N 1 1
= - 1e. — = -
“n2—1 4 221 321 421 4

Therefore subtracting equation (1.16) from (1.15), we get

i 1 31 N i 1 1
“@2n+1)2-1 4 47 = (2n+1)2-1 4
Also, adding equations (1.15) and (1.16), we get
= 1 3 1 = 1 1
7)) N ' S
;(Zn)z—l 4 4 ,;(Zn)z—l 2
Il
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22 §1.2. Fourier Series

Example 1.2.17. Compute the Fourier series of a periodic function

1
o R f the seri _ _
ence ndtesumoteserlesl'3 35757 7.9+

Solution. Here, we note that the given function f is neither odd nor even. Now,

1/ﬂf()d 1/nsind 1[<:os]7t 1[1 1] 2
ap = — X)dx=— xdx=—[—cosx]y =—=[-1—1]=—.
R -  Jo T 0" x T
Now,
1 T
an:—/ sinxcosnx dx
TTJo
1 T
= —/ [sin(n+ 1)x+sin(1 —n)x] dx
27 Jo
1 [—cos(n+1)x  cos(n—1)x]"
2| n+1d n—1 0
1 [—(=mt (=t 1
R ) G VS
2r | n+1 n—1 n+1 n-—1
_ ey ey 1
2m|n+l n—1 n+l n-1
L [(=D)"+1 (=D)"+1]  (=1)'+1[n—1-n—1
S 2m| n+l n—-1 |  2=n n?—1
(—=)"+1 (-2) 0, if nis odd
T 2t -1 D) ifniseven (n>2)°
Forn=1,
1/7r, J 1/”'251 1 [cos2x]™ 1[1 =0
ay =— [ sinxcosxdx=— [ sin2xdx=—— =——|1-1]=0.
"o 27 Jo 2r | 2 |, 4r

Also, forn > 2

1 T
b, = — / sinxsinnx dx
TJo

1 V3
=5 ; [cos(n+ 1)x —cos(1 —n)x] dx
1 [sin(n+1)x sin(l—n)x ”—0
2z n+1 l—n |,

1 [ 1 [®]1—cos2x 1 sin2x1”® 1
by = — 'Zd:_/ T | dx= — |x— = _.
/{ . ]2[ 2}02
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Therefore, the Fourier series of f is

1 2 ~
T A O T @) N g T
1 2 1 1 .
BERE 7 2T Rt e

Notice that the function f is continuous and satisfies Dirichlet conditions on any interval of
length 27. Therefore by Dirichlet theorem, we have

1 2 1 1.
flx)= P En;l (2’1)—2_1 cos(2n)x + 5 Sinx.
Taking x = 0, we get
I 2 1
- = f(0)=0
T nr;(zn)Z—l
- 1 I © 1
= =—.Z=_
,Z’I(Zn)z—l T 2 2
. 1 n 1 L 1 n 1
1.e. e — —
221 42-1 62-1 2
1+ | N 1 L 1
ie, =+—+— S
"3 15 35 2
e 1 + : + ! + !
i S
13 3.5 5.7 2
[
Ex
1. Find the Fourier series of the following periodic functions.
1, —mt<x<0 _ 0, —mt<x<0
® f(x)_{o, 0<x<m. ® f(x)_{x, 0<x<T
—m/4, —m<x<0 (@ fO)=1+x-—mw<x<m
() f(x)=10, x=0 () f(x) = x+mw, —nm<x<0
n/4, 0<x<m. 0, 0<x<m.
0, —n<x<m/2 . _Jx+m —w<x<0
© f(x)= s/ W flo=q_ 7 T
1, n/2<x<m. 27 ST
1 — G flx)=x—x", —w<x<T.
@ fo={ " TEEESTE g f = n<x<m
I, m2<x<m (1) f(x)=|sinx|, —T <x< 7.
0, —rT<x<0
@ flx)=q-1, 0<x<m/2
1, m/2<x<m.
0, — <0
2. Find the Fourier series of the periodic function f(x) :{ y TESES . Hence
x, 0<x<m
find the sum of the series ¥, ﬁ
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24 §1.2. Fourier Series

. . . o . 0 —T<x<0
3. Find the Fourier series of the periodic function f(x) =< .
sinx, O0<x<m
SO 1 1 1
Hence find the sum of the series ;5 — 35+ 57 — 75+ -

4. Find the Fourier series of f(x) = ¢*, —m < x < 7 and hence derive a series for
T
sinh7 . .
5. Obtain the Fourier series of f(x) =e™,—nm <x < .

0, —nmT<x<0
%ﬂx, O<x<m.

6. Find the Fourier series of f(x) = { Hence find the sum of the

series Y" | ﬁ
(a) Find the period of the function f(x) = cos(x/3) + cos(x/4).
(b) Show that, if the function f(x) = cos(®;x) + cos(@yx) is periodic with a
period 7', then the ratio ®; /@, must be a rational number.
7. Show that if f(x+ P) = f(x), then
/a+P/2 P/2 P+a
a

f(x)dx = f(x)dx, f(x)dx = /af(x)dx.
P 0

) —P/2

1.2.3 Half range Fourier series

Let f € L'(0,7). Extend f as an even function on (—7,7) (giving the value 0 at x = 0).
Denote the extension by f itself. Then the extension is an even function. So, b, = 0 for all
n>1and

1 [ 2 ("
a, = —/ f(x)cosnx dx = —/ f(x)cosnx dx.
T.J)-n TJo

4 N
Definition 1.2.18. Let f € L' (0, ). Then the series
ao =
= a, COSnx
2 n=1
is called the half range Fourier cosine series of f, where
2 T
an:—/ f(x)cosnx dx (n e NU{0}).
\_ T Jo /
4 )
Definition 1.2.19. Let f € L' (0, 7). Then the series
Z b, sinnx
n=1
is called the half range Fourier sine series of f, where
2 T
bn:—/ f(x)sinnx dx (neN).
N Jo Y

When f : (0,7) — C satisfies the Dirichlet condition on (0, 1), it also satisfies the Dirichlet

+ —
condition on (—m, 7). Hence the half range Fourier cosine series of f converges to W

for every x € R (we have extended the map as a 27 periodic map).
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Example 1.2.20. Compute the half range Fourier cosine series of f(x) =x, 0 < x < 7.

Solution. Here,
2

2 (7 2{xr
aoz—/ xdx=—|=| =m.
T Jo T|2],

Forn>1,

1 T
a, = —/ xcosnx dx
T Jo
2 [ sinnx sinnx } 4
=—|x — / dx
T n n 0
2 [ sinnx cosnx} d
= — |x + 5
T n nc |
2 4 if n is odd
__2[(_1)11_1]: _ﬁ’ 1L n1s O
n 0, ifniseven.
T 4 2n—1
Therefore the Fourier cosine series of fis — — — M O
2 w4~ (2n—1)?
Example 1.2.21. Compute the half range sine series of f(x) =x, 0 < x < 7.
Solution. Forn > 1
2 (" 2 ("
b, = —/ f(x)sinnx dx = —/ xsinnx dx
T Jo TJo
2 [ cosnx /—cosnx ]”
=—|—x — dx
T n n 0
2 [ cosnx sinnx] d
T n nc o
2 2(—1 n+1
=—/[—mcosnrm| = (=)
n n
= (!
Therefore the half range Fourier sine series of f is 2 Z sinnx. [
n=1
Example 1.2.22. Find the half range Fourier cosine series of the function
1, 0<x<%
f(x)—{(), T<x<m
Solution. Here
2 (3
ag = — / ldx=1.
TJo
Forn>1,
2 /2 2 [sinnx} 2
a, = — cosnxdx = — .
7 Jo T n |,
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26 §1.2. Fourier Series

Ifn=1,59,13,...,ie. n=4k+1 then sin%F = 1.
Ifn:3,7,ll,15,...,1.e.n:4k+3thensm”2”:—1.
Thus forn > 1,
0, ifniseven
a, = nl if n is odd and of the form 4k + 1
f if n is odd and of the form 4k + 3

77,'7

Therefore the half range Fourier cosine series of f is

1-1-2 3x+ 2 5 2 Tx +
= —COSX— —COSOX+ —COSIOX— —COS /X -+
2 7'L' 3n Sw r
_1 i acos(2n+1)x
27 T~ 2n+1

I 28 n+]cos (2n—1)x
"2 n; m—1

]

Example 1.2.23. Using the half range Fourier cosine series of f(x) = x, 0 < x < & compute

1
the sum of the series T S——
ng) (2n+1)?
T 4 2n—1)x
Solution. By Example 1.2.20 the half range Fourier cosine series of f is o Y %
n=1 2n —

or we can write
cos(2n+1)x

___Z (2n+1)2

Here f satisfies Dirichlet conditions on the interval (0, ). Therefore it will satisfy Dirichlet
condition on the interval (—7, ) when it is extended as an even function giving the 0 at x = 0.
Notice that the function f is note defined at the end points —7 or 7. So to extend it as a

2r-periodic function on R, we assign the value 7 at x = &. Then f is continuous function on
R as

F(@n+1)7) = 7= f(x) = f(2n+ D7),

Then by Dirichlet theorem, the Fourier series of f at x € R converges to f(x), i.e.

T 4 & cos(2n+1)x
-2 = /)
2 nr;) (2n+1)2
By taking x = 0, we eti ! —ﬂz ]
y gx=2., g n:0(2n+1)2_8.

Ex) Find the half range Fourier sine and half range Fourier cosine series of the following
functions.

L f(x):{x’ 0<x<m/2

T—x, mw/2<x<m.

( 1)n+l

0, O<x<m/2
2. flx)= { * / Hence find the sum of the series },," | ~5, .

/2, w/2<x<m
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§

f(x)
f(x)
f(x)

S 0<x<nm
¥ 4x,0<x<m
x(m—x),0<x<m

kW

1.2.4 Complex form of the Fourier series

In this subsection, we wish to express f as f(x) = Z cne™.
nez

ﬂ .
Example 1.2.24. Evaluate the integral ﬁ / e dx.,neZ.
—7T

1 T
Solution. For n = 0, the integral becomes o / 1 dx = 1. For n # 0, we have
—T

LM LI L) - Ly iy o
2w J_x 2 | in |_, 2inm 2inm '

1 T inx o 17 n=20
E/_ne dx_{(), n#o

Also, for m,n € Z, we have

1 /717 it imy g {0, m=#£n

Thus,

27 - 1, m=n.

This orthogonality relation inspires the following definition of the complex form of the
Fourier series.

4 )\
Definition 1.2.25 (Complex Fourier series). Let f € L'[—7, ]. Then the series
Z Cn einx’
n—=—oo
where T
Cp = g/_nf(x)ei"x dx (neZ),
\Js called the (complex) Fourier series of f. y

x, —n<x<0

Example 1.2.26. Compute the complex Fourier series of a periodic function f(x) = { T—x O0<x<7m

1 [r :
Solution. We have ¢, = — / f(x)e "™ dx. Then,
21 -

co= %/jrf(x) dx:ﬁ{/_oﬂxdx+/0n(7r—x) dx}
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28 §1.2. Fourier Series

Forn+#0,n € Z,
1 & —Iinx
cn—ﬁ/_nf(x)e dx
1 0 T
= ﬂ{ 7ﬂxe*’"x dx+ A (m—x)e ™ dx}

1 e inx efinx e inx efinx T
:—{x —/ } —|—{(7L’—x) —/(—1) } }
27 —in —in |_, —in —in |,

1 e inx efinx 0 e inx efinx T
T n x—in+ n? }ﬂ—i—{(ﬂ—x) —in  n? L

1 [ 1 (=) (=1)" (—1)" T 1
= —<|0+—=—(— — 0— -+ —

2 { i i n? (=7) —in n? * n? —in * n?
12 71:(—1)"+ T 2(—-1)"
- 21 | n? in in n?

0, ifniseven

" £(E+3). ifnisodd.

Hence, the complex Fourier series of f is

I & T 2 ;
- i(2n—1)x
nnzzm(i@n—l) y <2n—1>2) T

]

Example 1.2.27. Compute the complex Fourier series of a 27z-periodic function cos2x +
sin 2x.

Solution. Here,

2% J—x
1 T
= E/_ﬂ(cos2x+sin2x) dx
_ i sin2x_c052x T :i[_1+1]:0
2| 2 2 » 4
Hence,
2ix —2ix 2ix —2ix
— 1 1 . 1 1 .
c0s2x + sin2x = ¢ +2€ + ¢ 2: = (5 — Z) e 2 4 (5 + Z) e
—— ——
[ 2
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which is the complex Fourier series of f, i.e. the complex Fourier series of f can be written as

C_2€412x4—026Qx,

1 1 1 1
where c_», = (5—2—> and ¢, = (§—|—2—> O]
i i

Next, we shall derive the relation between the complex Fourier coefficients and the Fourier
coefficients by comparing the Fourier series and the complex Fourier series.

Lemma 1.2.28. The relation between the Fourier coefficients and the complex Fourier
coefficients is given by

ap=2co, apn=cp+c_p, by=ilch—c_p).

Proof. We have

[}

(o]
Y, ™ =) ca(cosnx+isinnx)

n=—oo Nn——oo

= Z cosnx—+i Z sinnx

Nn=—oco n=-—oo

= Z cosnx+Zcosnx—|—i Z sinnx—f—iZsinnx (".-sin0 = 0)
n=0 n=1

n—=——oo Nn—=——o0

=co+ Z (cn+c_p)cosnx+i Z (cn — c—p) sinnx. (. sin(—nx) = —sinnx)

n=1 n=1
Comparing the (complex) Fourier series with the Fourier series of the form

ao

+ a,, COSnx + b, sinnx
2 n;l n Z n Y

n=1
we get
ap=2co, ap=cp+c_p, by=ilch—c_p).
]

(" )
Definition 1.2.29. We say that a 2z-periodic function f : R — C satisfies Dirichlet condi-
\ tions if both real part of /" and imaginary part of f do so. )

4 )
Theorem 1.2.30. Let f: (—n,n] — C. Extend f as a 2m periodic function on R. If
f satisfies the Dirichlet conditions, then the (complex) Fourier series of f converges to

FEN)+H )
=22 for every x € R.
\__? % " Y,
Thus, the Dirichlet theorem also holds in case of complex Fourier series.
Ex) Find the (complex) Fourier series of
l. fx)=e™, —mt<x<m;
2. f(x)=cosax, —w <x <,
3. f(x) =sin*x4cosPx—sin2x, —w < x < 7.
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30 §1.2. Fourier Series

1.2.5 Parseval’s Identity

4 I
Theorem 1.2.31. Let H be a Hilbert space and let {eq} C H. Then the following are
equivalent:

1. {eq} is an orthonormal basis
2. x= Z(x eq)eq (x€H)

||x||2 Z| x,eq)|” (x € H)
4. (x,eq) = Ofor all o, then x =0

G /

T
Let L*[—7m, 7] = {f: [-m,7] = C: /_7r 1f1> < oo}. Then L?[—7, 7] is a Hilbert space

with inner product defined as

e = [ wear  (fgePl-ma).

—T

The set { werd C‘f;ﬁx SI\I}QX ne N} is an orthonormal basis of L?[—7, 7].

4 )\
Theorem 1.2.32 (Parseval’s identity). Let f € L*|—m, it]. Then

(o)

L Jao?
7| M dv= 55+ X laf” + o),

1 T
where Gy = — / )cosnx dx and by, / f(x)sinnx dx.
7'L' -7 )

Proof. We know that the set { > cosnx sinnx .y N } is an orthonormal basis of the Hilbert

\% VI VT
el B £ )

‘\/ﬁ/ Z\/_/f cosnxdx
S LR WD T

space L[, 7). Therefore

2

i

2

/ ) sinnx dx

1 /= 1 /=
where a, = p / f(x)cosnx dx and b, = p / f(x) sinnx dx. Therefore
—T —T

1
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4 )
Theorem 1.2.33 (Parseval’s identity in complex form). Let f € L?[—7, xt]. Then

[ Par= ¥ laP,

2% J—x —Gs

1 [ .
where ¢, = = / fx)e "™ dx.
\ o J

emx

Proof. We know that the set { NeT
L?[~r,x). If f € L*[—nx, 7], then

‘ne Z} is an orthonormal basis of the Hilbert space

2

o5}

IFIP="x

n—-—oo

einx
(- 53)
1 7 .
= _Z’ ﬁ/ﬂf(x)emx dx

=2r Z leal?,

N—=—o0

2

o5}

| ~
where ¢, = i / f(x)e™™ dx. Therefore,
—7T

1 T
5m [ T@Rdx= Y el

[l
Example 1.2.34. Compute the Fourier series of a 27-periodic function f(x) = x*>. Hence,
|
evaluate the sum of the series Z —-
n=1 n
Solution. Since, the function f is even, b, = 0 for all n > 1. Now,
1 7 17 27>
= — dx = — / 2 dx =,
40 T /—nf(X) * T —n'x o 3
Forn>1,
1 [~ R
an = —/ f(x)cosnx dx = —/ x~cosnx dx
TJ)-n TJ)-m
2 /” 2
=— x“cosnx dx
TJo
2 . . T
_2 {xzsmnx _2/xsmnx dx]
T n n 0
2 0,5 —cosnx —cosnx d
= — [x“sinnx —2x +2/ dx
nmw n n 0
4 { (—1)”} 4(=1)"
nw n n
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. . e
Therefore the Fourier series of fis — +4 Z 5
3 = n

/n ]f(x)|2dx:/7r xtdx = 2?71:5

-7 -7

Now,

Therefore, from Parseval’s formula, it follows that

cosnx. By Parseval’s identity, we have

127 1 (7 )
== _ d
= o lrePar
2 oo
ag
= T Y a1
n=1
ot N i 16
B 9 n=1 I’l4.
> 1
H , — = —. O]
ence ,;1 1= 90
Example 1.2.35. Compute the Fourier series of a 27-periodic function f(x) = |x|, — 7 <x < 7.
> 1
Use the Parseval’s formula to find the sum of the series Z W.
n=1 n—
Solution. Since, the function f is even, b, = 0 for all n > 1. Now,
1 (7 2 (7 2 [£21"
ao:—/ |x|dx:—/ xdx=— [x_} =7.
TJ)-n 7 Jo T|2],
Forn>1,
1 [* 2 [7
a, = —/ |x| cosnx dx = —/ xcosnx dx
TJ)—n TJo
B 2 | sinnx /sinnx T
n| on no o
_ 2 [cosnx]ﬂ
ol on Jo
2 0 if n is even
— (=) =1]1=1"
nzn[( ) =1 {—iz, if n is odd.
n
T 4 2n—1
Therefore, the Fourier series of f is > 7 ,1;1 %
By Parseval’s identity, we have
1" laol* | &
— [ 1fwPRar =54 Y (P + )
- n=1
1, w16 & 1
= - d = — 4 — S —
n/n|x| * 2 Jr7:2”;1(211—1)4
2 [ 2 16 & 1
= = = 4= -
n{?a]o 2+”2n;1(2”_1)4
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2 8 16 &
: —_—— J—
T 3 2 m? nzzll (2n—1
Therefore
i 1 2 (4m? -3\ !
~ (2n—1* 16 6 -9
O
Example 1.2.36. Compute the Fourier series of a 27-periodic function
0, —w<x<0
f(x)—{ I, 0<x<m
- 1
Evaluate the sum of the series Z m using Parseval’s identity.
Solution. Here
| |
a():—/ (x)dx:—/ ldx=1.
TJ)-n TJo
Forn > 1,
1 T
an = —/ f(x)cosnx dx
TJ)-x
1 T
= —/ 1-cosnxdx
T Jo
1 [sinnx]”
A
T n |,
Also, forn > 1
1 T
= —/ f(x)sinnx dx
TJ)-nx
1 T
= —/ 1-sinnx dx
T Jo
1 [cosnx] ™
Ll on Jo
1 n 0, niseven
B _E[(_l) ~ 1 _{ 2 nisodd.
Therefore Fourier series of fis = —|— Z sin(2n —1)x.
2n—1)
By using Parseval’s identity, we have
2 oo
ao
L rwPar =S5 a4 o)
n=1
1 4 1
= — | 1?dx =-+—
/ ) n-2n§(2n—1)2
4 & 1
= _—_ = —
2 n? n; (2n—1)2
Therefore Z T [

= (n—1)2 8
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34 §1.2. Fourier Series

Example 1.2.37. Compute the Fourier series of a 27-periodic function f(x) = x(m — x),
|
—7 < x < 1. Hence evaluate Z — and Z —
n=1 n=1 n
Solution. Here,
1 (7 1 (=
= — dx = — T—x)d
agp ﬂ/ﬂf(x) X ﬂ/ﬂx( x) dx
B 1 [nx2 8377
T2 3],
17 B B ] 21 oA
nm|2 3 2 3| 3 m 3
Forn > 1,
1 /7 J
=2/ f cosnx dx
1
—/ x(m —x)cosnx dx
V[
1 T T
— {/ Txcosnx dx — / x% cosnx a’x}
71' T -7
2 (",
:O——/ x“cosnx dx
TJo
2 231nnx sinnx | "
= —— /(2x) dx
T n n 0
4 { — CcOSnX cosnx  |”
=— —I—/ dx
nw n 0
4 n+l
= = o [m(=1)" -0} = ( 1)
Now,
1 )
b, = E/ f(x)sinnx dx
1 ) T,
= — / 7rxs1nnxdx—/ x“sinnx dx
T -7
2/ xsinnx dx
_s {x—cosnx+/cosnx dxr
n n 0
2 27
= —Z[n(=1)" = =(=1)"*1
“[a(=1)] = S (-1)
Therefore the Fourier series of f is
7'L' 0o n+l o (_1 n+1
—? Z ~——~—cosnx+2xw z:l — sinnx.
n=1 n=
PSO3CMTHO02 2017-18
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We note that f is continuous on R except the points of the form (2n+ 1)7x. The average of the
fE)+f(m7) _0-2a>
5 =—F = -7
Also, the function f satisfies Dirichlet conditions on any interval of length 27. Therefore
by Dirichlet theorem, we have

) n+1 o _1 n+1 2 1
Z cosnx+27r2¢sinnx:{ f(x%, x7 r.1+ )
= = n —m~, otherwise.

left limit and the right limit of f at these points is

n?
3

Taking x = 7 in the above equation, we get

Now by Parseval’s identity, we get

L 2 a0l | & 2 2
— [ P ar =54 ¥ (al+ )
TJ-n 2 n=1
1/, 5 2m? > 1 |
= — r—x)2dx =416y — +4n*} =
ﬂ/_nx( *)” dx 9 + rg’ln4+ n;nz
272 > 1 n?
2.2 4 2
= dx =2 +16Y — +4n2 =
n/(xn+x)x 9Jr r;n4+ 6
2 [n° =] 8x* > 1
= ) AT R T
n{s 5] 9 =
N i 1 /16x* 8x*\ 1  *
“nt 15 9 )16 90

[
Example 1.2.38. Compute the half-range Fourier cosine series of f(x) =x—x2,0 < x < 7.

Solution. Here,

2 (7 2 (7 22 #1" 2[n* 2m?
—— dx== X dx=2 || =2 | | =g,
a0 n/of(x)x n/o(x x) dx nlz 3}0 n{z 3} 73

Forn >1,

2 (7 2/t
an = — f(x)cosnxa’x:—/ (x —x7) cosnx dx
T Jo T Jo

2 V4 (4

= — [/ XCOSHNX dx—/ xzcosnxdx}
T |Jo 0

_2 { {xsinnx _/sinnx dxr_ {xzsinnx —/(Zx) sinnx dxr}
T n n 0 n n 0
2 rcosnx 4 —COoSnx coSnx T

[ o e,
nmw n nmw n 0

2 (—1)"—1 4 T (—1)”

oam n nm n
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36 §1.2. Fourier Series

2 4
— (1) = 1] = 5 (-1)"
B —%, if nis even
| =3+, ifnisodd.

Therefore, the half-range Fourier cosine series of f is

Tz 4y L cosam) -4y 1) cos(2n—1)
- — = — cos(2nx) — ——1)cos(2n—1)x
2 3 “~ (2n)? ~ (2n—1)?
2 oo (<)
T T 1
=57 _;ECOS(ZWC) —4 (— - 1) }; i 1) cos(2n—1)x
[
Example 1.2.39. Compute the half-range Fourier sine series of f(x) = mx—x%, 0 < x < 7.
i 1
Use Parseval’s identity to evaluate the sum of the series Z W.
n=1 &1 —
Solution. Forn > 1,
2 [(* ) 2 [T o
b, = —/ f(x)sinnx dx = —/ (mx — x°) sinnx dx
TJo TJo
2 B _ T
_ 20 cosnx+/7rcosnx dx+x2cosnx_2/xcosnx dx}
| n n n n 0
2 [—mxcosnx msinnx x?cosmx  2xsinnx sinnx g
= — +—+ — 5 2/ 5— dx
T | n n n n n 0
2 [—mxcosnx msinnx x2cosnx 2xsinnx  2cosnx]”
- T T R R
T | n n n n n 0
2 [—m2(=1)"  m(=1)" 2(=1)" 2
SRy Rer i, 2]
T | n n n n
4 " 0, ifniseven
=l = ]_{ £ ifnis odd.

Hence, the half-range Fourier sine series of f is

3sin(2n — 1)x.

8 i 1
T = (2n—1)
Now, by using Parseval’s identity (for f € L*(0, 7))

[}

2 T
=TI WS

n=1

2 (7 o 64 1
= —/ (mx—x%)? dx =
TJo

z:P'(zn—l)6

n=1

2 (" 22 3, 4 64 v 1
== | (°x*-2n dr=—Y ———
n/o( * AR & ”2";1(2”—1)6
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:>2[ X nx4+x5}n Sl 1
x| 3 475, 64 = (2n—1)0
z{ﬂ_s_ﬂ_s ﬂ_s}_i !
23 2 5] ~=(@2n-1)p
71:_6{10—15+6}_i 1
32 30 = (2n—1)
> 1 b
Hence, == O
enee ,1;(2;1—1)6 960

Example 1.2.40. Compute the half-range Fourier cosine series of the function

ka 0<x<?%

f<x):{2k(7r x), F<x<m

:E/nf(x) dx

2k T2k
[ 2—x dx+ ;(n’—x)dx]

Solution. Here,

/—’H
| —— |
l\)|><
|—|

S

=

|
N|><N

| I
S 3

—

_ r? 2 7r2+7r2 _ dk2m?
2| 8 2 2 8 2 8
Forn>1,
2 T
an —/ f(x)cosnx dx
TJo
2 [2k 2
_[_ 2xcosnxdx—k / T— x)cosnxdx}
| 7T Jo
4_1;{{ smnx s1nnx dx]g—f— [(n_x)s1nnx+/sinnx dx]ﬂ}
T 0 n n ya
2
4k smnx cosnx sinnx cosnx]”
=) + (7 —x) T2
7‘[ 0 n n n
2
T

1nn7r/2 cosrm/2 1 (=1 7rsinn7r/2+cosn7r/2}
; — _Z

;\
N
I

n 2 n? 2 n n?

[20057 —(14+(=1)" )]

I’L

0, ifnisodd
= Ak n=26,10,..., e n=4m—2

0, n=4,8,12,...,i.e.n=4m
Therefore half-range Fourier cosine series of f is

k 16k{

1 1
3T 55 €08 2x + — €08 6x + —= cos 10x + - -

22 62 102
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38 §1.3. Periodic Functions on Other Intervals

16k Z cos(4n — 2 )X
(4n—2

[\)I?\“ NI?T‘

cos(4n — )x
7r2 Z (2n—1)2

Ex
1. Let f(x) =14x, —m <x < 7w Use the Parseval’s formula to evaluate the sum of
the series ) | >

0, —-rT<x<0
2. Let f(x) = Use the Parseval’s formula to evaluate the sum

sinx, O0<x<m.
of the series 3%—1—#-1-%—%-"

3. Let f(x) =1, 0 < x < m. Use the half range Fourier sine series to evaluate the sum
of the series } ;" | ﬁ

4. Let f(x) =x(m—x), 0 <x < m. Use the half range Fourier sine or cosine series to
evaluate the sum of the series },._; n%

1.3 Periodic Functions on Other Intervals

Let f: (—L,L] — C be a map. Extend f as a 2L-periodic function on R. We note the following
orthogonality relations.

/LLsin<nTm> sin(me) X = {2’ Ziz (m,n € N), (1.17)
/LLCOS () eos (F) = {,(i ZiZ (m.n e NU{0}), (1.18)

and
/LLsin <HTM> cos (me) dx = {% Zi;l (m,n € NU{0}). (1.19)

This orthogonality relations lead to the following natural definition of Fourier series of 2L
periodic functions.

4 )
Definition 1.3.1. Let L > 0 and f : R — R be a 2L periodic function with / x)| dx < eo.
The series

+Zancos< >+Zb sm( ) (1.20)
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where
L/ cos ) dx (neNU{0}) (1.21)
and
by = L/ sm ) dx (neN), (1.22)
is called the Fourier series of f, and the scalars a,’s and b,’s are called the Fourier
\ coefficients of f. y
4 I
Theorem 1.3.2. Let L > 0 and f : R — C be a 2L periodic function. If f satisfies the
+ —
\Dirichlet conditions on |—L, L], then the Fourier series of at x € R converges to M)
4 ] I
Definition 1.3.3. Let f € L' (0,L). Then the series
nx
2+ Zancos< =), (1.23)
where
L/ cos ) dx (neNU{0}), (1.24)
\Us called the half range Fourier cosine series of f. )
4 I
Definition 1.3.4. Let f € L'(0,L). Then the series
- T
Y bysin (U) (1.25)
- L
n=1
where
by = L/ £(x) sm >dx (neN), (1.26)
\Us called the half range Fourier sine series of f. )

Example 1.3.5. Compute the Fourier series of a periodic function fx)=x% -L<x<L.
(—=1)"
n? -’

Use the series to compute the sum of the series Z — and Z

nln n=1

Solution. Since, the function f is even, b, = 0 for all n > 1. Now,

1 L 1 L 2 (3 212
= dx=~ [ Fdx=>|%| ==~
L/Lf(X) * L/Lx * L[3L 3
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40 §1.3. Periodic Functions on Other Intervals

Forn>1,
1 (L T 1 L T
ap, = —/ f(x)cos (H) dx:—/ x% cos (H) dx

LJ_1 L LJ_1 L
2 (L T

= —/ X% cos <u> dx
L Jo L

L

2| ,sin (2 sin (27

=7 [xz—g_nL ) —2/x—,(1_7rL ) dx]

L L
L

2 ) niTx —COS rurx COS n7rx

= — in{— ) —2 +2
S ECORE s =2
4L [ (=1)" 4L2(—1)"
nmw nmw n?m?

L2 417 & T
Therefore the Fourier series of fis — = Z 2 cos (an> . Here, the function f is
= n

continuous on R and it satisfied Dirlchlet condltlon on any interval of length 2L. Therefore,
by Dirichlet theorem

L? 417 & (—1)" nmx
—+ cos< )

3 mr &= on?

1) = 1 .

Taking x = 0 in the above equation, we get

L 4> & (—1)

0=f(0)=—5+—
3 m & o
e LZ 71.2 7[2
= = - = ——
n; n2 3427 12

Also, taking x = L in the above equation, we get

L2 4L2 =
2 _
L'=fL)=~ 7[2 an
> 1 , P\
n;lnz ( 3)4L2 6

[]

Example 1 3. 6 Compute the Fourier series of the function f(x) =x—x%, —1 <x < 1. Also

compute Z
Solution. Here, L = 1. Therefore,

1 1 w311 )
610:/ a’x—/ (x —xz)dx:—2/ P dx= -2 [—} =——,
1 0 310 3

Forn>1,

1 I
ay = / f(x)cos(nmx) dx = / (x —x%) cos(nmx) dx
-1 ~1
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1
= —2/ x% cos(nmx) dx
0

:_z{x

, sin(nmx) 2/
—— =2 x

nmw

. 1
sin(nmx) dx]
nmw

0

nmw

-2 — X — X !
= — {xz sin(nmx) — 2x—cos(n ) + 2/ —cos(n ) dx}
0

/1 (x —x?) sin(n7mx) dx

1
dx]
0

nm nm
e G i T O
n nw | n’m?
Also forn > 1
1
b, = / f(x)sin(nmx) dx =
-1 ~1
1
:2/ xsin(nmx) dx
0
_5 [X—cos(nnx) _/ — cos(nmx)
nm nm
—2(—1)"

Therefore the Fourier series of f is

1 4 & (—1)”
___?ZTCOS(’/ITE

2

)-2 il (_nl)n sin(n7x).

Note that the function f is continuous on R except on the set {(2n+ 1) : n € Z}. Now,

f((2n+1)7) = F(17) =0 and f((2n+1)*)

=f(17)

Dirichlet condition on any interval of length 2. Therefore by Dirichlet theorem, we have

COS I’LTL')C - — Z

L
—572

= n
By taking x = 1 in the above equation, we get
1 4 &1
3wl
n—

2 v (=1

= —2. Also, the function f satisfies
. x), x#2n+1
ﬂn@”ﬂ::{fgg xi2n+l
=—1

n=1
[
Ex
—a, —L<x<0
1. Find the Fourier series of f(x) = ¢ r=
a, 0<x<L.
2, —d<x< 2
2. Find the Fourier series of f(x) =< x, —2<x<2
2, 2<x<4.
Dr. P. A. Dabhi lightatinfinite @ gmail.com
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0,
k,
0,

3. Find the Fourier series of f(x) =

2 <x<-1
—1<x<1
1<x<2.

4. Find the Fourier series of f(x) =x>—2, -2 <x < 2.

5. Find the Fourier series of f(x) =e™, —L <x <L.

6. Find the half range Fourier sine and cosine series of the following functions.
(@ fx)=x,0<x<2.
(b) fx)=2x—1,0<x< 1.

1.3.1 Parseval’s Identity

4 )
Theorem 1.3.7 (Parseval’s identity). Let f € L*[—L,L]. Then
ao -
L[ 1R as =" T o+ ),
1 [t T 1 (L T
where a, = —/ f(x)cos (E) dx and b, = —/ f(x)sin (U) dx.
LJ-L L LJ- L
g /
Proof. Same as proof in Parseval’s identity in the previous case. Just replace 7 by L here. L[]

|

Example 1.3.8. For Example 1.3.6, compute the sum of the series Z —; using Parseval’s
- n

identity.

Solution. By Parseval’s identity, we have

L/

2
= (x—xz)zdx:§+

a0|

)2 g = 190
dx =
)| 2

+Z (lan)* + |bal?)

-1 n=1 n n=1"
! 2 16& 1 4n?
:2/ LN de=Z4+— — =
0( ) 9 & n;”Z n? 6
1 1 246 16 & 1
=2|=4+=| = — —
[3 5} 9 7r4 Z n?
v nt
2790
=n 90
[]
Ex
-1, —-L<x<0
1. Let f(x) :{ ’ *=" Use the Parseval’s formula to evaluate the sum of
1, 0<x<L
the series Z;":lﬁ.
PS03CMTHO2 2017-18
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2. Let f(x) =x?, —3 <x < 1. Use the Parseval’s formula to evaluate the sum of the
series Y~ ,11—4

3. Let f(x) = |x|, =% <x < 7. Use the Parseval’s formula to evaluate the sum of the
series ) 2n1 7

4. Let f,g € L2[ —L,L]. Let ¢ + Y aycos (") + Yo by sin (%) be the Fourier
series of f, and let % +Y,, a,cos ("—Zx) +Y5 ; Busin ( %) be the Fourier series
of g. Then prove that

/f g(x) dx —L< +Zanan+2bnﬁn).

0<x<1
5. Let f(x) = ~ ! Use half range Fourier cosine series to find the
T2—x), 1<x<2.
1

sum of the series Y., | -

1.4 Applications of Fourier series

We have already seen that the Fourier series is useful in finding the sum of some series. We
now see its application in solving partial differential equations for example, wave equation,
etc.

Example 1.4.1. A string is stretched along the x-axis, to which it is attached at x = 0 and
x = L. Find the displacement y(x,7) of the string in terms of x and ¢, at a time ¢ if given that
y(x,0) =mx(L—x),0<x<L.

Solution. The vibration of the string is governed (or given) by the wave equation

92 92

T3 =I55 (1.27)
Since both the end points of the strings are fixed, we have y(0,7) = y(L,t) =0, t > 0.
Since the string is at rest initially, we have y,(x,0) =0, 0 <x < L.
Initial position of the string is y(x,0) = mx(L—x), 0 <x < L. Hence the problem is to solve the
wave equation (partial differential equation) given in equation (1.27) subject to the conditions
v(0,¢) =y(L,t) =0, >0, y,(x,0) =0, 0 <x<Land y(x,0) =mx(L—x), 0 <x<L.Let

Y1) =X ()T (2).

Then equation (1.27) becomes

XdT B 2Td2X
a2l ae
1 47 1d*x

ATd?~ X dx?’
Since left hand side is a function of # only and right hand side is a function of x only, both the
1 dT  1d°X

functions must be constant, say ki.e., =——5 = ——— =
y AT dt?2 X dx?
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44 §1.4. Applications of Fourier series

Case-I: Let k > 0, i.e. k = A2 for some A > 0.
T 5,5 I’X SVp—!
Hence il A“T =0 and ﬁ—k X =0. Therefore T (t) = cje*" +cpe™ " and X (x) =
X

dj My dze*)“‘ . Therefore
y(x,1) = (c1€M + c2e™ M) (dy e + dre ™).

Since y(0,7) = 0 for all t, (di +da)(c1€* + cpe~*") = 0 for all .

If di +da # 0, then 1Y + ¢pe~ M = 0 for all 7, which implies ¢; = ¢, = 0 (.- €“* and e~
are linearly independent). But then y = 0, i.e. in this case we will end up with the zero solution.
Therefore d; +d> = 0 or dp = —d;. Then

Act —lct)(e/lx N e—?Lx)'

y(x,1) = (c1e™" 4+ cre

Since y(L,t) =0 forallz, (cje +coe™ M) (e —e ) =0, ie. (c1eM +cre M) sinh(AL) =
0. Since sinh(AL) # 0, ¢; = ¢ = 0, and hence we end with a trivial solution.

Case-II: k = 0.
d*T d*X
Then o 0 and 2 0. Therefore X (x) = cix+ ¢, and T'(t) = dit + d». Therefore
X

y(x,t) = (61X—|—C2)(d1t—|—d2).

Since y(0,¢) =0, ca(dit +dp) = 0. If ¢ # 0, then d} = d» = 0 because 1 and ¢ are linearly
independent. But then in this case we end up with the zero solution. Hence ¢, = 0. Therefore
y(x,t) = x(c1t +¢2). Since y(L,t) =0, L(c1t +cz) = 0 for all 7. This implies ¢; = ¢; =0,
which ends with trivial solution again.
Case-III: k < 0. Then k = —A2, for some A > 0.
ar 5., ax 5 ,
Therefore ) +c“A“t =0 and 2 + A“x = 0. Therefore X (x) = ¢; cos Ax+ ¢; sin Ax and
X
T(t) = d,cos(Act) +dysin(Act). Therefore
y(x,1) = (c1 cos Ax + ¢ sinAx)(dy cos(Act) + dp sin(Act)).

Since y(0,7) = 0 for all z, we have ¢ (dj cos(Act) +dysin(Act)) =0 for all ¢. If ¢; # 0, then
dy =dp, =0 (. cos(cAt) and sin(cAr) are linearly independent). Therefore ¢; = 0. So

y(x,t) = sin(Ax)(c cos(cAt) + cp sin(cAr)).

Since y(L,t) = 0, sin(AL)(cj cos(Act) +casin(Act)) = 0 for all 7. If sin(AL) # 0, then again
c1 = ¢ = 0. Since we want a non-trivial solution, sin(AL) = 0. This implies that AL = n7 or

T
A= nf for n € N. Therefore

( t) . (mrx) [ (nﬂ?ct) n . <n7rct)]
=sin| — cos | — sin .
YnlX, 17 Cl I (6} I

Therefore

( t) CnT sin <n7rx> [ sin (cn?tt) 3 £y CO8 (cmrtﬂ
X,t)=—smm|(— ) |—c —_— c — .
(X, I I 1 I 2 7
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Since the string is at rest when 7 = 0, we have y;(x,0) = 0 for all x. This will imply ¢, = 0.
Hence for each n € N, we have a solution of the wave equation of the form

Yu(x,2) = by sin <nzx> cos (?) .

satisfying the conditions y(0,¢) = y(L,#) = 0 for all 7 and y;(x,0) = O for all x. Hence by the
principle of super position,
xX,t) = Zyn(x,t)
n=1

is a solution of the wave equation satisfying the same conditions, i.e.,

(o)

y(x,1) = Y bycos (”7;“) sin (”Zx) . (0<x<L,1>0). (1.28)

Now, y(x,0) = mx(L — x). Therefore
- nmx
0)=Y bysi <—) .
y(x,0) ,1;1 nsin {—
This is the half range Fourier sine series of the function y(x,0) = mx(L —x), 0 < x < L. Hence

nwx
by, L/ mx(L — x)sm< 7 >dx
{ / mLxsm dx / mx? s1n >dx}

B nmx nmx 1L nmx nmx) &
:sz L[x COi_;SL)+Sln,(1_7;L )] —[xz COi_;SL)+2/xCOS,S_7;L)
L L o L L 0

L L
2 —cos (2 sin (22X —cos (12X sin (22x cos (2
_am [Lx (L)+L (L)]_[x2 (L)+2x (L)+2 (L)
L nm nm nm nm\2 nm\3
L L 0 L T (T) 0
0, if nis even
C %L, ifnis odd.
Hence
8mL? & 1 2n—Dmct . ((2n—1)7x
y(x,1) = 3 ;(2n_1)3cos(f>sm(f , (0<x<L,t>0).
O

Example 1.4.2. A homogeneous rod of conducting material of length 100 cm has its ends
kept at O temperature and the initial temperature is

(x,0) X, 0<x<50
u(x,0) =
100 —x, 50 <x<100.

Find the temperature u(x,¢) at a point x at any time ?.
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46 §1.4. Applications of Fourier series

Solution. We know that the temperature in the rod is governed by the heat equation
ou  ,9d%u
— =c"=. 1.29
o~ <o (1.29)
Since the ends of the rod are at 0 temperature, we have
u(0,1) =u(100,¢) =0, Vt.

Hence the problem is to solve the heat equation in (1.29) subject to the conditions u(0,¢) =
u(100,¢) = O for all ¢. Let the solution be of the form

u(x,t) =X(x)T(¢).

Then equation (1.29) reduces to

x94T _ czTﬁ

dt dx?
o LdT_ X
2T dt dx?’

Since left hand side is a function of # only and right hand side is a function of x only, both the
functions must be constant, say k.

Case-I: Let k > 0. Then k = A2 for some A > 0.
dT d-X
Then o A2c?T = 0 and T2 0. Therefore T(t) = c1eM and X(x) = aje** 4 be=**
X

and so .
u(x,t) = e A t(ae’lx —i—be*b‘).

Since u(0,¢) = 0 for all 7, ecz’12t(a +Db) =0 forallz, i.e., b = —a. Hence
u(x,t) = aecz’lzt(e}‘x —e M) = alecz’lzt sinf(Ax).

Now, #(100,7) = 0 for all ¢. Therefore a; e sinz(100A) =0 for all ¢. Since sinz(1001) # 0
and <At > 0, a; = 0 and we end with the trivial solution. Therefore £ > 0 will not work.

Case-II: £ = 0.
dT d’X :
Then o= 0=T(t) =c; and T 0 = X(x) = ajx+b. Therefore, we write
X

u(x,t) = ax+b.

Since u(0,¢) = 0 for all #, b = 0. Since u(100,7) = 0 for all ¢, @ = 0, which again ends with
the trivial solution.

Case-III: £ < 0. Let k = 2—/12 for some A > 0.
dT d°X
Then = +A2c*T =0and ) +A2X =0. Therefore u(x,1) = e_Czkz’(a cos(Ax)+bsin(Ax)).
x

Since u(0,¢) = 0 for all ¢, a = 0. Therefore u(x,t) = be=¢t sin(Ax). Since we want a non-
trivial solution, b # 0. Since u(100,¢) = 0 for all ¢, be 'A% sin(1004) = O for all z. Therefore
sin(100A) = 0 and so A = {75 for n € N. Hence for each n € N,

2,22

_ctntr T
Un(x,1) = bye” 1002 ' sin (%)
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is a solution of the heat equation satisfying u(0,7) = u(100,¢) = O for all z. Therefore by the
principle of super position

22

> _cnn nmwx
[ = 1002 < >
u(x, ; "sin 100
is also a solution of the same satisfying the same conditions. So,
nmx
pnsin (g5
Z sin 100
which is half-range Fourier sine series of the function u(x,0). It is given that
0<x<50
u(x,0) = {x, =*= . Therefore

100 —x, 50 <x <100

100
by — 100/‘ x(nmn(um)cu (neN)

= % {/Osoxsin(?go> dx+ 100(100 x) Sm(lOO) dx]

50 100
1 cos (42X cos (2Ax —cos (4% cos (2Ax
- o [x m£1oo)+/ ’575100) dx| +](100—x) mgwo) / 200) dx]
100 100 0 100 100 50
100
100 nmxy  sin (435) nmxy\  sin (22)
= — —100 ( ) _ 100
SOnm [5““<um>+ ar |+ | (e 100)cos {766 ) = .
2 sin (2¢ sin (&
= 2 socos (M) 4 22U | fsocos () 4 S UE)

2 1200 in (nﬂ) 400 sin (nTC)
- nm | nm 2 - n2r2 2
0, nmiseven

= 4N n=1,59,..., ie. n="4k+1
i n=23,7,11,..., i.e. n = 4k + 3.

ﬂ27

Therefore, the solution is

400 (=D)L 2n—1)ax\ -2l
)= 20 F U (o) 2

[]

Example 1.4.3 (The Interior Dirichlet problem for a circle). Solve VZu =0, 0 < r <
a, 0 < 6 <2, subject to the conditions u(a,0) = f(6), 0 < 6 <2m, where f is a continuous
function.

Solution. The Laplace equation in polar coordinate is

0u 10u 1 0%u

a7 T rar e =0 (139
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48 §1.4. Applications of Fourier series

Let u(r,0) = R(r)®(0). Then equation (1.30) reduces to

®d2R+®dR+Rd2® o
dr’  rdr r?do?

1 2d2R+ dR\  1d°0
R\" @ ""ar)” " @de?

Since left hand side is a function of r only and right hand side is a function of 6 only, both the
functions are constant, say k.

Case-I: k < 0. Let k = — A2 for some A > 0.

Then 5 )
»d“R dR 2 d-®
W-i— d—-i-l R=0 and d92

Let z=logri.e., r = % Then 1 + = e . Therefore

— 2@ =0. (1.31)

dR _dRdz _dR1_dR,
dr  dzdr dzr dz’

@’R_d (dR) _d (dR)dz
dr2  dr\dr) dz\dr)dr

-3z

Also

Thus, equation (1.31) becomes

d®  dR dR dR
el A R=0= —+A’R=0.
d2  dz + dz + dz? *

Therefore, R(z) = c¢jcos(Az) + cpsin(Az) i.e., R(r) = cjcos(Alogr) + cpsin(Alogr) and
O(0) = d e +dye P Therefore,

u(r,0) = (c1 cos(Alogr) +casin(Alogr))(die*® + dre™?).

The above function is continuous at origin, only when ¢; = ¢; = 0. But then « is zero function
and we end with trivial solution. Thus, k < 0 does not yield any non-trivial solution.

Case-II: k = 0. Then

d*R ~ dR d®
2
— =0 and =0.
a? e 70 e
’R
By the same procedure as above, we get i 0 and therefore R(z) = az+bie., R(r) =
z

alogr+b and ©(6) = ¢0 +d. Therefore,
u(r,0) = (alogr+b)(c6+d).
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Since u is continuous at origin, we must have @ = 0. Therefore u(r,0) = c6 +d. Now,

u(r,042m) = u(r,0)
=c(0+21)+d=c0+d
=c=0.

Therefore u(r,0) = d, i.e. u is a constant function.

Case-III: Let k > 0. Then k = A2 for some A > 0.

T'hen ) 5
d“R dR d-e®
2 2 2
- Z _)*R= i =0.
r ) +r - A 0 and 02 +1°0=0

Then by the same procedure as above, we get

dZ—R—QLZR—O:>R()— My cre M
a'ZZ = Z)=-cC1e cre .

Therefore R(r) = c1r* +cor~* and ©(0) = d; cos(A6) + da sin(A6). Therefore
u(r,0) = (c1r* +cor ) (dy cos(A8) + da sin(16)).
Since u is continuous at origin, we have ¢; = 0. Therefore
u(r,0) = r*(dy cos(A8) + da sin(16)).
Now,

u(r,0+2m) =u(r,0)
= djcos(A(0+2m)) +dpsin(A(0+21)) = djcos(A0) +d,sin(A0), VO
=2nr=2AntorA=n,neN
= u(r,0) =r"(c;cos(n@) + cysin(ndh)).

Hence, for eachn € N,
un(r,0) =r"(A, cos(nb)+ B, sin(nb))

is a solution of the Laplace equation V>u = 0, i.e. equation given by (1.30). Since the constant
function is also a solution (by Case-II) of the same, by principle of superposition,

Ao v :

7%— r"(A,cosnB + B, sinnb) (1.32)

n=1

u(r,0) =

is a solution of the Laplace equation. Since u(a,0) = f(0),

A (oo}
— 70 + Z a" (A, cosnb + B, sinn0b)
n=1

f(6)
which is Fourier series of the function f. Therefore

AOZ%/_Zf(Q)dQ
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50 §1.4. Applications of Fourier series

1 V3
A, = / £(6)cosnB d6, n>1

a'mw )

1 V3
B, — / £(6)sinnfdo, n>1.

a'mw

Substituting these values in equation (1.32), we have

1 [r o 7
u(r,0) = ﬁ/_ﬂf(r) 4w+ ¥ o

T
(/ f(t)(cosntcosnB +sinntsinnb) d’L’)
—T

1 T 0 " T
— ﬁ/_ﬂf(r) dt+ 2:: e /_ﬂf(tau)cos (n(’c— 9)) dt
o0 in(t—0) | ,—in(1—6)
ne +e
27:/ f(r)dt+— / (E’l ) 5 ) dt
1 [~ 0 o n
=5z i(t—6)\" z —i(t—0)\"
27:/_,rf(f)‘”+ / (n ) (e%) +n;<a) (e ) ) dt
1 T L_r; i (1=6) 5671‘(179)
- ﬁ/—ﬂf(r) dT+ / 1— 2 l(’L’—G) + 1— ge_l(r_e) dt (1 33)
Now,
¢ i(s=) rg-ile-0) r oi(t—0) (1 re_l(c—e)) +Lemi(1=0) (1 gel(r—e))
1 Let(f—e) + 1 re—z(r—e) 1— —e’(f 6) o i(r— )+ 2

ISRt

[ei(r—e) Iy poi(1=0) _ r}
1—22cos(T—86)+ —2
2% [cos T—0)— ]
2
1—22cos(t—0)+ 45

r
a

Substituting this simplification in equation (1.33), we get

1 /7 2L (cos(t—0) — 1)
u(r,8) = 271:/ f(T)<1+1 22cos(T—0)+ %) ‘

e a
2w J-n 1—22cos(t—6)+ ;2 '

Therefore

22
u(r,6) = 27 /_nf(f)az —2racos(T—0) +r2dr'

It is called the Poisson Integral Formula. O

Example 1.4.4 (Exterior Dirichlet problem for a circle). Solve VZu =0, r>a, 0< 6 <2,
subject to the conditions u(a,0) = f(6), 0 < 6 < 2x, where f is a continuous function, and
u is bounded as r — oo.
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Solution. The Laplace equation in polar coordinate is

%u 1du 1 d%u

a2t rar e =Y (1.34)

Let u(r,0) = R(r)®(60). Then the above equation will become

d*R N O dR N R d*0
dr’  rdr r?2do?
2d’R  rdR 1d*©
——t ot =0
R dr Rdr ©Odo

0 =06

Therefore % Z R4 I’efff é) g2 Since LHS is function of r only and RHS is a function

of 0 only, both the functions are constant, say A.

If A =0, then u(r,0) = (alogr+b)(c0 +d). Since u is 27 periodic in 0 variable, ¢ = 0.
Hence u(r,0) = Alogr+ B. Since u is bounded as r — o0, A = 0. Hence u is a constant
function.

Let A > 0. Then A = k% for some k > 0. Then
u(r,0) = (ar* +br %) (ccosk® + dsink®).

Since u is bounded as r — oo, @ = 0. Hence u(r,0) = r *(Acosk@ + bsink®). Since u is 27
periodic in the variable 6, we have k € N. Hence for each n € N, u,,(r,0) = r~"*(a, cosnb +
b, sinn@) is a solution of V2 = 0. A constant function is also a solution of the same. Hence by
the principle of super position

= —+ Z r~"(a,cosnB + b, sinno)

is a solution of the same. Since u(a,0) = f(0), we have
f(6)= 5 + Z a "(apcosnB + b, sinnb).

n=1

This is a Fourier series of f in [—, 7]. Therefore

a (T at [T
an = —/ f(t)cosntdt and b, = —/ f(t)sinntdr.
T J-n T J-n

Therefore
I /7 —

u(r,0) = 27[/ Z()cosn’c 0)|dr

By simplifying it we get
1 [r P —a?
0 dr.
u(r,6) = 27r/ f(T)r2—2racos(T—6)+a2 4

It is called the Poisson Integral Formula. [
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52 §1.4. Applications of Fourier series

9u N 9%u
dxr  dy?
a, 0 <y < b, subject to the conditions u(0,y) = u(a,y) = 0 for all y, u(x,b) = 0 for all x and
u(x,0) = f(x) for all x.

Example 1.4.5 (The Dirichlet problem for a rectangle). Solve =0,0<x<

d?°X _d*Y
Solution. Let u(x,y) = X (x)Y (y) be a solution of above equation. Then Y I +X p 0,
X Y
1.e.,
1d?X  1d%
= (1.35)

Xd2 Ydy
Since left hand side is a function of x only and right hand side is a function of y only, both the
functions have to be constant, say k.

Case I: Letk > 0, i.e., k = A? for sogne A>0. )

d-X ay
Then the above equations will become 2 A%X =0and 2 +A2Y = 0. Solving these two
X Y
equations, we have X (x) = ¢ cosh(Ax) + ¢y sinh(Ax) and Y(y) = d;cos(Ay) + dysin(Ay).
Hence
u(x,y) = (cy cosh(Ax) + ¢ sinh(Ax))(dj cos(Ay) +da sin(Ay)).

Since u(0,y) =0 forall y, c;(d; cos(Ay)+dasin(Ay)) =0forall y. If ¢; #0, thend; =dp, =0
as cos(Ay) and sin(Ay) are linearly independent. Thus ¢; = 0. This implies that

u(x,y) = sinh(Ax)(d; cos(Ay) +dsin(Ay)).

Now u(a,y) = 0 for all y gives sinh(Aa)(djcos(Ay) + dpsin(Ay)) = 0 for all y. Since
sinh(Aa) > 0 (as Aa > 0) and cos(Ay) and sin(Ay) are linearly independent, we get d| = d, =
0. Thus u = 0. Therefore this case is not possible.

CaseII: Let k = 0.
Then X (x) = cjx+ ¢y and Y (y) = dyy+ d5. Then
u(x,y) = (c1x+c2)(d1y+da).

Using u(0,y) = 0 for all y, we have ¢;(djy+d,) =0 forall y. If ¢; # 0, then d| =d, =0 as
the functions 1 and y are linearly independent. Thus ¢, = 0. Therefore

u(x,y) = x(diy+d).
As u(a,y) =0forall y, a(d,y+dp) = 0 for all y. Therefore d; = d, = 0 and hence u = 0. So,

this case is also not possible.

Case III: Let k < 0, i.e., k = —A? for some A > 0.
. d’x ., ay ., _
Solving 2 +A°X =0 and e A“Y =0 we have X (x) = c¢jcos(Ax) + ¢ sin(Ax) and
X y
Y (y) = dj cosh(Ay) +d, sinh(Ay). Therefore
u(x,y) = (c1cos(Ax) +cosin(Ax))(dy cosh(Ay) + dp sinh(Ay)).
Since u(0,y) = 0 for all y,

c1(dj cosh(Ay) 4+ d, sinh(Ay)) =0 for all y.
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Therefore, we get ¢; = 0. Hence
u(x,y) = sin(Ax)(d; cosh(Ady) +d, sinh(1y)).
Now u(a,y) = 0 for all y gives
sin(Aa)(d) cosh(Ay) +dpsinh(Ay)) =0 forall y.

If sin(Aa) # 0, then d; = d, = 0 which will imply that u = 0. Since we want non-trivial
solution, sin(Aa) = 0. Since A >0, A = ﬂ, n € N. Therefore
a

u(x,y) = sin (Zﬂ) <d1 sh( . )—I—dz 1nh( ay>)'

Now since u(x,b) = 0 for all x,

b b
sin <n7r ) (d1 cosh( ne >+dzsinh (ﬂ>) =0 forall x.
a a a

There is x such that sin (”aﬂ) # 0. Therefore

b b
di cosh <ﬂ) +dssinh <ﬂ) —0=dy = —dj—— 4L
a a sinh (222)

Substituting this value in the solution, we get
cosh
u(x,y) = dsin (@) cosh ("”y) (4 ab) i (nny>
a a sinh (222) a

Smhz 3 sin (”Zx) {cosh (”aﬂ> sinh (?) ~ cosh (?) sink ("Zyﬂ
= d% sinh (M) .

sinh ( b a

=d

§n|=!

Thus foreachn € N,

n(,3) = dL)) sinh (M)

sinh ("”b a

is a solution of the Laplace equation satisfying conditions u(0,y) = u(a,y) = 0 for all y and
u(x,b) = 0 for all x. Therefore by principle of superposition,

u(x,y) = i (X, y)

is also a solution of the Laplace equation satisfying the same conditions. Since u(x,0) = f(x)
for all x,
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54 §1.4. Applications of Fourier series

This is the half range Fourier sine series of f with x in the interval (0,a). Therefore

2[4 . (NTX
dn:—/o f(x)sm(i)

a a
1.e.,
oo sin (u (( —y)nn:)
u(x,y)=1Yy d 4~ sinh
0= B )
) ) ) . 2[4 . [(NTX
is the solution of the given Laplace equation, where d,, = — / f(x)sin (—) ]
alo a

Example 1.4.6 (The Neumann problem for a rectangle). Solve g—i'z‘ + g—i’z‘ =0,0<x<
a, 0 <y < b, subject to the conditions u,(0,y) = ux(a,y) =0, u,(x,0) = 0 and u,(x,b) = f(x).

Example 1.4.7. A thin annulus occupies the region 0 < a <r < b, 0 < 0 <2x. The faces
are insulated. Along the inner edge the temperature is maintained at 0°, while along the outer
edge the temperature is held at K cos(%), where K is constant. Determine the temperature
distribution in the annulus.

Here we have to solve the Laplace equation g—jg‘ + %% + r—lza—f;; =0,a<r<b,0ecR
subject to conditions u(r,0) = u(r,0 4+ 2x) for all 6, u(a,0) =0 and u(b,0) = Kcos(%) for

all 6.

Remark 1.4.8. 1. (Riemann Lebesgue Lemma) Let f € L![—x, 7].
(a) Let “70 + Y, jancosnx+Y >, b,sinnx be the Fourier series of f. Then a, — 0
and b,, — 0 as n — oo.
(b) Let ¥,,c7 cne™ be the Fourier series of f, then ¢, — 0 as |n| — oo.
2. (a) Let (ag,ay,...) and (by,by,...) be two complex sequences such that both (a,) and
(b,) tends to 0 as n — . Then there may not exist f € L'[—7, 7] such that the
Fourier coefficients of f are a,,’s and b,’s.
(b) Let (c,) be a complex sequence such that ¢, — 0 as n — oo. Then there may not
exist f € L'[—x, ] whose fourier coefficients are c,,'s.
3. (Identity Theorem) Let f,g € L'[—x, x]. If f and g have the same Fourier series, then
f=gae. on[—m, 7.
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CHAPTER

FOURIER TRANSFORM

2.1 Fourier Transform

2.1.1 Definition and Examples

Let L'(R) = {f: R — C: f is measurable, [ |f| dm < o}, where the integral in the set is
the Lebesgue integral.

Definition 2.1.1. Let f € L'(R). Then the Fourier transform F[f] of f is defined as

F[f][s] = e ™ dx (seR). (2.1)

7 e

If f € L'Y(R), then |[*, f(x) ’Sxdx’ < [ |f(x)|dx < eo. Thus F[f](s) is a complex
number for every s € Rand hence F[f] is a function from R to C.

Example 2.1.2. Let a > 0. Compute the Fourier transform of f' = ¥, 4, i.e.

f<x>:{1’ asrsa

0, otherwise

Solution. Here f(x) = 1if |x| <aand f(x) = 0 if |x| > a. The function f is an even function.
Let s € R and s # 0. Then

715‘)6 dx

AR
Y

g

—1S

ﬁ\ ﬁ\ ﬁ\

55
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— 1 [e—ias _ eias] — % sinsa
—is\V/2m T s
For s =0,
1 2
Flfl(s) = 1 dx = \/ja.
N6 == -
Therefore

2 sin(sa) 0
P = | VESS 57

\/%,a s=0

Example 2.1.3. Find the Fourier transform of f(x) = e/, where a > 0.

Solution. Here f is an even function. Let 0 # s € R. Then

P == [ feax

_ 1 © )
e “xcossxd)H——/ e ginsx dx

:%z—n/m NeT:

\/7/ COS sx dx
oo

:\/;[m( acos(sx)+ss1n(b8))]0

We know that if a,b € R, then |acosx + bsinx| < va?+b? for every x € R. Therefore
e*ﬂX ax

S (—acos(sx) —|—ssin(bs))‘ < FaVsitar= ‘z;faz < €. Since limywe ™ =0, it

follows that Si:::z (—acos(sx) + ssin(bs)) — 0 as x — oo. Hence, we have

2
FIf](s) = \f%sz;ﬁ VseR.

a—x, |x|<a

)

Example 2.1.4. Let a > 0. Compute the Fourier transform of f(x) = L
0, otherwise

Solution. Given function is an even function. Let s # 0. Then

\/7 / a® — x*) cos(sx)dx
r a
sinsx  ,sinsx s1n X
= \/j 2 X +2 dx
Tl s s 0

psinsx  psinsx o cossy sinsx “
a —x — 5
0

$3

\/7
E_ s s s
\/5
P s s T $3

[, sinsa sinsa cossa sinsa
a? —d? 2 +2 }
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For s = 0, we have
1 e 2 »1¢ 2243
FIA0) = 2_2d:\ﬁz__:__.
1) \/27:/61(“ x) dx n{“ 3], V73

Flf)(s) = 22 (Fsepssa y ) 520

2 /2,3 —0
3\/;1’ s=0

Example 2.1.5. Evaluate / e dx.

—o00

Thus,

(o]

Solution. We have /

—o00

e_x2 dx = 2/ e_x2 dx. Letl = / e_xzdx. Then
0 0
2

12:</0°°e_x2dx> :</Owe_x2dx> (/ eV dy> / / ~(0%) dxdy.

Take x = rcos 0 and y = rsin 6. Then dxdy = ggfg; drd@ =rdrd@. Sincex>0andy >0

(as the integral are from 0 to ), we have » > 0 and 6 will vary from O to % Hence the above
equation will be

12:/ /ze_rzrdrd9= /de /re_rzdr :E/ re_rzdr.
o Jo 0 0 2 Jo

Take * = u. Then 2r dr = du = rdr = %”. Since in the above integral r goes from 0 to oo, u

also ranges from 0 to o. Thus
e T
2 / —e u]o = Z
NG

This gives I = 5 and hence / ! dx = V7. O

—o0

—ax

Example 2.1.6. If a > 0, then compute the Fourier transform of the function f(x) = e

Solution. The function f is even. Let s # 0. Then

)efisx dx

FIAO) == st

—a? —a .
" cossx dx (e sinsx is odd)

1 lo%)
= — e
V2T /oo
Vil e
=1/ — e cossx dx
TJo
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58 §2.1. Fourier Transform
Take I(s \/7 / —ax? cossxdx. Then

For [ xe— @ dx, take
x2=t. Thenxdx= 4.

2
2 [ 2 . Therefore
= \/i/ e " (—sinsx)x dx
TJo / xe ™ dx

ds
2 [ 2.
= — \/j/ e~ xsinsx dx g dt
T Jo = /6’ ?

o)

2 ‘ B B 1 —at
= - \/j {smsx/xe ax? dx—/ (scossx/xe ax? dx) dx] =2
i 0 2 -a

_ _\/Z _sinsxe_axz+ SCOSSX g2 * =5
/4 2a 2a 0
2 oo
= — %\/; A e~ cossx dx = —%I.
Therefore 5
s dl s s
—=——I= —=——ds=logl =——+logc.
ds 2a 1 2a ST 08 4a loge
Therefore
2
) =ce “5,
For [ e dx,
Now, ¢ =1(0 f/ ’“"d _\/>\/7 take \/ax = . Then
o 2 dt _ 1 ¢
0 Vva 2 a’
2
Hence, I(s) = ——e* f4a je.
(s) = /_Za
FIAW) = F [ ] (9 = e %
s)=F|e §) = ——=e 4a
V2a
[
4 )
Corollary 2.1.7. Taking a = 2 in the above example, we get
X2 S2
Fle Z](s)=e 2.

S}

Thus, example of a function whose Fourier transform is itself is f(x) = e 7, ie F [f] = f.

< /

2.1.2 Properties of Fourier Transform

Leta € Rand f € L' (R). Define

Tof(x) = f(x—a).
Leta > 0and f € L'(R). Define

M, f(x) = f(ax).

The following are some of the properties satisfied by Fourier Transform.
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59

[ 1. The Fourier transform is a linear map, i.e.,

Flaf+Bgl = aF[f]+BFlg], VfgeL'(R),VapeC.

Proof. For all s € R, we have

Flaf+Bgl(s) = %_ | (@r+Be)eiax

. 1 oo .
— lsxdx + / X e*lsxdx
/ =B [ s

= aF[ (s) +I3F[]()
= (aF[f]+BF[g])(s).

Therefore Flo.f + Bg] = aF|[f]+ BF|g], i.e., Fourier transform is a linear map.

2. Letac Rand f € L'(R). Then

FILA = e ™Fls), seR
FM.f] = ML), (a>0)

Proof. Forall s € R,

FIT.fl(s) = \/Lz_n | npe s

= _—127r /_Zf(x—a)eisxdx
= %/ f()e ™+ gy (Takingx—a =1)

—lsa

—lstdt

m/ F)
— e Ef().

Therefore F [T, f](s) = e ““F[f](s).
Also, for s € R,

\/Lz_n /_ ZM F(x)e ™ dx
_ V%_n /_ i Flax)e ™ dx
_ é% /_ i F(t)e 5'dr (Taking ax = 1)
- L)
= LML),
Therefore F[M,f] =1 M M1 F(f].
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60 §2.1. Fourier Transform

3. If X"f(x) € L' (R), then

, d"
PR F@(s) = S FIAG).
Proof. Here,
d P R S
L = [f / F()e d}
= / nxe Y x
— ( ) / isxdx
—\/_
= (=0)"F[f(x)x"](s)-
Therefore d” .
PRl = aFe (=),
[]
Example 2.1.8. Compute the Fourier transform of xle @
Solution. By Property 3 above, we have
2
2 2 o 2 d a2
Flx“e “](s) =1 WF [e “x](s)
d? [ 1 2
2 i ad
=i"— |—e % (by Example 2.1.6)
ds* | \/2a ]
_ () 1 d | _2-2s
V2ads 4a
1 52 2 =25
= e 4(l)+se 4
o U
1 52 S2 52
— ¢ da — —¢ da
2a\/2a [ 2a }
e_% s2 e %

- 2a\/2a 442 2a

3. If f is n-times differentiable function and f") (x) — O as [x| = cofor r=0,1,...,n—1,
then

F[f™)(s) = (is)"F[£1(s)-

Proof. Here
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[}

_ \/% |:eisxf(n1)(x)_+_/f(n1)(x)iseisxdx
Y/

= ls\/12_7r _if(n—l)(x)e—isx dx

= isF[f"~V](s)

—o0

Repeating this process n-times, we get the required result. Hence,

FIf™](s) = (is)"F[f](s)-

o

X

Example 2.1.9. Compute the Fourier transform of xe™ 7.

2

Solution. By Example 2.1.6, we know that F’ [e_)ﬂ (5) = V2e s (taking a = }1). Also, if

.Xz X2
f(x) =e~7, then f'(x) = —Fe~ 7. Since f(x) — 0 as |x| — oo, by Property 3 above and
linearity of Fourier transform, we have F[f’(x)](s) = (is)F[f](s), i.e.

2

F[xe*)ﬂ (s) = —ZF[

2.2 Fourier Integral Representation

2.2.1 Inverse Fourier Transform

Definition 2.2.1 (Inverse Fourier Transform). Let f € L!(R). Then the inverse Fourier
transform of f, F~1[f], is

FAR) = — [ fts)eas

Given f € L'(R), we can find its Fourier transform. If we are given a function g, does
there exists a function f whose Fourier transform is g? The following theorem answers this
question.

4 )

Theorem 2.2.2 (Fourier Inversion Theorem). Let f € L'(R), and let the Fourier transform
F[f] of f be in L'(R). Then

f(x) / ’Sxds a.e. on R. 2.2)
. v2n J
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62 §2.2. Fourier Integral Representation

It follows from the Fourier inversion theorem that if f € L'(R) and if F[f] € L'(R), then
f(x) = F7'[F[f]] (x), a.e. on R. Therefore,

fx)=F'Ff]l(x) aex (x€R)

1 .
= E/@F[f](s)el” ds
1 1 o . .
= T (E/ ft)e ™ dt) e ds
27r/ f()e ™ dsdt ae.x (x€R).

Therefore,

%/w f@)e ™ dsdr ae.x (xeR)|

flx) =

The above equation is called Fourier integral representation of f.

4 )
Theorem 2.2.3 (Fourier Integral Theorem). Let f : R — C be a map. If f € L'(R) and if
satisfies the Dirichlet conditions on every compact interval of R, then

L[ 7 g = L)

- /

4 )
Definition 2.2.4. Let f € L'[0,00). Then the Fourier cosine transform F[f] of f is defined

as
Ffl[s \/7 / F(x)cossxdx (s €R). 2.3)
- /
4 )
Definition 2.2.5. Let f € L'[0,00). Then the Fourier sine transform Fy[f] of f is defined as
2 [ .
F[f]ls] = \ﬁ / f()sinsxdx (s €R). 2.4)
N /o J

Remark 2.2.6. We have the following observations:

1. If f is an even integrable function, then F[f] = F,[f].
2. If f is an odd integrable function, then F[f] = —iF[f].

Ex) Prove the following properties of Fourier transform:
1. F[f(x)cosax](s) = % [F[f](s+a) + F[f](s —a)].

F[X f(0)di] (s) = —i"6),
Elaf+Bg] = aki[f]+BFilg].
[M.f] = GE[M: f).

F;
FoMaf] = LE(M, £).
Rl (x)sinax](s) = 3 [FL)(s — a) — Felf)(s + a)l

.O\.U‘:';P’!\’
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7. Flf(x)sinax|(s) = LIELf)(s +a) — Flf](s - a).
8. Fy[f(x)cosar](s) = 1 [Fy[/](s +a) + ELf)(s +a).

Example 2.2.7. Compute the Fourier transform of e M.

Solution. Since the given function is even, its Fourier transform is same as its Fourier cosine
transform. Therefore

Ff]l(s) = [/ x) cossx dx
\/7/ ““cossx dx

= \/i[ 2( cossx+ss1nsx)]x>

T |l+s 0

()

PO = R0 = o2

e, x>0
—e*, x< 0

Hence,

Example 2.2.8. Compute the Fourier transform of f(x) = {

Solution. Since the given function is odd, its Fourier transform is related to its Fourier sine
transform and given by F|[f](s) = —iF;[f]. Therefore

FIf](s) = ~iFy[f)(s) \f [ r@psinscds
= —iy)2 [ ssinsvas
o[
- \f{ ( )]:1:;\/%

FIAS) = <A =~ 2.

Remark 2.2.9. Note that in computation of the Fourier sine transform, one can take any half
interval i.e. either [0, ) or (—eo,0]. For instance, in the above example we have

FIf](s) = —iFy[f \[/ F(x) sinsx dx
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64 §2.2. Fourier Integral Representation

\/7/ —e*sinsx dx
= l\/7 (sinsx — scossx)
1+ 52 "
\/E 1 (—s) —is 2
=4/ — | —(— = 4/ —.
T |1+s2 1+s2Vxm

Example 2.2.10. Let f € L'(0,00) be twice differentiable. If f")(x) — 0 asx — oo, r =0, 1,
then

L ELFO)(s) = 51/ 2£(0) ~ F[f)(s) and
2. E[fO)(s) = /271 (0) - LELF)(5).

Solution. 1. By the definition of the Fourier sine transform of f,
FlfP)s) = \/>/ @) (x) sin sxdx
= \/> < [f ) sin sx / f X)scos sxdx>
= \/> / f ) cos sxdx
= \/> ( ) cos x| +/ x)ssin sxdx>
T

= s/ 21(0) = 2EL](s).

T

2. By the definition of the Fourier cosine transform of f,

F[fP)(s) = \f / £ (x) cos sxdx
- \/;([ﬂ Cossx /f ssmsxdx)

_ \/z(f(l)(())_{_s/ooof(])(x)sin‘sxdx)

_ 72r <f(1)(0) +s[f(x) sinsx]|g —s'/owf(x)scossxdx)
— if(l)(o) — s*F.[f](s).

Examples 2.2.11. Let a > 0. Show that
L FleM)(s) = Ele](s) = /2 .
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2. Fleo(s) = /2 2.

4 . | )
Definition 2.2.12. Let /& L' (0, c0).
1. The inverse Fourier cosine transform, F, : [f], is defined as
\/7 / ) cos sxdx.
0
2. The inverse Fourier sine transform, F;l [f], is defined as
2 [
=4/ — () sinsxdx.
\/; Jy f(s)
N\ J

If £ € L'(0,0), then it follows by Fourier cosine integral representation and Fourier sine
integral representation of f that

fx) =F ' [F[f]) (x) and f(x) = F; ' [F[f] (x), ae.

2.2.2 Fourier Cosine and Fourier Sine Integral Representation

Let f € L'(R) be an even function such that F[f] € L'(R). Then by the Fourier integral
representation of f, we have

7lsl x d dt
27:// ’

27:/ / )[cos(s(r —x)) —isin(s(r —x))] ds dt

271_/ / )cos(s dsdt—z—/ / f(t)sin(s(t —x)) ds dt.
Now,
%/Z/Zf(r)cos(s(t—x))dsdt

= ([ syt ar)eosswy s+ L [ ([ popsinonr)a sngo

Since sinst is an odd function of 7 and f is an even function of 7, we have / f(t)sinst dt =0

and hence the second term in the above equation is zero. Therefore

% /_ ) /_ () cos(s(t —x)) ds di
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66 §2.2. Fourier Integral Representation

%/‘” (/oo f(t)cos(st) dt) cos(sx) ds
% ) ( oof(t) cos(st) dt> cos(sx)ds (" f(¢)cosst is an even function of )

—00

2 =]
= / f(t)cos(st)cos(sx) ds dt (*." cos st cos sx is an even function of s)
0o Jo

Now,

[ [ stysintsa - dsa

_ / ( / £)sin(st) dt) cos(sx) ds - | ) ( / w)cos(st) dt) sin(sx) ds

Since f(¢) sinst is an odd function of ¢, the first term in the above equation is zero. Also, since

f(t)cosst dt is an even function of s and sinsx is an odd function of s, the second integral

—o0

in the above equation is zero. Therefore,

flx)= %/OOO /Ooof(t)cos(st)cos(sx) dsdt ae.onR| (2.5)

Equation (2.5) is called the Fourier cosine integral representation of f.
Similarly, if f € L'(R) is an odd function and if F[f] € L' (R), then

/ / )sin(st)sin(sx) dsdt  a.e. on R|. (2.6)

Equation (2.6) is called the Fourier sine integral representation of f.

If f € L'(0, ), then it follows by Fourier cosine integral representation and Fourier sine
integral representation of f that

= \/%/()ch[f](s)cossxds: \/g/owFs[f](s) sinsx ds, a.e|.

Example 2.2.13. Obtain the Fourier transform and the Fourier integral representation of

A
f = X;-1,1]- Hence evaluate the integrals / —smxcos( *) dx and / sin.x dx.
0 X

1, xel-1,1]

. ThenforseR,s#0
0, otherwise

Solution. Here f = x_j 1}, i.e. f(x) = {

x)e ¥ dx

P = —= [ 11

e—lSX dx

=L

1 e—le 1
B V21 { —Iis ] —1
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_1 o D si
= vl el= ESlsﬁ’ s70

F[£](0 / 1dx—\/:

Since f is an even function, the Fourier integral representation of f is the Fourier cosine
integral representation of f. Hence for a.e. x

For s =0,

= %/Ooo /Ooof(t)cos(st)cos(sx) ds dt

2 (e8] 1
= —/ cos(sx) (/ cos(st) dt) ds
T Jo 0
5 e [ 1
= —/ [smst} cossxds
T Jo S 0

2 [°sinscossx
:—/ ——ds ae.onR.

By the Fourier integral theorem, we have

%/” sinscos sx ds:f(xJ“)—;f(x_)‘

The function f is discontinuous at +1 only and the average of left and right limit of f at these
points is 2 Hence,

2/°°sinscossxd {f(x), x#+1
- s =
0

/4 s %, x==1
, (1, xe(-1,1)
.2 [=sinscossx |
ie. — —ds= (5, x==I
mt Jo s 2’ .
0, otherwise
(2 Al <1
~ [=sinxcosAx 2’ 4]
../0 — =1 A =1
(0, [A]>1.
/4
In particular, taking x = 0, we get / wdx— > [
0 X

Example 2. 2 14. Compute the Fourier sine transform of f(x) = e P x> 0. Also show that

T o_ * xsinux
5¢ Pu — ) Blix > 5 dx (u>0).

Solution. Fourier sine transform of f is given by

F[f](s \/7/ ) sinsx dx
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= \/Z/we_ﬁxsinsxdx
TJo

_\/5

“Vz|e5p

_\F ;

Vs B2

Since f is continuous, it follows by Fourier integral theorem that, for x > 0

2 [ [e%]
_Z / / F(¢)sinst sinsx ds di
TtJo Jo
LT —Bx __ * * —Bt .
.—e = e P'sinst dt ) sinsx ds
2 0 0

[e)

(—pB sinsx — scos sx)]
0

e Bx ) = .
_/ 21 p? (—Psinsx —scossx)| sinsxds
0
* ssinsx
——= ds.
0 B%+s2
Therefore '
® X sInux T
2 Ay = ﬁu
/0 B2+ x? TTaf

O]
Example 2.2.15. Find the Fourier transform of f(x) = x_; 1)(1 —x?) and hence evaluate the

* XCosx — sinx
1ntegral ————Cos ( ) dx.
x3 2

Solution. Since f is continuous, by Fourier integral theorem, the Fourier integral represen-
tation of f is f. Since f is an even function, the Fourier integral representation of f is the
Fourier cosine integral representation of f. Therefore

2 (o) o0
:_/ / f(t)cosstcossx ds dt

- _/ (/ l—t Cos st dt) cossx ds
) . 1
t 1 — 1 — t
:_/ {[sms] [tzsms iy C(;ss Lo sgm} }cossxds
s s s 0
_ _/ {sms B [sms +2coss _2sir;s] }cossxds
T Jo s s s s
4 [ [(sins— scoOSs
— __/ — s cossx ds.
7 Jo s
3 1 4 [ ssins — sins s
T ) =2 BMETIRS (2 s
1 f(2> ) = c0s<2> s

/‘x’xcosx—sinx (x) d 37
———cos| = = ——.
0 2 2) T 16

Now,

Hence,

]
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2.3 Parseval’s identity

4 )
Theorem 2.3.1 (Parseval’s Identity for Fourier transform). Let f,g € L'(R)NL*(R), and
let F[f],F[g] € L'(R)NL*(R). Then

| _r@stds= [ FIA@FEIE

N\ — Y,

Proof. We see that

/:OF[f](x)mdx: /:F[f](x) L/:og(s)e_is%)dx

27
— [ r1A0 (g [ s
_ /_Zm (LG /_ZF[f] (x)eisxdx) ds
= [ sOir)as (£ = F [FIA] )
This proves the result.
e )

Corollary 2.3.2. If f € L'(R)NL*(R) and F[f] € L'(R) N L*(R), then

" r@idx= [ IFIAE)Pdx.
L /. /.

4 )
Theorem 2.3.3 (Parseval’s Identity). Let f,g € L'(0,00) NL%(0,0), and let F.[f], Fs[f],
F.|g], F[g] be in L'(0,00) NL*(0,0). Then

_/

| rw0s ar= [ RAWEEIR) dr= [ FlA@EEIE) dr

G /

Proof. Let f,g € L?>(0,%). Extend f and g as even functions on R. Then by the Parseval’s
identity

/f _/ F[f](s)F[g](s)ds.

But F[f](s) = F.[f](s) and F[g](s) = F¢[g](s). Since left hand side of the above equation
is an even function and both F,[f] and F.[g] are even functions s, we have

[ rwelar= [ Flo RIS
Now, extend f and g as odd functions on R. Then by the Parseval’s identity

| f@)g0dx = [ FIAFEIE)ds
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70 §2.3. Parseval’s identity

But F[f](s) = —iF;[f](s) and F[g](s) = —iFs[g|(s). Since left hand side of the above
equation is an even function and both F.[f] and F.[g] are odd functions s, we have

[ @t = [ iRl REE)ds
J0O . OM
)
JO

J

Fylg](s)ds.
O

X2

Example 2.3.4. Evaluate /o 2+ )@ 1) dx,a,b>0

Solution. Let f(x) =e~*, x > 0and g(x) = e ?, x > 0. Then

) 7 B 2 s
R R e CRRTEe et

By using Parseval’s identity, we have

i 2 [ s Ky
ax —bx
dx = ds.
/o ¢ = /o 2+a?s2+1?

Therefore
/Oo S2 / —(a+b)x
0 (s2+az)(s2+b2 T2
(a+b) 717 1
5 —(a+b) . T 2a+b
o 2

X T

H , dx=——. ]
ence | (a2 +b?) T 2(a+tb)
* dx

Example 2.3.5. Evaluate /o T D) 25 a,b>0

Solution. Let f(x) =e™*, x > 0and g(x) = e~?, x > 0. Then

Rle 1) =\ 2t wnd Rl 0=y 2

By using Parseval’s identity, we have

*© 2 [~ a b
—ax, —bx
dx = ds.
/0 ¢ = /o 2 +a’ s>+ b2

Therefore
oo 1 —(a+b)x
d
/0 (s2+a2)(s* + b2 ~ 2ab / *
e—(a+b) T 1
2ab —(a+b) - 2ab (a+b)
= 1 T
H dx = ——. ]
enee, /0 2+a) (2162 T 2abla+tb)
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Example 2.3.6. Evaluate /_ _ %dﬁ where a,b > 0.
1 <
Solution. Let f = X[_qq, i€ f(x)=1 ’ x| <a and g(x) = eI, x> 0. Then
’ 0, |x|>a
2 sinas 2 b
Fc[f](s): E s and FC[g](S):\/;s2+b2
By Parseval’s identity
a 2b sinas
1 —b|x| dx =
0 T oos(s2+b2)
2b sinas
=2 eax=" S—a
/ = —oo (82 + bz)
*  sinas —bx
= ————¢ d
/—oo s(s2+ b2 ) / *
T —ba
== — 1).
b[-b]o e e
*  sinat T b
Hence, [wmdt bZ(I_e a), ]
Example 2.3.7. Evaluate /0 %dl, a,b>0.
Solution. Same as above. Answer is %(1 —e b, O
= /sinat\>
Example 2.3.8. Evaluate / ( t ) dt,a> 0.
2 sinas

Solution. Let f(x) = X-adl (x). Then F[f](s) = P

= 3/“’ (Sin‘“)zds
—a TJ) o S
© /sinas\ > b
:>/oo< g ) dszz[x]ia:aﬂ.
© sinat >
Hence,/ ( ; )dt:aﬂ. ]

. 2
e 1
Example 2.3.9. Evaluate / <sn;a ) dt,a > 0.
0

. Using Parseval’s identity, we get

Solution. Same as above. Answer is %&£ OJ

Example 2.3.10. Evaluate /

(ﬂ) dt and/ s1nt
0 t
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Solution. Same as above. Answer is 7 for both the integrals. [

Ex
1. Find the Fourier transform of the following functions.

(@ f(x)= {x, x| <a where a > 0.

0, [x[>a,
¥, x| <a

b) flx)= where a > 0.
O’ |X’ > a?

— <
©) flx)= a=ll, hl<a where a > 0.
0, |x| > a,

2. Find the Fourier sine transform of the following functions.
(a) f(x) = 1:)62'
(b) f(x) =e"*, wherea > 0.

X 0<x<1
(©) flx)=192—x, 1<x<2
0, x> 2.

(d) f(x) = X[0,q» where a > 0.
e fx)= e— , where a > 0.
M flo="1.

sinx, 0<x<a

X)) =
& S0 0, x>a
3. Find the Fourier cosine transform of the following functions.
(a) f(x)=e *, wherea > 0.

) f(x)= Oa] where a > 0.
(C) f() 1+x2

X, 0§x§%
d f(x)=41-x 4<x<1
0, x> 1.

cosx, O0<x<a
e) f(x)=
© fx) 0, X >a.

4. Find the Fourier cosine integral representation and the Fourier sine integral repre-
sentation of f(x) = e B*. Hence evaluate

(@) Jy e du (b) Jy7 st

5. Let f = Xjo,n- Then find the Fourier sine integral representation of f. Hence
evaluate [§° 1= gin A xdA.
6. Find the Fourier integral representation of f(x) = X[_4.q)(x)(a —|x]), where a > 0.

Hence evaluate f;° (S2) 2dr.

1 0<s<xl1
7. Find fif [ f(x)sinsxdx =42 1<s<2.
0 s>2
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2.4 Convolution Product

Let f(x) = x(o’l)(x)\/%»c, x € R. Then f € L'(R). But f?(x) = 1(071)()6))—16 is not in L!'(R).
Hence the product of two L!-functions may not be L! (R). The following operation (called

convolution) on L' (R) makes L' (R) an algebra. With this convolution product L' (R) is a
commutative algebra (in fact commutative Banach algebra).

Definition 2.4.1. Let f,g € L' (R). Then the convolution product * of f and g is defined as

(f*g)(x) = \/% /if(y)g(x—y) dy (x€R). (2.7)

We first note that f x g € L' (R), this will follow by Fubini-Tonelli theorem.

Example 2.4.2. If f,g € L'(R), then f g € L'(R).

Solution. Since f,g € L'(R),
[ If@ldr<e and [ Jg(o)]dr <o
We have to prove that /_ Z (f %£)(x)| dx < oo.
[iawlas = 7| [ oy ax
< o= [ [ ol dsay
= = ol ([ et vlax ) oy
= = ol ([ letnar) a

= = ([eonar) ([T o) <o

Hence f*g € L'(R). O

Ex) Letf,g,he L'(R). Then show that the convolution product satisfies following properties:

(a) f*g=gxf,i.e. convolution product is commutative.
(b) (f*g)xh= fx(gxh),ie. convolution is associative.
(c) fx(g+h)=(f=xg)+ (f=*h),ie. convolution is distributive over addition.

Theorem 2.4.3 (Convolution Theorem). Let f,g € L' (R). Then

F[fx=g]=F[f|F[g]. (2.8)
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Proof. Lets € R. Then
FIfsgle) = —= [ (frg)we ™ dx
= (o [ sty ) e ax

_ L jo f(y) L jo g(x—y)e B0V gx ) ey
27 ) oo V21 J e
= —— [ r0Fle Py

2T J—eo
= F6 = [ o)y

Hence, F[f xg] = F[f]F[g].
In the proof we used Fubini—Tonelli theorem (where?). O

Example 2.4.4. Find 7 if / f(t)e " ldr = ¢(x).

Solution. Let g(x) = e, Then F[g](s) = \/Elﬂz Now
1 =]
— gy =
T 0= )

ie. (fxg)(x) = \/sznq)(x). Let F[¢] be the Fourier transform of ¢. Applying the Fourier

transform on both the sides of the above equation and applying the convolution theorem, we
get

1
EF[‘P](S)

te. PLAIFLel(s) = —=Flo)()

ie. F[f](s)\/gﬁ = V%FW(S)

Flfxg](s) =

Therefore,

Flf](s) = = (1+s*)F[9](s)
[F[9](s)+5°F[9](s)]
5 [FI91(s) — (is)*F[9](s)]

= 5 [FI9)(s) ~ F1o"](s)] (- FIF™)(s) = (1) FL1(5))
Applying the inverse transform on both sides, we get

£ = 5009~ 9"(2).

I»—‘I\JIHI\JIH

]
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Example 2.4.5. Let f € L' (R) be even. Then F[f] = F~![f] = F.[f].

Solution. Lets € R. Then

— 1 « isx
FA6) = | e ax

= %/w f(x)cossxdx+i\/12_/m f(x)sinsx dx
V271 J e T

= %/w f(x)cossx dx (.- fis even)
\ 2T J —o

= \/%/wa(x) cossx dx (which is F¢[f])

1 ~ —isx
= \/T_n_/oof(x)e dx
= F[f](s).

Example 2.4.6. Let f : R — R be defined by f(x) = —5. Then evaluate f * f.

T 14x2°

Solution. Let g(x) = e, Then F[g](s) = \/% 1j+s2 = \/% f(s). Since g is an even function,

F[g] = F~'[g]. Therefore
Fl[g]=Flg]= \/gf-

So, F[f] = \/gg. Then by Convolution theorem,

FIf =)= FIfIFLf = 56"

Applying inverse Fourier transform, we get

(Fene) = o= [ Fe e as

T [~

= —/ e “*cossxds
2 Jo
T | e

o)

2
2s
— \/;{4+x2(—2005sx+xsinsx) .
B \/E 2 V2=m
V2 4+x2 244

Example 2.4.7. Find f if [;” f(s) cossxds = ™, where a > 0.

2 [ 2 i
- (s Ssxds = T
\/;‘ ; f(s)cossxds \/;c

Applying the inverse Fourier cosine transform, we get
. 2 [~ /2 . 2 a 2a
f (X) — \/>/ ,\/>€ as COSSde = —— 5 = 5 5
TJo T Ta*+x>  w(a*+x?)
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2.5 Applications of Fourier Transform

Example 2.5.1. Solve y/ —y = ¢, where a > 0, o # 1, subject to the conditions
y(x),y (x) = 0 as |x| — oo.

Solution. LetY be the Fourier transform of y. Applying the Fourier transform to the equation

y' —y=e % we get

FIY'](s) = FIyl(s) = F [e=M] (s).

Now, F[y"](s) = (is)?F[y](s) = —s*[y](s). Therefore,

2 o
2
)G Y e
s \/;(X2+s2
v \/3 1« _\F o 1 1
N Tl+s202+s2 Vamoa2—1|a2+s2 1+s2|°

Applying the inverse Fourier transform, we get

“_f{w {ﬁ]—“{ )

Therefore

]

( )
Definition 2.5.2. Let u(x,7) be a complex valued function of two variables. Then the
Fourier transform of u(x,t) in the first variable, i.e. with respect to x is defined as

Fu](s) e S¥dx.

=\/% /Zu(xt

The Fourier sine transform of u(x,t) with respect to variable x is defined as

2 (=]
= \/i/ u(x,1)sinsxdx.
TJo

The Fourier cosine transform of u(x,t) with respect to variable x is defined as

\/7 / x t cossxdx
\ /)

Example 2.5.3. Let u(x,7) be a function of two variables and let u(x,¢) and u,(x,) both tend
to 0 as |x| — oo for all 7. Then F[uy](s) = —s*F[u](s) = i*s*F[u](s).
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Solution. Here,

Fluy|(s) = / Ury(X,1)e ISt g

_ \/E [ux(x e ”x—Hs/e is ux(x,t)} B
I
|

wy(x,1)e % 4 isu(x,t)e ™ — sz/eisxu(x,t) dx]

(o)

%)

—o00

1 * :
2 —isx
= —s u(x,t)e " dx
e ) e
= —s*Flu)(s)
Similarly, note that, F[u,](s) = isF [u](s). O
4 )

Theorem 2.5.4. Let u(x,t) be a function of two variables and let u(x,t) and u,(x,t) both
tend to 0 as |x| — oo. Then

1. Bl (s) = —\ﬁu(o )1t s ud ().

[
2. Flun](s) = =/ 7 ux(0,) — > Feu] (5).
3. Fy[ux](s) = —sF[u](s).
4. Fluw](s) =/ 3 5u(0,1) — s> Fy[u](s)-
\_ v
Proof. 1.
\/7/ uy(x,t)cossx dx
= \/;[ (x, t)cossx—l—s/smsxu(x 1) dx ]w
= \/%(—M(O,t)) +S\/%/Omu(x,t) sinsx dx
= = \/%M(O,I)—f—SFs[u](S).
2.

2 o]
Felugl(s) = \/;/0 Ux(x,1) cOs sx dx
2 ) *
= \/; [ux(x,t)cossx+s/s1nsx uy(x,1) a’x}
0

2
= \/j {ux(x t)cossx+ ssinsx u(x,t) —sz/cossx u(x,t) dx}

= \/7 (0,1) — \/js/ (x,1) cossx dx
:_\/; +(0,1) — s> Fe[u](s).
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3.
\/7/ uy(x,1) sinsx dx
= \/j {u(x t)smsx—s/cossxu(x 1) dx}
0
\/>/ (x,t)cossx dx
= —sF:[u
4.
2 [ )
Fy[ux(s) = \/i/ Uy (x,1) sinsx dx
T Jo
2 ) =
= \/; {ux(x,t) smsx—s/cossx Uy (x,1) dx}
0
2 . 2 [ . -
=\ Uy (x,1) sinsx — scos sx u(x,t) + s /smsxu(x,t) dx
0
= —su (0,1) — \/>/ (x,1) sinsx dx
\F (0.0) = SH (5.
=1/ —=su —s
Y/
[
4 )
Theorem 2.5.5. Let u(x,t) be a function of two variables. Suppose tha 3?\,‘,? L(R) and it
is tending to 0 as |x| — oo forr =0,1,...,n— 1. Then
1. Flga(s) = (iS) 'F [u(s).
2. F[5#)(s) = 35 F[u ]( )-
3. Fs[gzn](sza ul(s), n e N.
[ ] (s) = g ul(s), n € N.
/

Proof. 1. Same as proof of Property 3.

2. Lets € R. Then
d"u 1 [~ d"u s
F |:W:| (S) = E 8;" (X l) dx

= % (E /_mu(x,t)e_isx dx)

= WF[M] (5).

[atn] \/7/ (x,t)sinsx dx
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(V2 [ sy

= T Rlul(s).

{8#’} \/7/ (x,1) cossx dx
8t" <\/7/ (x,1) cossx dx)

= Rlul(s).

4. Let s € R. Then

O

Example 2.5.6. Obtain the solution of the free vibration of semi-infinite string governed
by the partial differential equation u;; = c?uy,, 0 < x < o, t > 0 subject to u(x,0) = f(x),
ur (x,0) = g(x).

Solution: Since one end point of the string is fixed, #(0,#) = 0,7 > 0. Hence we have to
solve the PDE u;; = c?uy,, 0 < x < oo, t > 0 subject to u(x,0) = f(x), u;(x,0) = g(x) and
u(0,£) =0,1> 0.

Let U(s,t) be the Fourier sine transform of u(x,#) and let F and G be the Fourier sine
transforms of f and g respectively. Applying the Fourier sine transform to the equation
Uy — czuxx, we get

2 ) = \/Z (0,1) = s*U s,1)
o2 s,t)=rc ﬂsu , s<U (s,

= — 252U (s,1) (. u(0,1) =0).

d*U
By fixing s in the above equation, we may write it as a7 +¢%5>U = 0. This implies that

U (s,t) = A(s)cos(cst) + B(s) sin(cst),
where A(s) and B(s) are arbitrary constants. Since u(x,0) = f(x), U(s F(s). Therefore

5,0) =
A(s) = F(s). Now since u;(x,0) = g(x), ‘il—lt](s,O) = G(s). Hence B(s) = ciG( ). This implies

U(s,t) = F(s)cos(cst)+ éG(s) sin(cst).

Since s was fixed arbitrarily, the above equation holds for every s and #. Applying the inverse
Fourier sine transform, we obtain

u(x,t) \/7 / ) cos(cst) sinsxdx + \/7 / ) sin(cst) sinsxdx.
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Now,

\/% /0 " F(s) cos(cst) sinsx ds
_ \ﬁ / - F(sms(ﬁct) +sins(x—ct))] F(s) ds

\/ﬁ/ )sins(x 4+ ct ds—l——/ )sins(x —ct) ds
= % [ENE ot en) + BB ()] (. F =K[f])
= S Uftet)+ fx—et)] (- f = F (B,
Now,
\/5 @ sinsxsin(cst) ds
\/7/ - [coss(x —ct) —coss(x+ct)] ds
[/ ( Hd sinsu du) ds
x+d
» ([/ smsuds> du
=% /xx:tg(u) du.
Therefore

u(xt) = 3 Fleer) + fle—et)] + o / T e (u)du

2¢ Jx—ct

This is called D’Alembert’s solution which describes the vibrations of an infinite string.

Example 2.5.7. Solve u,+u,, =0 (x € R, y > 0) subject to the conditions u(x,0) = f(x) (x €
R), u is bounded as y — o, both u# and du/dx — 0 as |x| — co.

Solution. Let U be the Fourier transform of u in the first variable, and let ' be the Fourier
transform of f. Applying the Fourier transform to the equation uy, + u,, = 0, we have

Fluc](s) + Fluy](s) =0

2 2
U d

= (iS)2U<S7l) + a_yz(sat) =

Fixing s, the above equation reduces to Y + 52U = 0. Therefore U (s,y) = A(s)e” +B(s)e ™.

Since s is arbitrary, above equation holds for every s and every y, i.e.

U(s,y) =A(s)e” + B(s)e ™ forall s and ¢.
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Since u is bounded as y — oo, U(s,y) is bounded as y — oo. If s > 0, then U(s,¢) has to be of
the form B(s)e™, i.e. A(s) = 0; and if s < 0, then U (s,y) has to be of the form A(s)e®, i.e.
B(s) =0. Thus

B(s)e ™, s>0 _
U(s,y) = ’ —-C Isly
(5:9) {A(s)esy, s<0 (5)e

Since u(x,0) = f(x), U(s,0) = F(s). Therefore F(s) = U(s,0) = C(s). Hence
U(s,y) = F(s)e .

Applying the inverse Fourier transform to this equation, we obtain

1 ° -
u()(j’y) = E/_ F(S)e—|5|yelsxds
1 = 1 = —isu ) —|sly i
= — — u)e “du ) e Ve ds
\/Zn/—w(\/mr/—oof( )

= %/m f(u) (/w e_|s|yeis(x_“)ds) du

= l/jof(u) /:oe"S'y[coss(u—x)—l—isins(u—x)]ds)du

21
/ e 1P cos s(u —x)ds) du

R
— 51w
(

= %/_(:f(u) 2 Owesycoss(u—x)ds> du
oo —sy o
= %/wf(u) {m (—ycoss(u—x)—|—(u—x)sins(u—x))]odu
_ /s Y
- 5/—oof(u) LZHM—X)Q]W
A R U
R A s
Therefore N
u(ry) =2 f)

O

Example 2.5.8. Solve u; = kuy, (x € R, t > 0) subject to the condition u(x,0) = f(x) (x € R)
and both u,u, — 0 as |x| — oo.

Solution. Let U be the Fourier transform of u in the first variable and F be the Fourier
transform of f. Applying the Fourier transform to the equation u; = ku,,, we get

Fu;](s) = kF [ux) () = %U(s,t) = —ks*U(s,1).

Fixing s in the above equation will become ‘2—[{ + ks>U = 0. Therefore

Ul(s,t) = A(s)e " where A(s) is an arbitrary constant.
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Since u(x,0) = f(x), U(s,0) = F(s). Therefore A(s) = F(s). Since s is arbitrary, U (s,t) =
F (s)e*ksz’ for all s and ¢. Applying the inverse Fourier transform to this equation, we obtain

2 .
(x t —ks telsxds

r/

_ E I (E | st
! /if(u) </Z e (cos s(x — u) + isins(x - u))d5> du

i v
)e zsudu>e ks tezsxds

ez

_ % / D; Fu) < /0 et coss(x— u)ds) du
_ l/m F(w) <l\/ztexp (— (x;k;‘)z» du (- Fle™ ) (x — u)
SN

du
Take —6 Then — = =d0 = du=2VktdO. Now, u — 0= 0 —cand uy — —oo =
2V kt 2V kt

0 — —oo. Therefore, we have

u(x,t) = NI% /O;f(x—I—ZO\/E)e_ezZ\/E de

_ L e
_ ﬁ/mf(xme@)e de.

[]

Example 2.5.9. Solve u; = kuy, (x > 0, t > 0) subject to the conditions u(x,0) = 0 and
u,(0,7) = —a and both u, u, — 0 as x — oo.

Solution. Let U be the Fourier cosine transform of u in the first variable. Applying the Fourier

cosine transform to the equatlon k‘; 5, we get F.[u;](s) = kF;[ux](s). Therefore,

d 2
EU(S,I) = —k\/;ux(O,t) — ks*U (s,1)
d 2
= EU(S,Z‘) = ka\/;— ks*U (s,1).
. . dUu 2 2
Fixing s, the above equation reduces to I +ks“U = ka put Therefore,

Complementary Function (C.F.) = A(s)e_kSZ’ and

1 2

k
D+ks2 "N 7

2 1 2

”ks2<1+%> 2V
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2
Therefore, U(s,t) = C.F + PL :A(s)e_kSZt + %\/; Now since u(x,0) =0, U(s,0) =0.
s
This implies

a |2
Als) = ——4/ =
(5)=-2\ 5
2
Therefore, U (s,t) = S% = (1 ek ) Applying the Fourier cosine transform, we get

2

2a [~ 1— e—ks t

u(x,t) = — ) T cossx ds.
0 s

O

Example 2.5.10. Solve u,, = c?uy, (x € R, ¢ > 0) subject to the conditions u(x,0) = f(x) and
u; (x,0) = 0 for all x € R and both u,u, — 0 as |x| — co.

Solution. Let U be the Fourier transform of u in the first variable and let F' be the Fourier
transform of f. Applying Fourier transform to u;, = c?u,, we get

Fluy)(s) = ¢*F [ux:] (5)
82
" wU(s,t) =c? (—szU(s,t)) :

d*U
Fix s. Then we may write above equation as ——- P + ¢%5*U = 0. Therefore

U(s,t) = A(s)cos(cst) + B(s) sin(cst),

where A(s) and B(s) are arbitrary constants. Since s was fixed arbitrarily, the above solution
holds for all s and for all z. Also,

Uy (s,t) = —cs A(s) sin(cst) + ¢s B(s) cos(cst).

Since u(x,0) = f(x), U(s,0) = F(s). Therefore A(s) = F(s). Again since u(x,0) = 0,
U;(s,0) = 0. This implies ¢s B(s) = 0 and so B(s) = 0. Therefore the required solution takes
the form

U (s,t) = F(s)cos(cst).

Applying inverse Fourier transform, we get

1 *© -
u(x,t) = E/— F(s)cos(cst)e™ ds
1 1 ) i ) eisct_'_efisct isx
= — — ue du —_—e" dS
\/271 / (\/277: / ) 2
|:27T/ / f —lsu ct—x duds—l——/ / f —tsu ct x deS

= S [flcten) + fla—ar)].

This is called D’Alembert’s solution. ]

Dr. P. A. Dabhi lightatinfinite @ gmail.com
Dr. Jay Mehta jay_mehta@spuvvn.edu


mailto:lightatinfinite@gmail.com
mailto:jay_mehta@spuvvn.edu

84 §2.5. Applications of Fourier Transform

Definition 2.5.11. The error function erf(x) is defined as

2 [P 2
erf()f) = ﬁ /0 876 do.

We note that if ¢ > 0 and b € R, then

S 1 [n b?
/ e ™ cosbxdx = = f exp 2.
Jo 2V a 4a

Example 2.5.12. Solve u; = kuy, (x > 0, r > 0) subject to the conditions u(0,7) =0 (r > 0)
and u(x,0) = f(x) (x > 0).

Solution. Let U be the Fourier sine transform of u in the first variable and F be the Fourier
sine transform of f. Applying the Fourier sine transform to the equation u, = ku,,, we get

Fylug](s) = k Fy[ux] (s)

2
\/;SM(O,Z‘) — 52U (s,1)

. J _ 2
: EU(SJ) = —ks“U(s,1).

d
. .EU(S,Z) =k

dU
Fixing s the above equation will become v +ks*U = 0. Therefore

U(s,t) = c(s)e*ks2’ , where c¢(s) is an arbitrary constant.

Since u(x,0) = f(x), U(s,0) = F(s). Therefore c(s) = F(s). Since s is arbitrary, we have
U(s,t)=F (s)e‘kszl for all s and z. Applying the inverse Fourier sine transform to this equation,
we obtain

u(x,t) \/7/ smsxds
\/7/ <\/>/ f(u)sinsu du) e sinsx ds
:%/0 f(u) (/0 —ks*3 in susin sx ds) du

=— Ooof(u) (/Oweks2’coss(u—x) ds—/oooe k571 cos s(u + x ds) du
:% Omf(u) B\/gexp (—%) —%\/gex ( (e +x) )}d

1 o (u+x) 2
:2\/%{/0 f(u)exp( )d —/f ep( ])du}

[/_D:f(wrze\/_) -6 dG—/X Fl—x+20Vk)e a0

u

1
_ﬁ N

2vkt 2v/kt
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If f(x) = 1, then it follows that

u(x,r) = erf <2f>

[
Example 2.5.13. Solve uy, +uy, =0, (x € R, y > 0) subject to the conditions u,(x,0) =
f(x) (x € R), u is bounded as y — oo, and both u,u, — 0 as |x| — eo.
Solution. Let ¢ (x,y) = uy(x,y). Then @u + @yy = thrry + Uyyy = a%(uxx +uyy) = 0. Also,
¢(x,0) = u,(x,0) = f(x). Then by Example 2.5.7
y [© fu)
————d
Pxy) = / y2+ (u—x)? “
y [ S
—————— du.
ie. wuy(x,y) = / N P u
But then
u(x,y) = /(P x,y) dy
= / ( / u) du> dy
Y+ (u—x)?
s ([ av)a
u _— u
o) v+ (u—x)?2 Y
1 oo
= E/ Sf(u)(In (y2 + (u—x)z) +c) du,
where c is a constant. [l
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CHAPTER

LAPLACE TRANSFORM

3.1 Definitions and Examples

( )
Definition 3.1.1. Let f : (0,00) — C be a map. Then the Laplace transform, L[f], of f is
defined as

L) = [ e "ar

The domain of the Laplace transform L[f] of f is the set of all those s € C such that
(Jo f(t)e™dt exists. )

Example 3.1.2. Compute the Laplace transform of the following:
1. 1.

—St

o o 1
Solution. L[1](s) = / l-e™dt = {e } =- (e —=0ast — ).
0 0

—S

1
Thus, | L[1](s) = — |, forall s € C and Res > 0. O
s

Solution. L[t](s):/ te ™ dt
0

_ efst efst °°_1
- —S S2 0_52.

1
Llt](s) = — |, forall s € C such that Res > 0. O

87



88 §3.1. Definitions and Examples

Solution. L[t"](s) :/ e dt.
0

Take st = 0, then s dt = d0 =t = g and dt = #. Then we have,

=" do
Lii"(s)= | —e %=
6= [ et S
1 &0 _9
= sn+l/0 9"6 do
1 n! ©
= snﬂr(”‘i‘ )= il (- T(z) :/0 xe “dxandT'(n) = (n—1)!)
!
L[t"|(s) = % , for all s € C such that Res > 0. O
sn
4. "

Solution. L[e“t](s)z/ e dt
0

= [t
0

eft(sfa) ” 1
| —(s—a) O_S—a

1
Lle”](s) = , for all s € C such that Re(s —a) > 0. O
s—a
5. cos(at)
Solution. L[cosat](s) = | cos(at)e ™ dt
0
: T s
PR (—scosat +asinat) T ompR
s
L t = | [
cos(an)](s) =
6. sin(at)
Solution. Llcosat]( / sin(at) e dt
0
sinat —acosat) i .
—ssinat —acosat)| =—5—.
0 S+a?
a
L t -— 0
fin(an)](s) = 5 |
7. cosh(at)

PSO03CMTHO2 2017-18



§3.2. Properties of Laplace transform 89

Solution. L[cosh(at)](s) = / cosh(at)e™ dt
0

_ /oo (eat _|_2€—al) eist dt
0
- - t

1 (<)

_ - —(s—a)t (s+a)
2/0 (e + ) dt

B 1| e (s—ar e (sta)t «

2| —(s—a) —(s+a)

BRI 1] 1] 2

2|s—a s+a| 2|s2—-a?

R
L[COSh(at)](S) = m . ]

8. sinh(ar)

Solution. L[sinh(at)](s)

Il
o\gc\
8A .

Q

8
ol |

N‘

8
N—

|

a
QU
-~

:%[;(avﬂﬁ et a
1 [ o—Gs—ayx (s+a)
:El—(s—a)_—(s—l-a) o
_1{ 1 1 }_1{ 2a ]
2| s—a s+a 2 |s2—a?|’
Lfsinh(a)](s) = - | 0

From Examples 7 and 8 above, it can be observed that Laplace transform will be linear.
Indeed it is. We have the following properties of Laplace transform

3.2 Properties of Laplace transform

1. Laplace transform is linear, i.e. if f,g: (0,00) — C and o, 8 € C, then

Llaf+Bg] = aL[f]+ BL[g].

Proof. Llaf+Bel(s) = | (af +Be)nye ™ dr

= a/ ft)e™ dt+[3/oog(t)e‘” dt

= aL[f](s) + BL[g](s)-
Thus, L{oef + Bg|(s) = (aL[f] + BL[g])(s) and since s is arbitrary, we have

Llaf+Bg|l = oL[f]+BL[g].
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[
2. (Shifting property):
Lle“ f(1)](s) = Lf](s —a).
Proof. LIe"f(1))(s) = [ f0)ee " s
_ / £(0)
=L[f|(s—a).
Example 3.2.1. Compute the Laplace transforms of the following:
1. e" cosbt
: s
Solution. We know that L[cos(bt)](s) = T Therefore
L[e® cos(bt)](s) = L[cos(bt)](s — a)
_ s—a
~ (s—a)2 b
[
2. " sinbt
. . b
Solution. We know that L[sin(bt)](s) = i Therefore
L[e“ sin(bt)|(s) = L[sin(bt)](s — a)
B b
~ (s—a)2+b%
[
3. e coshbt
Solution. We know that L[cosh(br)](s) = ﬁ Therefore
L[e® cosh(bt)](s) = L[cosh(bt)](s —a)
_ s—a
~ (s—a)?—b*
[
4. ¢™ sinhbt
b
Solution. We know that L[sinh(br)](s) = a2 Therefore
L[e® sinh(bt)](s) = L[sinh(bt)](s — a)
- b
(s—a)®>—b*
[
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5. e“t"

!
Solution. We know that L[t"](s) = Z—H Therefore
s

Lle“t"|(s) = L[t"](s —a)

n!
T (S a)n—H
O
3. (Multiplication by power of 7):
dn
LI"FO)(s) = (=1)" S LIf(s).
Proof. ﬁL (s) / f(t)e dt
ds" ds”
= / e dt
/ ft n _Stdl
= ( DPL[" £ (2))(s)-
Therefore
dﬂ
LI F(0)() = (~1)" S LA1(S).
[
Example 3.2.2. Compute the Laplace transform of the following:
1. t?cos(at)
Solution. We know that L[cos(at)](s) = sz—i—Laz' Therefore
dZ
L[t*cos(at)](s) = (—1)2d—2L[cos(at)](s)
s
B d? s
Cds? \s24+a? )’
[
2. te’sin(3t)
3
Solution. We know that L[e* sin(3¢)](s) = s Therefore
2t o 1 d oo
Llte” sin(3¢)](s) = (—1) d—L[e sin(3t)](s)
s
__4d(__ 3
 ds \(s—2)2+32)°
[
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3. cos(at)cosh(br)

Solution. We know that

Licos(ar) cosh(br)] (s) = % Lle" cos(ar)](s) + % Lle " cos(ar)](s)
1 s—Db 1 s+b
T2 (s—b)2+a? 3 (s+b)>+a*
O
4. cos(at)sinh(bt) 12
Solution. We know that
Licos(at) sinh(bt)](s) = % Lie" cos(at)]|(s) — % Lie " cos(ar)](s)
1 s—b 1 s+b
T2 (s—b)24a> 2 (s+b)’+ad>
Therefore
2
L[cos(at) sinh(bt) £*](s) = (—1)25?L[cos(at) sinh(br)](s)
> (1 s—b 1 s+b
- (_1)2E (5 (s—b)2+a? ) (s—l—b)z—I—az)
1 a4 s—b s+b
T 24ds? <(s—b)2—|—a2 B (s+b)2—|—a2> '
0

Remark 3.2.3. Let 5o € R. Let f: (0,00) — C be a map. If/ |f(t)|e™*" dt < o, then the
0
Laplace transform of f exists for all s € C with Res > .

Proof. Lets =s; +isp € C with Res =51 > sg. Then for all > 0,

|e—st| _ |e—(sl+isz)t| — 1! < oS0t
Therefore - -
| 1r@ledr < [C1pwle dr <
0 0
Hence, L[f](s) = / f(t)e ™ drt exists for all s € C satisfying Res > so. O
0

4. (Division by 7):
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Proof. We have

/S L) (u)du = / ; /O " flt)e dt) du

I —cos2t 2t —cos 3t
Example 3.2.4. Compute the Laplace transform of CIOS and €os ; €os .

1
Solution. We have, L[1 —cos2t|(s) = — — 214.
s s

L[ )= [ L du
B [” (i N u214) du

1
= {logu ~3 log(u® + 4)}

Now,

[0

- |e(s)l,

s s> +4
= log1 —log Joia =log . .

s s
s2+4 5249

L {cosZt —cos3t} /
u
= d
/(u2+4 u2+9) !

1
= [ log(u Elog(u2+9)}

vasa\1”
- lk’g (m)

s
/5244 /5249
= logl —lOg m zlog m

Therefore

Next, L[cos2t — cos 3t|(s) =

(o)

N
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(- )
Definition 3.2.5 (Heaviside step function). Let a > 0. Then the map H defined by

0, t<a
H“(t):{ 1, t>a

is called Heaviside function at a sometimes also called Heaviside step function. We denote
\itby H(t —a),ie. Hy(t) = H(t —a). )

Example 3.2.6. We compute below the Laplace transform of Heaviside function.

g}

‘ “00 , e*.\'l o e s
LH(t—a)](s) = H(t—a)e " dt = / e dt = { } = .
JO Ja —S a R

Recall the translation operator given by 7, f(x) = f(x —a) for a > 0. Then we have the
following property:

5. (Multiplication by Heaviside function H (7 — a)):
Let f: (0,00) — C be a map and a > 0. Then

LIf(t)H (1 —a)](s) = e L[T-af](s)-

(o)

Proof. LIf(1)H (i —a)](s) = /O T FOH(t—a)e di = / F(t)e ™ di.

a

Taket—a—=u—=t—=a-+uand dt = du. Also, if t = a then u = 0, and if t — oo then u — oo.
Therefore

L OHG =) = [ f0edr
= /Ooof(u—ka)e_s(“w)du

=e /Ooof(u—l—a)e_s"du
= e ML[f(t+a)|(s) = e L[T-af](s).

6. (Laplace transform of a periodic function):
If f:(0,0) — C is a periodic function with period T, then

L) = e [, S0t

Proof. Since f is T-periodic function, f(t+T) = f(¢) for all z. Now,
LW = [ 0 ar
T o0
_ / Flt)e di+ / F(t)e ™ di
0 T
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T I
_ / Flt)e di+ / Fle+T)e ™ dr
0 T
T oo
:/ f(t)e_”dt—l—/ Fw)ewT) ay
0 0
T o
_ / Fl)e S di + =T / Flu)e™" du
0 0
T
= [ e i+ L),
T

1

Therefore L[f](s) = 1_e—sT/0 ft)e ™ dt. O

Example 3.2.7. Use the above result to compute the Laplace transform of the functions
cost,sint,cos2t,sin2z.

Solution. We know that, cost is a 27-periodic function, i.e. T = 27. Therefore,

L
L[cost|(s) = 1—e——52”/o coste ™ dt
1 [ et 2m
= — (—scost + sint)}
1—e 2% [s2+1 0
B 1 se~ 27 LS
Cl—ems | 241 s241
§ —271s §
= 1 — = .
e ¢ )= a5
Similarly,
1
L|sint = .
sind)(s) =

[]

Example 3.2.8. Let f: (0,00) - C be amap and leta > 0. Let g(t) = f(r —a)H(t —a), i.e.

g(t):{ ft—a), t>a

0, t <a.
Then L[g](s) = e ™ L[f](s).

Solution. We have

]

Dr. P. A. Dabhi lightatinfinite @ gmail.com
Dr. Jay Mehta jay_mehta@spuvvn.edu


mailto:lightatinfinite@gmail.com
mailto:jay_mehta@spuvvn.edu

96 §3.2. Properties of Laplace transform

Remark 3.2.9. Notice that the above example can be solved using Property 5 also. Since
g(t) = f(t —a)H(t — a), by that property

Ligl(s) = e L[T-af (t —a)](s) = e Lf((t — a) +a)](s) = e L[f](s).

Example 3.2.10. Compute the Laplace transform of g(¢) = (t — 1)2H(t — 1).

Solution. Taking f(t) = (t — 1)?, by above example, we have

2
Llg)(s) = e L[F’)(s) = e 3.
s
O
Example 3.2.11. Compute the Laplace transform of f(¢) = sin(t — 7)H (r — 7).
Solution. By Example 3.2.8, we have
. e*STC
L = e *"L[sint](s) = .
7165) = € *mLlsind](s) = 5
O

Example 3.2.12. Let a > 0. Compute the Laplace transform of the function .

Solution. L[t*](s) = [ t%e™* dt. Take st = u. Then dt = 2. Therefore

= (e

1 [o)
o —u
= ue "du
Sa+1/0

- /w”(a+1)le”du:—r(a+1).
0

T ogatl sa+1

7. (Differentiation property):
Let f be n times differentiable. If f(")(t)e " — 0 ast — oo forall r=0,...,n—1
and s in the domain of L[f], then

LF™)(s) = "LIA(s) =" £(0) =" 2FD(0) = - = s£"72(0) — f"" D (0).

Proof. We prove the result using induction on n. For n = 1, we have
LIV = [V @e ar
0
= [0~ [ s0 i

[0

0
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— f(0) +s /0 " f)e " dr
= sL[f](s) = f(0).

Hence, the result is true for n = 1. Assume that the result is true for n — 1, i.e.

L Y)(s) = 8L =8 F(0) = o= (0) = 2 (0),

L)) = [ e ar
= [e v - [ v

_ S/Ooof(nl)(l‘)eﬁdt—f(n1)(0)

=sL[f"V](s) - r"1(0)
= $"L[f](s) =" £(0) — 5" 2D (0) — - — s 2 (0) — £~ Dy(0).

oo

0

Ex) Find the Laplace transform of the following functions.

1. tcosat t/t, 0<t<~t
2. te 'sint 8. 1= {1, t>7

3. te'sin2t

4. (1+t)26at t, 0<r<l1
5 I;e’ 9. ft) =< 1—1, 1<t<2
6. Ji(1) 0, t>2

7. tJi(t)

t, 0<r<l1
’ — L, f(t+2)= f(t) forallt > 0.
0, 1<tng( )= f(1)

0, 6<t<12’
1, 0<t<b

—1, b<t<2b

2. f(t)_{t’ O<r=6 f(+12) = f(z) forallz > 0.
{ f(t+2b) = f(t) forall t > 0.

3.3 Inverse Laplace transform

Definition 3.3.1. If F the Laplace transform of f, then f is called the inverse Laplace
transform of F. We denote it by L™ [F] = f.

Example 3.3.2. Compute the inverse Laplace transform of the following functions.
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S

.sn

1
! 1 —1)!
Since L (s) = (=1t
(n—1)! (n—1)! "
1 tnfl
L= @)=
0=
1
" (s—a)r
since L[t "~ =] " Js_ay= !
e = —_ =
CE A CE A O
1 tn—l
L 1) = e :
) 0= 5w
s
C 2 4a* E
We know that L[cosat](s) = ———. Therefore
s+a
Lt [sz—iaz] (t) = cosat.
1
i 1
Lgi -4 __
We know that L[ 51nat](s)—aSz+a2 —S2+a2.Therefore
1 sinat
L t) = :
[s2+a2] ®) a
S
2_ 2
We know that L[coshar](s) = > 5. Therefore
Sc—a

L! l%} (t) = coshat.
s2—a

1

. S2—a2.

1 a

1
1 _ —
We know that L[ sinhat](s) = e e p Therefore

-1 [ 1 } (1) = sinhat
- :
s

—a2 a

1

_ I .
. L 1 [m} (t) = Eeatsmbt.

L {(L} (t) = e“ cosbt.

s—a)?+b?

3.3.1 Properties of inverse Laplace transform
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1. Inverse Laplace transform is linear, i.e.

L~ '[aF +BG]) = aL '[F]+BL[G].

Proof. Let f and g be the inverse Laplace transform of F' and G respectively. Therefore
L[f]=F and L[g] = G. Now

Liof +pgl = aL{f]+ BL[¢] = aF + BG.

Therefore
L 'aF +BG)=af+Bg=aL '[F]+BL'[G).

[
Example 3.3.3. Compute the inverse Laplace transform of #.
st +s2+1
Solution. We have,
S . N
PS4 (s241)2 52
S
(521 —s)(s2 41 +s)
RN 1
2| s2—s+1 24541
IR 1
) 1 3 1 3
L(s=2)"+3 (s+2) +3
1 1 1
) N2, (V3)\2 N | 3\ 2
| (s—2)"+ (T) (s+3)"+ (T)
Therefore
_1{ s ()= L 1 1 1
stHs241] 2 12, (v3)2 : 2
(s—2) +<%> (s+3) +<§)
1 e sin \/Tgt> 1 e~ 2sin (%gt)
23 2 V3
2 2
_ sin \/gt 2 e e
V3 2 2
_ 2 sin \/gt sinh<t>
V3 2 2/
O
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100 §3.3. Inverse Laplace transform

2. (Shifting property):
If f is the Laplace transform of f, then

L7 [f(s—a)l(r) = e“ f(1) = "L [F](r).

Proof. We know that, Lle” f(¢)](s) = L[f](s —a) = f(s — a). Therefore

L7 [f(s—a)l(r) = e f(1) = "L [F]().

Example 3.3.4. Compute the inverse Laplace transform of
s—2 s+4 1
1. f(r)=
T =272 T 6r47=9  Gr22+ 16
1 5 s+3
- 7T 2 + 2
(s—4)> (s—2)>+25 (s+3)*+4

s24-a? s24-a?

Solution. 1. Since L™! [ > } (t)=cosat, L™ [ a } (t)=sinat and L~ [f(s—a)](t) =

e“ (1), it follows that

1
L} [f](¢) = e? cos5t+e ¥ cosh3r + Ze_Z’ sin4t.

2. L7 [g](t) = re* + % sin5t 4 e cos 2t.

3. (Second shifting property):
If f is the Laplace transform of f and a > 0, then

L™ e~ f(s)](r) = f(t —a)H(t — a).

Proof. L{f(t —a)H(t —a)](s) = [;” f(t —a)e™"dt = [5" f(u)e " )du= e~ f(s).

Therefore L~ [e=* f(s)](t) = f(t —a)H(t — a). O
Example 3.3.5. Compute the inverse Laplace transform of
N 6725‘ 3 672s
s2+1 (s—4)2
2. —3s_ -
¢ (s—1)2+2
Solution. 1. Let f(t) = sinz. Then f(s) = EERE Then
1 -
-1 —2s _ =17 _—2s
L [e s2—|—1}(l)_L [e > f(s)] (1)
— ft—2)H(t2)
= sin(t —2)H(t —2).
PS03CMTHO2 2017-18
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2. Let f(1) = %sin(\/it). Then f(s) = ﬁ Then

L—l [e—3s( 1 2} (t) _ L—l [e—sz(s)} (t)

(s—1)2+2
= f(t—3)H(t—3)
- e\t; sin(V2(t —3))H(t - 3).

4. (Change of scale):
Let f be the Laplace transform of f. If @ > 0, then

L sl =~ 1 (2).

Proof. We have

Lo [
:é%w(@f”%mt Oﬁmg£:u>

- /Ooof(u)e_m” du = f(as).

Therefore L~ [F(as)](r) = é (%) =

s2—1

—1
Example 3.3.6. If L {m

} (t) = tcost, then find the inverse Laplace transform of

9s% — 1
(9s2+1)%

2
- —1
Solution. Let f(t) =tcost, then f(s) = (Sz—i-—1)2 Now
s

[ 9?1 o G-t
L {<9s2+1>2] =17 [<<3s>2+1>2]
— L FG3s)]0)

]
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Example 3.3.7. 1. If f(¢) = sint, then find the inverse Laplace transform of

B
. i 45 +1
2. If f(t) = cosh(2v/2¢), then find the inverse Laplace transform of 2 g

S JE—

Solution. 1. Let f(t) = sint. Then f(s) = . Now,

s2+1

L | 0= ] ©
=L [f(29)] (¢)

2. Let f(t) = cosh(2v/2t). Then f(s) = -*<. Now

5. If f is the Laplace transform of f, then

L'F)0) = (—1)f ().

Proof. We know that L[t f()](s) = (— 1)”%L[f] (5)=(— 1)”7(n) (s). Therefore, it follows

that L~ [F"™](r) = (=12 £ (). O

2
4
Example 3.3.8. Compute the inverse Laplace transform of log <S2 i 9) .
S

J— S _ —

L~'[F)(t) = 2cos2t — 2cos 3t. But by above property, L' [F'](¢) = —t £(t). Therefore

Then

) . Therefore, 7/(s)

£r) = —lLfl[fl] (1) = 2(cos3t —cosZt).

t t

2
4
Example 3.3.9. Compute the inverse Laplace transform of log (S j_—9 ) .
s
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2 2s
244 549

s’ +4

5 ) . Therefore, j_f/(s) Then

Solution. Let f(s) =1
olution. Let f(s) og(s+

L7'[F)(t) = 2cos2t — e~ . But by above property, L' [f](t) = —t £(t). Therefore
1 e 2 —2cos2t
fle)=——L 71 = —

6. (Division by s):
Let f be the Laplace transform of f, then

L {@} (1) = /0 ' f(w)du.

Proof. Let G(1) = /O " F(u)du, then G(0) = 0, and G'(r) = £(¢) for all £. Now

LIG'(1))(s) = SLIG(1))(s) — G(0) = sL [ / ’f(a)du} (5):

Therefore .
L t
10 LA L[ ] 9
s s 0
Hence —
t
L {f (S)} ) = [ Fu)du
s 0
]
Example 3.3.10. Compute the inverse Laplace transform of
1 1
1. 2.
s(s+1)% s(s2+4)
Soluti I Wehave L ! | H)=e'L! t ~
olution. . We have LI (t)y=e a (t)=e Tk
Let /(1) = - Then F(s) = 1 N
€ = . T'hen = ow,
6 SN CEE
- ! 1 [ f(s)
L! 1)=L" t
] 0= [
te—uu3
= d
/0 6
1 —u —u t
=¥ 3o ouS— — e
6 —1 —1 0
_1 3 —t 2 —t —t —t
= 6[te +3t7e " +6te +6e 6]
e P e+ 6—6
——?[t—f—t—l—t—l——e}.
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1 1 2t — 1
2. We have L™! [ 5 } (t) = =sin2t. Let f(t) = SH; . Then f(s) = . Now,

5= 44 2 s2+4
_ 1 1 [f(s)
L' ——— (=L«
) 0= o
1 sin2u
= d
o 2 !
1 [ cosZu]t
2| 2 |,
1 1 2t
= —[—cos2t+1] = ZOS

3.4 Convolution Product

Definition 3.4.1. Let f, g : (0,00) — C. Then the convolution product * of f and g is defined
as

(fxg)(t /f g(t—u)du (t>0).

@ Show that

1 f*g=g=f,ie. convolution is commutative.
2. (fxg)xh= fx*(gxh),ie. convolution is associative.

4 )
Theorem 3.4.2 (Convolution Theorem). Let f and g be Laplace transforms of f and g
respectively. Then B

( —

Corollary 3.4.3. If f, is the Laplace transform of f;, i =1,2,...,n, then
C B )
Corollary 3.4.4. If f and g are Laplace transforms of f and g respectively, then
L' [fg] = f*g
\_ [fegl=rfx*g )
1

Example 3.4.5. Compute the inverse Laplace transform of ——.

P P P (s+a)(s+b)

1

jon. Let d ~b. Th dg(s) = N

Solution. Let f(t) = e * and g(t) = en f(s) = e 2(s) 5 Now,
L [;] (1) = L [Fa)(0)

(s+b)(s+b)
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= (fxg)(t) (by Convolution theorem)

_/ —au, —b(t—u) du
:ebt/ e(bfa)u du
0

e t
_ (bfa)u:|
b—a [e 0
_ e*bf [e(b—a)t 1] B e _ e*bf
b—a b—a
[
1
Example 3.4.6. Compute the inverse Laplace transform of 1) (245 by using con-

volution theorem.

Solution. Let f(t) = %sinat and g(t) = Lsinbr. Then f(s) = 241ra2 and g(s) = s2+b2 Now,

U | 0 =1 TR0 = (00

1 t
= E/ sinausinb(t —u) du

= 2ab/ —2sinausinb(t —u) du

t

— L ["[cos((a—b)u+br) — cos((a+b)u—br)] du

~ 2ab Jo
1 [sin((a—b)u+bt) sin((a+b)u—bt) !
- 2ab | a—b a+b 0

B 1 [sinar sinat sinbt = sin(—br)
"~ 2ab|la—b a+b a—b ' a+b ]
1 [—2bsinat —2asinbt
2ab | a*—b? }
1 {bsinat#—asinbt}
a*—b? '

Example 3.4.7. Compute the inverse Laplace transform of ————.
(s2+a?)?

. . 1. — . N
Solution. Let f(t) = cosat and g(t) = _sinat. Then f(s) = s

L [(”—2)2} (1) = L™ (Fgl(t) = (f £)(0)

1 t

= —/ cosausina(t —u) du
aljo

1

=5 /0[ [sin(ar) — sin(2au — at)| du
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1 , cos(2au —at) |’
= o [usinat +—————

a 2a 0
1 [tsin t+cosat cosat}
= — a —
2a 2a 2a
|
= —t t.
7 sina
[
Example 3.4.8. Compute the inverse Laplace transform of m
Solution. Let f(t) = ¢' and g(t) = sint. Then f(s) = . and g(s) = 25 Now,
1 —
L' —m () =L t) = t
i | O =L 0= e
t
= / e"sin(t —u) du
0
t
= / e sinu du (- fxg=gxf)
0
t
= / ele "sinudu
0
e !
=¢ [ (—sinu—cosu)}
2 0
=¢ [%(—sint —cost) — E(—l)}
_ —sint —cost +¢'
B 2
[
Example 3.4.9. Compute the inverse Laplace transform of s+l
ple 532 P P (s242s+2)%
s+1 s+1
Solution. We h = .
olution. We have 125127 (GF1Et12
t
We know that L™ {m} (1) = 5 sint. Let h(r) = 5 sinz. Then
s+1
L —————— (@)=L [h(s+1)]| (s
(G 0=+ Bl
e—t
= €7th(t) = 71‘ sint.
O

The above example is solved by direct method. Verify the solution by solving it using
convolution theorem.
s

Example 3.4.10. Compute the inverse Laplace transform of —————.
(s> +4)°
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Solution. By Example 3.4.7 (taking a = 2), we have

L {ﬁ] (1) = %sinZt.

t 1 —
Let h(t) = 1 sin2¢ and k(1) = 5 sin2¢. Then h(s) =

— 1
and k(s) = 1 Then

(s2+4)? 52+

L [m} (1) = L' RR)(0) = (hek)(0)

/tusinZ 1s'n2(t )d
= [ —sin2u —sin2(t —u) du
0 4 2

1 t
=1 [(ucos?2t) — (ucos(4u—2t))] du
0
1 [u? sin(4u — 2t) —cos(4u—21)11"
= —— | =—cos2f— —1-
16 { 2 {” 4 16 .
1 [ cos s tsin2t cos 2t | cos 2t
162 4 16 16
_ rsin2t — 2t% cos 2t
B 64 ‘
O
Solution. [Alternate solution] B
Take f(t) = cos2t and g(t) = %ZI Then f(s) = 2% and g(s) = ﬁ. Now
_ N 17—
L | 0 = DR 0 = (e 0= 1+ (62010
We shall find g * g. By definition
t 1 t
(gxg)(t) = /0 g(u)g(t —u)du = 4_1/0 sin2usin(2¢f — 2u)du
1 1 [sin(4u—2t !
= —/ [cos(4u —2t) —cos(2t)|du = < sin(du—2r) _ ucos(2t)
8 Jo 8 4 0
1 Tsi
= = [szt —tcosZt}
8
Now compute f * (g g) (Exercise). [
Other Miscellaneous Examples
Example 3.4.11. 1. Compute L~ [G\H} .
2| = ! ’
st 4] (s2—25+2)(s2+2s+2)
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2. Compute L~! [S(SZ—H)}

o

3. Find L !
Let f(s)

L0

Hence

4. Find L~}

Let f(t) = sinat. Then f(s) = -2

Therefore L~ [m (1)

st+4

st +4

[ln %)l

e_3t —e

el

L—l

+
[In (:5)]. Then Fs)=-2
(

B 1L*1- 1 1
47 | s2—254+2  s242542
B 1L_1 [ 1 IL_l 1
47 | s2-2s+2] 4 52425 +2
B 1L_1 [ 1 lL_1 1
47 | (s—1)2+1] 4 (s+1)2+1
1, . , . ,
= —e'sint——e 'sin
4 4
1
= Esintsinht.
242
_ L—l S(S +> (l)
(s2—25+2)(s%+25+2)
1 [ s s
= L' t
2 _s2—25+2+s2+25+2}()
1 s 1, s
= L |5—7—=|{t)—zL | 5—7—=|(
2 _s2—25+2](> 2 {52+2s+2}<)
| — s—1 1
= L t
2 _(s—1)2+1+(s—1)2+1]()

1 s+1 1
2t 1{(s+1)2+1_(s+1)2+1}(t)

1 1
5 [¢' cost + €' sint] — 5 [e™" cost — e ' sint]

t —t et

—e —1
Ccost +

e +e

sint

sinh? cost + coshzsinz.

So, L™ [ (5)](t) = e ¥ — 2. Now

1

S+3  sf2°

—1)""L=Y[f](¢). Therefore

s+3

= (=1L A1) = (1)L [m <s+2)} '

e—3t

o=

—2as
(s2+a?)?"

L} [ln (s—|—3
s+2

Therefore f (s) = Now

s24+a?*

(=D)L~ [£)(r)
(=1)ef(2)

[ —2as
_(s2+a2)2} 2

= —tsinat.

1 .
%Z‘ siat.

PSO3CMTHO2

2017-18



§3.4. Convolution Product 109

- —1 1
5. Find L |:s(s+l)2i| .

Let f(t) =te '. Then f(s) = ﬁ Now

L L(sim} (1) = /Olf(u)du
- /Olueu_”du |
= {uel+/e‘”]0
= et

= —te'—e 41
t —t

= l—e ' —te

Example 3.4.12. Evaluate the inverse Laplace Transform of following functions using Con-
volution Theorem.

s 1

Solution. 1. Take f(t) = e~ and g(t) = cost. Then f(s) = ﬁ and g(s) = ﬁ Using
Convolution Theorem, we get

= {w)wm} () = L'F6RE)0) = (f*8))

ot
= / e 1) cosudu
0

Pz !
= ¢ | 5—[acosu+sinul
a-+1 0

—at

— i o [¢* (acost +sint) — a]
a
2. Take f(t) =t and g(¢t) = e~". Then f(s) = %2 and g(s) = S%l By Convolution Theorem

L {2(11)] () = LF5)R6)]0) = (fe)()

t t
= /ue(’”)du:e’/ ue" du
0 JO

= dlue" — ey =1 — ] - (~1))

= te¥ — ¥t

@ Compute the inverse Laplace transforms of following using Convolution Theorem.

Dr. P. A. Dabhi lightatinfinite @ gmail.com
Dr. Jay Mehta jay_mehta@spuvvn.edu


mailto:lightatinfinite@gmail.com
mailto:jay_mehta@spuvvn.edu
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2 2

L mamm 2 T 4 A
3 1 5 1
©(s2—a?)(s>—b?) © (s—a)/s

Ex
1
1. Show that L™! ["S‘Y] (1) = Jo(2V/2).

(s+1)e ™
s2+s+1

s+1

2. Compute the inverse Laplace transforms of Ti25 1)

and i

3.5 Applications of Laplace transform

There are many applications of Laplace transform. Here, we shall see some of its applications
to integral equations, ordinary and partial differential equations, and simultaneous differential
equations.

3.5.1 Applications to Ordinary Differential Equations

We recall that L[f("](s) = 5" f(s) — "1 £(0) — 5" 2 f(1)(0) —--- — s =2 (0) — f(*~1)(0) and
LI f(0))(s) = (=1)" 45 (5)-

Example 3.5.1. Solve y” +9y = cos 2t subject to y(0) = 1 = y/(0).

Solution. Let Y be the Laplace transform of y. Applying Laplace transform to the given
equation, we get

L[Y"](s) +9L[y](s) = L[cos 21 (s)

2 / S
L —sy(0) —y'(0)+9L =
= s"L[y](s) —sy(0) —'(0) +9L[y](s) 74
2 S
= Y —s—1+9Y =
Ry S + 214
2
9)Y = 1.
= (s°49) S2+4+s+
Therefore,
s+1 K
Y(s) =
)= oot wrn Lo
s +1 3 +1 Ky Ky
5249 35249 5|s2+4 249

Applying inverse Laplace transform, we get

cos2t cos3t

5 5

1 1 4
= gsin3t+30052t+§cos3t.

1
y(t) = cos3t+ 3 sin3¢ +

]
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Example 3.5.2. Solve 2y + 5y’ +2y = e~ subject to y'(0) = y(0) = 1.

Solution. Let Y be the Laplace transform of y. Applying Laplace transform to the given
equation, we get

2L[Y")(s) + 5L} (s) +2LD] (s) = L[e™](s)
= 2(s°Y (5) —sy(0) —¥'(0)) +5(s¥ (5) —¥(0)) +2¥ (s) =

s+2
= (25% +55s+2)Y(s) = s+2
= (2s+1D)(s+2)Y(s) = (2s+1) 542
Y(s) = — ° 1
RS R p Ty ) R TR y P
1 12 !
:»Y(S)ZS+2+(2s+1)(2s+4)Jr 2s+3)(s+2)?

ST - S
s+2 3 [2s+1 25+4 2 (s+3)(s+2)2
1 2 2 1 1
_S+2+s—|—%_S—|—2+§(s+%)<s+2)2

Applying inverse Laplace transform and using convolution theorem, we have

1

t 1 t
Vo) =e ¥ 4272 —2e7 + 5/ ue e 21 gy
0

1 rt u
:26_5—6_2t+—/ we= 35 du
2 Jo

B 1875 —9e 2 —3te 2 — 272 4 20
B 9

2072 —3te —1le¥

— 5 .

Example 3.5.3. Solve y*) —y = 1 subject to y(0) = y/(0) = y""(0) = y"(0) = 0.

Solution. Let Y be the Laplace transform of y. Applying Laplace transform to the given
equation, we get

LyW](s) —LD(s) = L[1](s)

= $7(s) ~55(0) — £¥/(0) —5"(0) —"(0) ~ Y (5) =+
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112 §3.5. Applications of Laplace transform

=Y (s) 1 {1 1 I 1
)= —5——=~ |- S )
s(s*—1) 2 |ss2—1 ss2+1

Applying inverse Laplace transform, we get

| |
y(t):—/ sinhudu——/ sinu du

2 Jo 2Jo
cosh? +cost

1
—— h -
2[cos u+cosuly >

Example 3.5.4. Solve ty” +y + 4ty = 0 subject to y(0) = 3 and y'(0) = 0.

Solution. Let Y be the Laplace transform of y. Applying Laplace transform to the given
equation, we get

_ %L[y//] (s)+LDY](s) — 4%LM (5)=0
ar / dy
= — g[s Y(s)—sy(0) =y (0)] +sY(s) —y(0) _4$ —0
= _SZd_S_2sY(s)+y(O)+sy(s)_y(o)_4fcll_1; _
= _(s2+4)d_§—SY:O
dy 1 2s
Y Taara® =0

1
= logY + Elog(s2 +4) =logc

=Y(s)=

2 +4

Applying inverse Laplace transform, we get

1
t)=cL™! t).
=g
Example 3.5.5. Solve y” 4 6y’ 49y = 612¢~3 subject to y(0) = 1 and y'(0) = 2.

Solution. Let Y be the Laplace transform of y. Applying Laplace transform to the given
equation, we get

L[Y")(s) +6L[Y](s) +9L[y)(s) = 6L[r*e™](s)

= 57Y (5) — sy(0) —(0) +65Y (s) — 6y(0) +9Y () = 6(s+2 3)3
12

> (SO (s) —s =26 =773

= (s+3)°Y(s) = (s+3)+5+ ﬁ
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1 + 5 + 12
s+3 (s4+3)2  (s+3)°

=Y(s)=
Applying inverse Laplace transform, we get

4 4
t
y(t)=e 3 45173 + 12e*3f4' e ! {1 + 5t + }

Example 3.5.6. Solve y” +2y + 5y = ¢ 'sint subject to y(0) = 3, y'(0) = 1.

Solution. Let Y be the Laplace transform of y. Applying Laplace transform to the given
equation, we get

L[y"](s) +2L[Y](s) + 5L[y](s) = L[e”" sint](s)

= 52Y (s5) — sy(0) —y'(0) 4+ 2sY (s5) — 2y(0) +5Y (s) = !
1

(s+1)2+1
= (s°4+2s+5)Y(s)—3s—1—6=

GriPT
1
:>(s2+2s+1+4)Y(S):3S+7+m
= (1P =3+ )+ [y
_ (s+1) 4 !
=Y =S e T G D D (G 1)
=Y(s) = s+ 1) i 4 +1 : B 1
(s+1)244  (s+12+4 3 [(s+1)?+1  (s+1)*+4

Applying inverse Laplace transform, we get
—t —t | |
y(t) = 3e " cos2t +2e 'sin2t + 3¢ sint— e sin2¢

11 1
=3e Tcos2t+ Fe_t sin2f + ge" sint
—t

% [18cos 2 + 11sin2¢ + 2sint].

]

Example 3.5.7. 1. Solve y” +9y = cos2s, y(0) = 1 and y(7/2) = 1 using Laplace trans-
form methods.
Let Y be the Laplace transform of y. Applying Laplace transform to the equation
y' 49y = cos2t we get s°Y — sy(0) —y'(0) +9Y = ='- Substituting y(0) = 1 and
simplifying it we get

y— S +/(0) 1 . s
s ) 249 (s244)(s2+9)
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Applying inverse Laplace transform to the last equation we obtain

/(0 1 ]
) (3 )sin3/+5c0821—50083l

y'(0)

y(t) = cos3t+

4 1
= gCOS3l—}— sin3r+50032r.

\]

Since y(m/2) =1, we get a =
required solution.

|

Solve the following differential equations using Laplace transform methods.

' +4y=9¢y(0)=0,y(0)="7.

Y +6y +9y =612, y(0) = y'(0) = 0.
(D3 —D? +4D —4)y = 68¢' sint, y(0) =
ty" +2y +ty =sint, y(0) = 1.
ty"+(1-2t)y =2y =0, y(0) = 1.

¥ +9y =9u(t—3), y(0) =y'(0) = 0.

1,y'(0) = —19,y"(0) = —37.

A e

3.5.2 Applications to Integral Equations

We shall now solve some integral equations by using Laplace transform methods.

t
Example 3.5.8. Solve the integral equation F(f) = 1 +2 / F(t—u)e > du.
0

Solution. We want to find all F satisfying the above equation. Let G(¢t) = e

— 1
G(s) = P Then the given equation may be written as
s

F(t)=142(FxG)(t).

Applying the Laplace transform to the above equation, we get
— 1 1 - =
F(s) = B +L[(FxG)](s) = B +2F (5)G(s).

Therefore F(s) F(s)
_ 1 F(s — F(s 1
F(s)=—4+2—~-=F(s)—2——= = —.
(5) s+ s+2 (5) s+2 s

Therefore

sF(s) 1 — s+2 1 2
=—=F(s) = = —4+ =,
s+2 s (S) 52 s—i_s2

Applying inverse Laplace transform, we get F(t) = 1+ 2z.

t
Example 3.5.9. Solve F(r) =1+ 2/ F(t —u)cosu du.
0
OR

t
Solve F(t) =1 +2/ F(t)cos(t —u) du.
0

—2t

. Hence y(t) = 2cos3t + 2sin3¢ + 1 cos2s is the

. Then

PSO03CMTHO2
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Solution. Let G(t) = cost. Then G(s) =

s . . .
e Then the given equation may be written as

F(t)=142(FxG)(t).

Applying Laplace transform on the above equation, we get

F(s)=1+2F(s)G(s) = -+ if $)1S
SZ— Ky

” _()( sfl—;rl)_%

_ _1S2+1 _1(S2—1>_|_2
= F(s) SGoI12 s (o172

= 1[s+1 2
= F(S):E_si—l (s—1)2}

wa_ L[=1)+2 2
= F(S)—§: s—1 (5_1)2]
N F(S):% 1—i—sil (s_21)2]
= F(s)—l_;_ 2 2

s os(s—1)  s(s—1)2

Applying inverse Laplace transform, we get

1 1
F(t):1+2/ e“du+2/ ue" du
0 0

= 1+2[e"]y + 2[ue" — "],
=142 —2+42te' —26' +2
=142t

t
Example 3.5.10. Solve F () =1+ 2/ F(t —u)sinu du.
0

Solution. Let G(t) = sint. Then G(s) = . Then the given equation may be written as

s2+1
F(t)=142(FxG)(t).

Applying Laplace transform on the above equation, we get

— | 1 2F(s)
F(s)= —+2F =—
(5)= S +2FB() =+ 5
— 2F(s) 1
= F(s)— = -
(5) s2+1 s
2
— s =1 1
= F = —
(S)sz—l—l s
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2 2
— sc+1 I[ s 1
= F = = —
(s) s(s2—1) s [s2—1+s2—1}
— 1
= F(s) = ——

s2—1 +s(s2—l)'
Now, applying inverse Laplace transform we get

t
F(t) = cosht+/ sinhu du
0

= cosh? + [coshulj,
— cosht +cosht —1 =2coshr — 1.

3.5.3 Applications to Partial Differential Equations

(" A
Definition 3.5.11. Let u(x,?) be a function of two variables. The Laplace transform L[u| of
u in the variable 7 is defined as

Liu](s) = /0 " u(x,t)e .

\__The above is defined for all s for which the above integral exists. )
4 )
Lemma 3.5.12. Let u(x,t) be a function of two variables, and let U (x,s) be the Laplace

transform of u(x,t) in the variable t.
1. Suppose that g—’ﬁ(x,t) is bounded at infinity for 0 <i <n—1 and %(x,t) are con-
tinuous at (x,0) for all x and for all 0 <i<n—1. Then L [%(x,t)] =s"U(x,s) —
_ _ n—1
s"lu(x,0) — " 2u; (x,0) — ... — %(x,O).
2" 9"
2. L [ i (x,t)] (s) = U (x,9).
2
3L [%(x,t)] (5) = 52U (x,5) — Lu(x,0). )
Proof. 1. We shall prove it by using Principle of Mathematical Induction. Let n = 1. Then

du, N AN
L{ar(.x,t)} (s) = JA E(,’(J)L dt

= {e ‘”u(x,r)+s/Lt(x,t)e S’dt}
= sU(x,s) —u(x,0).

0

Assume that the above is true for n — 1. Now

"u, N © JMy R
L {a[” (,xqt)} (s) = I am (x,t)e " dt
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7,8’1_114 " l
= [e Sr&t” (1) +s/a” (x,0)edr

n— 1Ll

-y - (x,0) +9/ T ](xt) St

anilu n—1 1172 8”721/[
- an An—1 (x 0)+ [ U<X S) ”(X-/T)*"'*W(x,())]

= s"U(x,s) —s" 1u(x,0) — 5" 2u;(x,0) — ... — W(X,O).

Hence the proof.
2. We see that

8”” B 00 al'lu . B an 00 . B a”
L {8}(” (x,fﬁ (s) = I (x,t)edt = 3 [/0 u(x,t)e a’t] = 8x”U(X’S)'

JO
3.
d%u = 9%u st ) du p
L{axat(x,t)} (s) = JA axa[()c,r)e dt&x[(o at(xt)c dt]
= D Urs) - u(x,0)] = s2-Ux,5) - L u(x,0)
= 5 Uxs) —u(x,0)] =s5-Ulx,s) = —u(x,0).

0
Example 3.5.13. Solve u; = uy,, 0 < x < 1,1 > 0 subject to the conditions u(0,7) = 1 = u(1,1)

forall 7 > 0 and u(x,0) = 1 +sinzx, 0 <x < 1.

Solution. Let U(x,s) be the Laplace transform of u(x,¢) in the variable . Applying Laplace
transform to u; = uy,, we have

02
sU (x,s) —u(x,0) = 2" u(x,s)
ie., )
sU (x,5) — (1 +sinzmx) = WU()C s).
Fixing s, the above equation reduces to C;‘—;U —sU = —(1 +sinmx). Solving the above

differential equation, we have

CE =ci(s)eV 4 cpe V¥,

1

PL = i S(—l — sin 7x)

B 1 1 )

= — D2—s1 — Dz_ssmnx

o D*>—s

s — DTZ sin 7Tx
! ! Sin T ! sin ! sin

=—— X ax = ax | .
s —m—s f(D?) f(=a?)
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118 §3.5. Applications of Laplace transform

Therefore 1 .
sin Tx
U(x,s)= CF. + PL = Visx —Var g o ,
(x,5) + c1(s)eV™ +ca(s)e + P
where ¢ (s) and c;(s) are arbitrary constants. Since s is arbitrary, the above solution holds for
all x and for all 5. Since u(0,7) = 1, applying Laplace transform yields U (0,s) = % Putting

U(0,s) = % in above equation, we get ¢ (s) = —cz(s). Therefore,

1 .
el L 05

Now, u(1,t) =1=-U(1,s) = 1. Then c1(s)(eVs —eV5) = 0. Since s > 0, we have ¢;(s) = 0.

Hence )
U(x s) B 1+ sin wx
G 7r2—|—s'

Applying inverse Laplace transform, one obtains

u(x,t) =1+ ¢ ™ sin7x.
[

Example 3.5.14. Solve u,, = Cizun —cos@t, 0 < x < oo, 0 <t < oosubject to u(0,7) =0 for
all ¢, u is bounded in the variable x, and u;(x,0) = u(x,0) = 0 for all x.

Solution. Let U be the Laplace transform of u in the second variable . Applying Laplace
transform on u,, = cizu,, — cos wt, we get

82
ox2

S

Ul(x,s) = 1 [szU(x,s) — su(x,0) — u(x,0)] — il

c2
Since u(x,0) = u;(x,0) = 0, we have

92 52 s
ﬁU(X,S) = —U()C,S) — 32+—w2

c2
Fix 5. Then the above equation will become

d*U  §? S

dx2 27 240

Therefore the solution is
CF =ci(s)ec +ca(s)e x.

PL — ! ( ° )
oA — 2 _2 2
DZ_z_2 sC+ o

B S 1 | c2D? | — c?
S+ e?s 52 Cs(s2+ w?)
C

Thus,
sx C

U(x,s) = ci(s)ec +ca(s)e™ > +

PSO03CMTHO2 2017-18



§3.5. Applications of Laplace transform 119

Since u is bounded in the variable x, its Laplace transform U is bounded in the variable s.
Since s > 0, it follows that ¢ (s) = 0. Therefore,

2
sX C
Ul(x,s) = R
(X,S) cz(s)e + S(S2+a)2)
Since u(0,t) =0, U(0,s) = 0. Therefore
_sx c?
0=U(0.) = cal)e ¥ + s
_ 2
Therefore c;(s) = — % Then
s(s2+ ®?)
2 2
C sX C
U =——a € T +—5——. 3.1
(x,5) s(s? + ®?) ¢ s(s2 4+ ®?) D

Now, we have

| o | 1 : coswr 1
e
and B
L e ®f(9)](t) = f(t —a)H(t —a).
Therefore applying inverse Laplace transform to equation (3.1), we get
2 2
c X X c
u(x,t) = 2 <1 —Ccos® <t - ;)) H (t— E> + E(l —Ccosmt).

]

Example 3.5.15. Solve uy; = uy, 0 < x < 1,7 > 0 subject to u(0,¢) =0 = u(1,7) for all ¢,
u(x,0) = sinmx and u;(x,0) = — sin7x, for all x.

Solution. Let U be the Laplace transform of u in the second variable . Applying Laplace
transform on u;; = u,,, we get

82
s2U (x,s) — su(x,0) — u;(x,0) = WU(X, s),

i.e. s°U(x,s) — ssinmx +sinmx = = U (x,s).

Fix s. Then the above equation becomes

d*U
e s?U = sin 7Tx — ssin 7x.
Then
C.E =ci(s)e™ +ca(s)e ™.
PL — 1 . .
L =m0 [sin 7wx — s sin 7wx]
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120 §3.5. Applications of Laplace transform

1 s
=5 sin 7Tx — o sin 7Tx
Therefore
sin 7Tx
U(x,s)=ci(s)e*™ +ca(s)e ™ s—1
O A

Since u(0,t) =0 =u(1,t), we get U(0,s) =0 =U(1,s). Then

0=U(0,s) =ci(s) +ca(s) = ci1(s) = —ca(s).

Therefore U (x,s) = ¢ (s)(e™ —e ) + ;;nfxz (s—1). Also U(1,s) = 0 implies
s
0=U(1,s)=ci(s)(e’—e*)+ Sin (s—1)
b 7r2 +s2 )
i.e. c1(s) =0 (since s > 0). Therefore
sin 7Tx
U(x,s) g (s—1).

Applying inverse Laplace transform, we get
. 1.
u(x,t) = sinmx |cos mt — —sinmr .

]

Example 3.5.16. Solve iy, = S, +k, 0 <x <1, 1> 0 subject to u(0,1) = u(0,1) = 0 for
all t > 0 and u(x,0) = u,(x,0) = 0 for all x.

Solution. Let U be the Laplace transform of u in the second variable . Applying Laplace
transform on the given equation, we get

02 1 1
ﬁU(x,s) =3 [SZU()C, s) — su(x,0) — u; (x,0)] +k§.
Fix s. Then the above becomes
U s* ok
dx2 27 5
Therefore C.F. = ci(s)ec +ca(s)e <.
1 &
Pl. = 5> —
DZ _ i_z S
ok 1 - ke?
s 2 (1 _ §—§D2> 53
Therefore
sx _osx kC2
U(x,s) =ci(s)ec +ca(s)e c — =
Then
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Since u,(0,¢) =0, %U(O,s) = 0. Therefore

0= Y 3 (e1(5) —eals)) = e1s) = eals).

ox ¢
Therefore,

U(x,s) =ci(s)(ec +e ¢)— —.

Since u(0,t) = 0, U(0,5) = 0. Then 0 = U(0,s) = 2q()-—&f:>c1@)=:g§.Thaeﬁne

Now, applying the inverse Laplace transform, we get

2 2
ke? (142 ke? (112 kc?r?
o) =5 5 ) 5 () 15

Therefore

)= () D)5 - ()

[]

Example 3.5.17. Solve u;; = c?uy, x > 0, ¢ > 0 subject to u(0,¢) = Asin wt, u,(0,t) = 0 for
all 7, u(x,0) = u;(x,0) = 0 for all x.

Solution. Let U be the Laplace transform of u in the second variable . Applying Laplace
transform to u;; — czuxx, we get

2

s?U (x,s) — su(x,0) — u;(x,0) = ¢ ;TU(X s).

Fix s. Then the above equation becomes
21 2 2
szU—cz%:%—i—zUzO.
C.E =c|(s)ec +ca(s)e <. Therefore
U(x, s) =ci(s)e* +cafs)e c.
Since u(0,t) = Asinwt, U(0,s) =
d
dx

Therefore U (x,s) = c¢;(s) <e% —l—e_%> Thus, U(0,s) =

=—U(0,s) =c1(s) —c2(s) = 0= c1(s) = c2(s).
sz + 7 = 2c1(s). Therefore

_ X

SX
we ¢ I e «
2+ 0> s2+o?

A

U(x,s) = )

Applying inverse Laplace transform, we get

s =4 om0 1+2)) o+ ) oo 2)) 1 ()]

]
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122 §3.5. Applications of Laplace transform

Example 3.5.18. Solve u;; = c?uy,, 0 < x < I, ¢ > 0 subject to u(0,¢) = u(l,t) =0, > 0 and
u(x,0) = Asin (25), u(x,0) =0.

Solution. Let U be the Laplace transform of u in the second variable . Applying Laplace
transform to u,; = c2uy,, we get

82
2 _ 2
57U (x,s) — su(x,0) —u; (x,0) = ¢ ﬁU(x,s).
Fix s, then the above equation becomes
°U SZU A sin <nx>
— — U =—s —).
dx* ¢ l

Therefore C.F. = ¢ (s)e’c +ca(s)e . Also,

Therefore
s s 1 . (Tx
U(x,s) =ci(s)ec +ca(s)e” ¢ +sA—————sin (—) .
<7f_2 + ﬁ) [
2 c?

Since s was arbitrary, the above solution holds for all s and all x. Since u(0,7) =0, U(0,s) = 0.
Therefore ¢ (s) = —ca(s). Then

U(x,s) =ci(s) <e% —67%> +sl@sin (7rl_x> .

2 c

Since u(l,t) =0, U(l,s) = 0. Therefore

0=U(l,s) =ci(s) [e%l —e_%l} , i.e. c1(s)sinh <s_l> =0.

C

Since s >0 and ¢ > 0, ¢1(s) = 0. Hence

Ulx,s) Asc? (ﬁx)
X,8) = — sin [ —
ERrEay

Applying inverse Laplace transform, we get
T Tt
u(x,t) = —sin (Tx) Ac?cosh (CT> .

]
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3.5.4 Applications to Simultaneous Differential Equations

We consider some examples on solving simultaneous differential equations by an application
of Laplace transform. The final answers are not given and the students are encourage to do the
computations.

Example 3.5.19. Solve (D? —2)x — 3y = %, (D* +2)y +x = 0 subject to x(0) = y(0) = 1
and X'(0) =y'(0) = 0.

Solution. Here x"" —2x —3y = ¢* and y” +2y+x = 0. Let X and Y be the Laplace transform
of x and y respectively. Applying Laplace transform to both the above equations, we get

1
s—2
s2Y —sy(0) —y'(0) +2Y +X = 0.

s2X — sx(0) —x'(0) —2X —3Y =

Therefore

1
s—2
s2Y —s+2Y +X = 0.

§$2X —5—2X —3Y =

Then

(s> —2)X —3Y =

— s (3.2)
X+ (s> +2)Y =s. (3.3)

Multiplying equation (3.3) by (s?> — 2) and subtracting it from equation (3.2), we get

1
—3Y — (s> =2)(s*+2)Y = —— +s5—5(s* —2),

s—2
:é(—f+lﬂ“zs_2+2—s@z—%
1 s s(s2—2)
—Y=— - .
(s* —1)(s—2) s4—1+ st—1
1 1 —1 1 1 1
Now, L1 )=-L"|— 1) = —=sint + — sinhr.
ow, [(sz—l)(s2+1)]() > [s2+1+s2—1]() 5 sint + 5 sin
Also, L™ { (t) = ¢*. Therefore
S_
1 4 1 1
-1 _ 2(t— . .
L [m} (t) —/0 e ( u) (ESIHM+§SlnhM) dI/t
_ K 1 Ry Ry 1
Also, L™} L“—l} =3 {m_ﬁ—l—l} zi(cosht—cost).
2_1_
Now, s —1-1) = i — il . Then

(s2—=1)(s2+1)  (s24+1) (s2—1)(s2+1)

s R e e i
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124 §3.5. Applications of Laplace transform

(cost —coshr).

| =

1
= cost— o (coshr —cost) =

Therefore,
Now multiplying equation (3.2) by s? +2 and equation (3.3) by —3, we get

(P 1)(2+2)X —3(L L 2)Y = (2 +2)— o s(+2)

S J—
and 3X —3(s* +2)Y = 3s.
Therefore

2
2
> +2 + 35+ 5(s> +2)

((s*—4)+3)x =

52 +2 +s(s2+2)+ 3s
(s=2)(s*—1)  s*—1  s*—1

=X =

Applying inverse Laplace transform, we get

s(s>+2) s(s>+14+1) s s
-1 P+ =1 D)
242 1 3 1
L! {%} (t) = coshr + 5 (cosht —cost) = Ecosht — 5 cost.

3s _3 s s
st—1 20s2—1 s2+1]°

3s 3
1 .
Then L L4_ 1] = E(cosht—cost).
2 2
sc+2 sc—1+43
Also f = :
VIO ) T 5-2) (- 1)
Complete it. Il
Example 3.5.20. Solve (D —2)x— (D + 1)y = 6¢*, (2D —3)x+ (D — 3)y = 6e* subject to
x(0) =y(0) =3.

Solution. Here x' —2x—y —y=6¢> and 2x' —3x+y —3y = 6¢>. Let X and Y be the Laplace
transform of x and y respectively. Applying Laplace transform to both the above equations,
we get
sX —x(0)—2X —sY +y(0)—Y =L [6e3t]
25X —2x(0) — 3x+sY —y(0) — 3Y = L[6e"].

Therefore
6
sX—-3—-2x—sY+3-Y=
s—3
25X —6—-3X+sY —-3-3Y = 6 .
s—3
Then
6
(s—2)X—(s+1)Y = 3 (3.4)
S_
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(25=3)X +(s=3)Y = == +9. (3.5)

s —_
From equations (3.4) and (3.5), we have

6(2s—3) 6(s—2)

@53+ 1)~ (s-2)(s- 3y = 22D D g )
= [~25% —25+3s+3— s>+ 55— 6]Y = 6(?__33) - 6?__32) —9(s—2)
= [-35%+6s—3]Y = 6(5“;3) - 6(SS__32) —9(s—2).
Therefore
6(25—3) 6(s—2) 9(s—2)

T T3 126-3) 3612 T3(s—1)

—4s+6+25s—4 9(s—1-1)
(s=3)(s—1)2 3(s—1)2
—2(s—1) 3 3
(s—=3)(s—1)2 "s—1 (s—1)2
1 1 3 3
+

s—1 s=3 s—1 (s—1)%

Applying inverse Laplace transform, we get

1 1 3 3
)=L" - - t
¥) s—1 s—3 s—1 (s—1)2 ®)
= — ¥ £33 — 3t

= 4¢' —3e3 — 3t

Now, multiplying equation (3.4) by —2 and adding it to equation (3.5) gives
x:y—3yl—6e3t.
Using the solution y(¢) obtained above, we get
x(t) = e +6te' +2¢.
[

Example 3.5.21. Solve D’x+ Dy + 3x = 15¢™" and D’y —4Dx + 3y = 15sin2t subject to
x(0) = 35, ¥ (0) = —48, y(0) = 27, y/(0) = —55.

Solution. Here X" +y +3x=15¢"" and y’ —4x’ + 3y = 15sin2t. Let X and Y be the Laplace
transform of x and y respectively. Applying Laplace transform to both the above equations,
we get

15
52X — 5x(0) —x'(0) +5Y —y(0) +3X = ——
s+1
30
2 /
Y —s5y(0) —y'(0) +4sX —4x(0) +3Y = .
¥ —59(0) = y'(0) + 45X —42(0) +3Y = "~
Dr. P. A. Dabhi lightatinfinite @ gmail.com
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126 §3.5. Applications of Laplace transform

Then
(s*+3)X — 355 +484sY —27 = 15
|
30
3)Y —27s+55+4sX — 140 = :
(s2+3) s+55+4s i
Complete it as an exercise. Il
Examples 3.5.22. 1. Solve 2x——— y = 6>, 2 3x+%—3y:6e3’ subject to

x(0) =3, y(0) = 0 using Laplace transform methods
Let X and Y be the Laplace transforms of x and y respectively. Applying Laplace
transform on the equations —2x— y 6¢ and 2@ —3x+ % —3y=6e¥, we

have sX — x(0) — 2X —sY +y(0) Y = O and 25X — 2x(0) —3X +sY —y(0)—3Y =
%. Substituting x(0) = 3, y(0) =0 and simplifying we obtain (s —2)X — (s +1)Y =
% +3and 25s—3)X+(s—3)Y = 8% +6. Solving the last two equation for X and Y,

we get X = (35:1;2 + (S_l;'(s_3) and Y = = )2 +7— _— Applying inverse Laplace
transform gives x(t ) (142t)e* +2¢% and y(t) = (l —1)el — e,
2. Solve % +% =1, W —y=e¢"" subject to x(0) =3, X'(0) = —2, y(0) = 0 using Laplace

transform methods

Let X and Y be the Laplace transforms of x and y respectively. Applying Laplace
transform to both the differential equations and using the conditions given, we obtain
X+Y = 3 + 13 and szX —Y =35—2+ 7. Using the last two equations, we have

(1 —|—s2)Y +2— sTl’ ie.,Y = (l«is ey + l+2s (l+s)(l+52)' Applying inverse Laplace

transform, we get

t t
yt) = /sinudu+2sint—/ ¢~ W sinudu
0 0
t

—u
= 1—cost+2sint—e”’ [Z(Sinu—cosu)
0
1 t+3 int Lot
= 1—-cost+—sint— e ".
2 2 2

Since X +Y =2+ s%, x(t)+y(t) =3+ % Using y(¢) obtained above, x(t) =2+ 3[t* +
cost —3sint +¢'].

3. Solve the simultaneous differential equations (D —2)x+3y=0and 2x+ (D—1)y =0
subject to x(0) = 8 and y(0) = 3.
Applying Laplace transform to above differential equations and using the conditions
gives, (s —2)X +3Y = 8 and 2X + (s — 1)Y = 3. Solving above equations for Y,

W

we get Y = G 3%{&21) = 45% g Applying inverse Laplace transform gives y(r) =
_1 e4t 4 71 e !
5 10 ’
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CHAPTER

Z- TRANSFORM

4.1 Green’s Function and its Application

In what follows, we describe the method to solve the second order differential equation using
Green’s function.

Consider the differential equation

Y +P(x)y +Q(x)y = f(x)

on [a, b] subject to conditions B} (y) = 0 and B, (y) = 0.

Steps:

-

-

1.

2.

4.

. Define Green’s function G(x,s) as follows:

Find the fundamental solutions u; and u of the equation y” + P(x)y' + Q(x)y = f (x),\
i.e., u; and u, are solutions of given equations and they are linearly independent.

By taking appropriate linear combinations of #; and u,, find y; and y, so that By (y;) =
0 and Bz(yz) =0.

G()C S) — { W({l)»)’Z)((»;)’ S S X5
’ y1(X)ya2(s

WO S5
yr »n

where W (y1,y2) = is the Wronskian of y; and y,.

/ /

) 1 2
Evaluate y(s) = / G(x,s)f(s) ds.

/

Example 4.1.1. Find the Green’s function for y”(x) = f(x), y(0) = 0 = y(1) and hence find

the solution of the above equation when f(x) = x~.

2

127
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Solution. The fundamental solution of y” =0 are u; (x) =1 and up(x) =x ("' y(x) = c1 +c2x).
Consider y; (x) = x and y(x) =x— 1. Then y;(0) = 0 and y,(1) = 0.
Now the Wronskian of y; and y; is

x x—1

W(ylayZ) = 1 1

‘:x—(x—l) ~1.

Therefore the Green’s function for the above problem is

s(x—1) < x
Glxs) =4 iy

When f(x) = x?, the solution of the above differential equation is
1
y(x) = / G(x,s)s? ds
0

—/sts ds-l—/sts ds

—/ x—lsds—l—/ s—lsa’s

XS x4 X X )CS x4
“F T d i3 T3
. x4 X . x4 —X
TR

]

Example 4.1.2. Find the Green’s function for y” (x) +y(x) = f(x), y(0) =0, y'(1) = 0. Hence
find the solution of the above equation when f(x) = x.

Solution. The fundamental solution of y”(x) + y(x) = 0 are
uip(x) =cosx, up(x)=sinx (as y(x) = c¢] cosx + ¢ sinx).

Consider y;(x) = sinx. Then y;(0) = 0. For y,, consider y;(x) = ¢ cosx+ ¢ sinx. Then
Y5 (x) = —cy sinx+cp cosx. Thus, y5(1) = 0 implies —c; sin1 4 ¢z cos 1 = 0. Take ¢; = cos 1
and ¢, = sin 1. Then we have

y2(x) = coslcosx+sinlsinx = cos(x—1).
Then y;(0) = 0 and y5(1) = 0. Now, the Wronskian of y; and y; is

_|sinx cos(x—1)
W) = cosx —sin(x—1)
= —sinxsin(x— 1) — cosxcos(x— 1)

= —cosl.
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§4.1. Green’s Function and its Application 129

Therefore Green’s function for the above problem is

sinscos(x—1)
—=— <X
— —cosl 7 —
G(X,S) - { sinxcos(s—1) >
“cosT 0 S

When f(x) = x the solution of the above differential equation is
1
y(x) = / G(x,s)sds
0

/x sinscos(x—1) J +/1 sinxcos(s — 1) J
= [ ——————=sds ——————~sds
0 X

—cos 1 —cos 1
1 :
— CO_S(C)COS1 ) [s[—coss] — 1[—sins]]g + —cr(l))scl [s[sin(s — 1)] — [~ cos(s — 1)]]1
1 -
— —CO—S(cxosl ) [—xcosx+ sinxr] — Cs;r;x [1 —xsin(x—1) —cos(x—1)]
cosl sinx sinx

=Xx .
cosl cosl cos1

Example 4.1.3. Solve y”(x) 4+ 9y(x) = xcosx subject to y(0) =0, y/(7) = 0.

Solution. The fundamental solutions of y”(x) + 9y(x) = xcosx are
up(x) = cos3x and up(x) = sin3x.
Consider y; (x) = sin3x and y>(x) = cos3x. Then y; (0) = 0 and y}(7) = 0. Now,

sin3x cos3x B
3cos3x —3sin3x|

yir »
Yi Y

Therefore Green’s function for the problem is

W(yhyZ) =

sin3scos3x

G(xvs) = { sin3;gos3s

, s<x
=3 s> X.

When f(x) = xcosx, the solution of the above differential equation is

T
y(x):/ G(x,s)scoss ds
0

/X sin3scos3x T sin3xcos 3s
0

SCOSS ds+/ —————————5cossds
x 3

cos 3x sin3x

X
= / [sinds + sin2s]s ds +
6 Jo

T
/ [cosds + cos2s|s ds
X

_ cos3x [ —cos4s N 1sin4s N —cos2s N sin2s 1"
G 4 16 0 2 4,
sin 3x [ sin4s cosds  sin2s cos2s]

— s

I TR A

_ cos 3x cos4x L CcoS2x n sin4x n sin2x
T 776 |7\ T4 2 16 4

sin 3x 1+1 sin4x+sin2x cos4x+0052x
6 |16 4 "\ 4 2 16 4 )|
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130 §4.2. Gram Schmidt Orthonormalization

4.2 Gram Schmidt Orthonormalization

(Deﬁnition 4.2.1. Let V be a vector space over K (K=R or C). Amap (-,-): VxV — K\
is called an inner product if for all x,y,z € V and @ € K,

1. (x,x) > 0andif (x,x) =0thenx=0

2. (x,y) = (x)

3. (ox,y) = a{x,y)

4. x+yz) = x2)+ 52
\A vector space V with an inner product is called an inner product space. y

Examples 4.2.2. 1. C" is an inner product space with the inner product
n
<(X1,X27 cee ,Xn), ()’17)’2, . yﬂ)) = Z XYk
k=1

2. Let £2 = {(x4)nen : L lxn|? < oo} Then £2 is an inner product space with an inner

product
((xn), () = anyn

3. LetCla,b] ={f : [a,b] — C: f is continuous}. Then Cla, b] is an inner product space
with an inner product

b
(f.g) = / Fx)20) dx.

\
Definition 4.2.3. Let V be an inner product space and let x,y € V. Then elements x and y
are called orthogonal if (x,y) = 0. )

~
Definition 4.2.4. A non-empty subset A of an inner product space V is called orthogonal if
(x,y) = 0 for every x,y € A with x # y. )

Example 4.2.5. Show that any orthogonal subset of an inner product space, which does not
contain zero, is linearly independent.

Solution. LetA = {x1,x,,...,x,} be an orthogonal set such that x; # 0 forall i. Let &t 0, ..., 0, €
K such that

ox1+ 0pxy + -+ -+ oyx, = 0.

Then
0=(0,x;) Vi=12,....n
= (Qx] + 00Xy + -+ + QpXp, X;)
= o (x1,%;) + Q@ (x0,x;) + - + 0y (X, X;)
= Oci(xi,xi>.
Since (x;,x;) # 0, o; = 0 for all i and hence A is linearly independent. O
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(~ )
Definition 4.2.6. Let V be an inner product space. Then the map || - || : V — K defined by
(X[l = v/ (x,x), (x € V) is called a normon V. )

(" )
Definition 4.2.7. A non-empty subset of an inner product space V is called orthonormal if
\ the set is orthogonal and the norm of each element of the set is 1. y

Ex) Show that every orthonormal set is linearly independent.

4 )
Theorem 4.2.8 (Gram Schmidt orthonormalization theorem). Let V be an inner product
space and let {x1,x;,...} be a linearly independent subset of V. Then there exists an
orthonormal subset {ej,e,,...} of V such that

\ sp{e1,ez,...} = sp{x1,x2,...}. )

[[Gram Schmidt orthonormalization process]

Let {x;,x2,...} be a linearly independent subset of an inner product space V. Let e; = ﬁ
X1
(and y; = x1). Let
y2 =x2 — (x2,€1)er.
Take e, = y_z. Let
2
y3 =x3 — (x3,€1)e1 — (x3,€2)€2.
Take e3 = IREI general, we get
3]l
© Yn
Y = Xp — Z (Xn,ej)ej and e, = —|.
Z ol
. /

Example 4.2.9. Orthonormalize the set {1,x,x2, x>} over [—1,1].

Solution. Let fo(x) =1, fi(x) = x, f>(x) = x* and f3(x) = x>. We have to orthonormalize the
set {f07f17f27f3} OfC[—L 1] Let h()(X) = f()(X). Then

1

N ¥
ol = 1ol = ( [ dx) _ i

Take go(x) = o) = L Let

W~ v2
() = £i(x) — (1, 80)go(x) =x — ( / llx% dx) % .

1
1 2 2 h 3
Then ||| = </1x2 dx) = \@ Let g1 (x) = ||1h<1x||) = |/ 5% Let

ha(x) = f2(x) = (f2,80)80(x) — (f2,81)81(x)
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2 [ (o) g5 [ (5 ran) 3o

Then

Iyl
(98]
—~
=
N—r
Il
>
Poumn
=
S—
|
N~
by
oo
(=)
S~
oQ
(=)
Poun
=
SN—
P —~
:h
%
~
o0
/\
\_/
P
;*s
oQ
[\*)
~
oQ
[\*)
—~
=
N—

Therefore

_,fr 61 91
~ 77 557253
o318

725 175

Therefore ||h3|| = %\/g . Let g3(x) = h|3h:”) Thus, {go,&1,82,83} is the required orthonormal
set.

Hence, by Gram-Schmidt orthonormalization method, the orthonormal set obtained by
orthonormalizing the set {1,x,x%, x>} over [—1,1] is

(s o

Example 4.2.10. Show that sp{1,x,x*,x°} = sp{ 2P, (x) :n e NU {O}} in C[—1,1].

O

Solution. Let n € NU{0}. Since P,(x) is the polynomial, we have

2n+1

5 P.(x) = ag+aix+axx* + -+ ax" € L{x" : n e NU{0}}),
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where ag,ay,...,a, € R. Hence, it follows that

2n+1
sp{ n;— P, (x) :neNU{O}} C sp{1,x,x%,x°}.
Since any polynomial can be expressed as a linear combination of Legendre polynomials, it
follows that

2n+1
sp{l,x,xz,x3}Csp{ n;— P, (x) :nENU{O}}.

Hence the result. [

Example 4.2.11. The set { 281 p,(x) :n € NU {0}} is orthonormal set in C[—1,1] (or
Lz[_lv 1])

Solution. We know that

Letn € NU{0}. Then

2 1 2 1
/ \/ n—|— x)\/ m—|— Pu(x) dx
(2 1
_ 2) m+1) / Po(x)Po(x) dix
~1
{ 0, m#n
=93 20+l _2
”;“ =1 m=n
Hence, the given set is orthonormal. ]

Remark 4.2.12. Note that the above orthonormal set is an orthonormal basis for the Hilbert

space L>[—1,1] and
fx) = i<f,\/2”“Pn>\/2”—2“Pn<x>-

n—=

4.3 Least Square Approximation

4 )
Theorem 4.3.1 (Least square approximation). Let f € L?[—1,1] and let p(x) = boPy(x) +
1

b\Py(x)+---+Db,P,(x) be a polynomial of degree n. Then the integral / |f(x) — p(x)|* dx
-1

is minimum if and only if

2k+1

1
bk:T/ f(x)B(x) dx, k=0,1,2,....n
-1
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2k+1
Proof. Fork=0,1,.. nletak——+/ f(x)Pe(x) dx. Now,

/_11 |f(x) —P(x)‘Z dx = /_]l (f(x) jZn:Obij(x)>2 N
, 2
_/ f(x)? dx— ZZb/ flx dx+/ (Z{)bJPJ )dx

J
24> no 2q%

2a; < J
_/ - 22bfz 1 Z ij +1+JZ()2]+1 Zozjﬂ

2 n 2 n 2aj
= dx+2 — .
/ flaydxt Z 2+ 1 Lot
j_
Since the first and the last term on the right hand side of the above equation are fixed, the

—b;j)?
above integral will be minimum if and only if —
s Y Jz‘g) 2j+1

for all j. O

=0,1.e. ifand only if b; = a;

X

I
Example 4.3.2. Find a polynomial of degree two so that / le* — p(x)|? dx is minimum.
I

Solution. Let p(x) = boPy(x) + b1 Pi(x) + byP>(x), where

2k+1 1
by = T+ €' Pe(x) dx, (k=0,1,2).
-1
Then p(x) = by +b1x+b; (3x*> — 1). Here

1/1)“101 Le! — ™) = sinh 1
: _1e x=le —e

3 ! 3
zz/_lexxdxzi[xex—ex]llz%1.

o3 o

d 5/1 x4
4 .xx4_1€.x

15, 1 5.
_Z[x ex—2xex+2ex]7l—§smhl

IS 1 1,1 -1 -1 S
=7 (¢! —2¢' +2¢' —(¢7' +2¢7" +2e )}—Esmhl

5
= Z[e—e —4e7!] — 5 sinh1

15 5
= o sinh 1 — 15¢71 - Ssinh 1 = 5(sinh 1 - 3¢ ).

]
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Example 4.3.3. Show that

1 1
min { / p(x)? dx : p(x) is a monic polynomial of degree n} = / (cPy(x))* dx,
-1 1

where ¢ € R, so that cP,(x) is a monic polynomial.

Solution. Let p(x) be a monic polynomial of degree n. Then there exists co,ci,...,c,—1 such
that

p(x) = coPo(x) +c1Py(x) 4+ cn1Py—1(x) + cPy(x).
Therefore
! 2 ! 2
/lp(x) dx = /1(coPo(x)+c1P1(x)+--~+cn_1Pn_1(x)—|—cnPn(x)) dx
1 1 1
:c%/ Po(x)zdx—l—m—l—c,%l/ Pn_l(x)zdx—i—cz/ P, (x)%dx.
1 1 _

Since c is fixed, above integral will be minimum if and only if co =c¢; =--- =¢,—1 = 0. Hence
the result. L

Example 4.3.4. Find min { I, p(x)? dx : p(x) is a monic polynomial of degree 2}

Solution. By above example, we have to find fil (cPy(x))%dx, where ¢ € R so that cP>(x) is a
monic polynomial. Thus, ¢ = % Therefore

Example 4.3.5. Find a polynomial of degree 2 so that fil |sinx — p(x)|>dx is minimum.

Solution. For this, let by = 251 [ sinxPy (x) dx, k =0,1,2. Then p(x) = bo+b1x+by (352 — 1).
Now,

1
by = —/ sinx dx = 0.
-1

3 1
bl:i/ smxxdx—3/ xsinx dx =3 [x(— cosx)+smx](1) 3(sinl —cos1).

1 15 1 5 1
2/ smx(—x —5) dx:I _lxzsinxd —Z/_lsinxdx:().
Hence p(x) =3(sin1 —cos 1)x. O

Example 4.3.6. Find a polynomial of degree 2 so that fil |cosx — p(x)|?dx is minimum.
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Solution. For this, let by = 251 [T, cosxPy(x) dx, k=0,1,2. Then p(x) = bo+b1x+by (3> —1).
Now, |
by = —/ cosxdx =sinl.
-1

3 1
blz—/ cosxxdx=0.
2/

5 /1 3 1
by = §/lcosx <§x2—§) dx

15 ! 5 1
:Z _lxzcosxdx—z/_lcosxdx
B 15 ! 5

5 1
=5 A X COSde—E/() cosx dx

15 5
= [ 2 Sinx + 2xcosx—251nx}(l)— Esinl

15 5
= 7[5in1+20051—2sin1]—isinl

= 15cos1—10sinl1.

Hence p(x) =sin1+5(3cos 1 —2sin1)x?. O

4.4 Orthogonality with respect to weight functions

Let @ be a non-negative “weight function” on [a,b]. Two functions f and g are called
orthogonal with respect to the weight function @ if

/a D e o() dr=0 ie. / ) g () /@0 dx = 0.

We know that the set {1,x,x%,...} is linearly independent over [a,b]. Let @ be a weight
function on [a,b]. Then {\/®(x),x\/®@(x),...} is linearly independent over [a,b]. When we
orthonormalize the above set on [a, b], we get an orthonormal set

{Qo(x) v 0(x),01(x) v 0(x), 02(x) v ©(x), ...},

where Q,(x) is a polynomial of degree n. That is the set { Qo(x), Q1 (x),...} is an orthonormal

set on [a,b] with respect to the weight function @. For example,

l. fa=—1,b=1and o(x) = ﬁ, then we obtain Tchebycheff polynomials 7;,(x),

T,(x) = an_ 1 cos(ncos™ 1 (x)).

2. ifa=—1,b=1and o(x) = 1, then we get Legendre polynomials.
3. Ifa=—1,b=1and w(x) = V1 —x2, then we get the polynomials

B sin((n+1)cos_1x).

On) ="
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4. Ifa=0,b=1and ®(x) =x7"1(1-x)?"9, g > 0and p—q > 1, then we get Jacobi
polynomials.

5. 1fa=0,b=cand o(x) = ¢~ then we get Hermite polynomials.

6. If a=0, b= and ®(x) = ¢*, then we get Laguerre polynomials.

Example 4.4.1. Orthonormalize the set {1,x,x?,x*} on (0,0) with respect to the weight
function e~ .

Solution. We need to orthonormalize the set
{(Ve = xV e Ve 3y e}
on (0,00). Let fi(x) = x'Ve*,i=0,1,2,3. Now,

2= [ Vet Verar= [T ax=
0 0

ol

Let g(x) = folx) \/—1_ e, Let
[foll 2
hi(x) = fi(x) — <f1,go>go( )
xVe (/ xe ™ dx)%
Complete it as exercise. ]

4.5 Hermite Polynomials

[ I
Definition 4.5.1. Hermite polynomials H,(x) of degree n are orthogonal polynomials over

(0,0) with respect to the weight function e,

They are most conveniently defined by means of a generating function y/(x,7) given by

2 = H,(x)
Yo == Y
\_ n=0
~
a2 d _xz
Theorem 4.5.2. Let n € NU{0}. Then Hy(x) = (—1)"e" LR
X
v
Proof. We have y(x,1) = e T2 = i H—<) . We note that H,(x) = Sxw(x,1)| .
= n! o1 =0
We have
124 2xt —x2+x2 x2 X ~
y(x,t)=e e =e Z k'
k=0
Therefore
" )« (—DF2k(2k—1)---(2k—n+1) _
Wl//(x,t) =e' Z o (t —x)%k".
2k>n :
Dr. P. A. Dabhi lightatinfinite @ gmail.com
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Therefore

Hence,

Example 4.5.3. Find H,(x) and hence compute H>(0).

Solution. We have

. [e_x2 (2)+ 2xe ™ (—2x)]
s [Ze_x2 - 4xze_x2]

= — (—4x?+2) =4x? - 2.
Hence H,(0) = —2. O

Example 4.5.4. Show that H},(x) = 2nH,_1(x), n > 1.

_ 2 — Hp(x ) . . .
Solution. We have e~ 2 = Z #t”. Then differentiating both sides with respect to x,
n—o

we get

2 > H'(x .

e () = "—')t” (.- first term is constant)
n=1
= Hy(x = H (x
:>th n( )tn: Z n( )tn
= n! . n!
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— H,_ = H/
= ) 2~ l(x?t": y ot
n=1 (I’l - n=1
Comparing the coefficients of #* on both the sides, we get

L) H)
(n—l)' n!
= 2nH, 1(x)=H (x), n>1.

l\)

Example 4.5.5. Show that H,, | (x) — 2xH,,(x) +2nH,_;(x) =0,V n > 1.

= H
Solution. We know that e=**+2¢ = Z Mt". Then differentiating both sides with respect
= n!
to ¢, we get !
(=2t +2x)e T2 = Z (differentiating wrt 7)
= n!
) Z I’H—l + 2x Z
n=0 nzl 1)'
> H 1 x > H ( )
= —2 = t 2x =0"—- —t".
Z " (n— + Zn ngb n!

Comparing the coefficients of " on both the sides, we get

Hy,_(x) +2an(x) _ Hyp(x)

) =
(n—1)! n! n!

Hence multiplying above equation by n!, we get

Hy 1 (x) —2xHy(x) +2nH,_1(x) =0, Vn>1.

O]
Example 4.5.6. Show that H,(x) satisfies y” — 2xy’ +2ny = 0.
Solution. We know that
Hy 1 (x) — 2xHy, (x) +2nH,_1(x) =0

= H,1(x) — 2xH, (x) + H)(x) =0

= H,_ | (x) —2H,(x) — 2xH, (x) + H,/ (x) =0 (differentiating wrt x)

= 2(n + 1)H,(x) —2H,(x) — 2xH, (x) + H, (x) = 0 (by previous example)

= H,)(x) — 2xH, (x) + 2nH,(x) = 0.
Hence H,(x) satisfies y — 2xy’ + 2ny = 0 which is known as Hermite equation. O
4.5.1 Orthogonality of Hermite polynomials
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140 §4.6. Z-transform

Theorem 4.5.7. Hermite polynomials are orthogonal. More precisely,

°° 2 . 0, m+#n
/_mHn(x)Hm(x)e dx—{ Vil T, m=n.

Proof. Let m,n € NU{0} and let m # n. We may assume that m < n. Now,

2

/oo H,(x)Hy(x)e™™ dx

_ /osz(x)e_xz (—1)" (j:n (e—xz))eﬂ dx

n

_ (—1)”/°°Hm(x)% () ax

n d 2
=0—(—1) 7°°2mHm_1(x)dxn_] (e ) dx
oo d}’l—z )
= (=1)"2%m(m—1) Hm_z(x)d—2 (e*x ) dx (repeating once more).
—oo X"

Repeating this process m-times, we get

/_0; H,(x)Hy, (x)e_x2 dx

- (—1)”(—1)'"2'"m(m—1)---2-1/2Ho(x)$n_mm (e—x2> dx 4.1)

[}

= (—1)"(—1)"2"mHo(x) [[Z:;—nﬂ (e_xz)}

—o0

=0.
.. m 2 2
This is because, n > m = n—m—1 > 0 and hence cic—,,, (e‘x ) = p(x)e ™ — 0 as |x| — oo.

Also for n =0, Hy(x) = &2% <e—x2> — e — 1.

Now, if m = n then by equation (4.1), we have

/ Hn()c)Hn()c)e_x2 dx = 2”n!/ dx =2"n!\/T.

4.6 Z-transform

(Deﬁnition 4.6.1. Let (an),>0 = (ag,a1,az,...) be a sequence of complex numbers. The ZW
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transform, Z[(a,)], of (a,) is defined by

Remark 4.6.2. Note the the domain of Z[(a,)] is the set of all complex numbers where the
series i I converges
— conv :
n=0 " &

Now onwards whenever we write (a,) means (a,) = (ao,a1,az,...). We see below some
examples in which we compute the Z-transform of some standard series.

Compute the Z-transform of the following:

Example 4.6.3. (a"),>¢ or simply written as (a").

Solution. Z[(a")](z) = Z a_n - i (

%)
2
<
bl
QS
S
N
T
[S—Y
N—
—
&
Il
gk
|
—_
=
Il
ok
VR
|
—_
~~
S
]

n=0 " n=0 <
1
= — (| >1)
l—i-g
Z
= ey (Jz| > 1).

Example 4.6.5. (e~ *").

oo ({)70(” (=] ()70( n ] -
Solution. Z[(e~*")](z) = ) =) ( > = — = 5" O

N |
n=0 *~ n=0

Example 4.6.6. (cos(na)), where o € R.
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- o
Solution. Z](cos(nat)) Z cosan O

< Z
+ —
elOC 7—e 104

( _e za+z —za)

1 1
'oc+ —ia
1—-< 1-<£2
Z Z
Z\Z

7+ zem1% —zel® 4]
z2(2z—2cos )
2—2zcosa+1
z(z—cos)

72— 2zcosa+ 1

1
2
1
2|z
1
27
1
2z

2
Corollary 4.6.7. Z[cosnz|(z) = Z—Fil and  Z[cos™E] (z) = Z2Z+ ;
Example 4.6.8. (sin(no)), where o € R.
Solution. Z|[(sin(na))](z) = Z smn " 0
n=1 <
1 & ei(xn efiom
=5 Z =
n=1
1 = o\ 2 i
-5 (5) -£(%) ]
1] 1
20 |1 —¢2 _ @
L Z Z
1z 2
C2i|z—el®* z—e i@
1 Z(Z_e—ia _Z+e—ia)
20 2 —zei® —zeldt 4]
z(siner)
- z2—2zcosa+ 1
[Corollary 4.6.9. Z[sinnz|(z) =0 and Z[sin’f](z) = Zj— - ]
z

PSO03CMTHO2 2017-18



§4.6. Z-transform

143

Ex) Compute the Z-transform of the following:

1. (coshon)

Answer:

zZ(z—cosha)
72—2zcosha + 1

4.6.1 Properties of Z-transform

2. (sinhan)

Answer:

We note some of the properties of the Z- transform.

Proposition 4.6.10.

z(sinh @)
72 —2zcosha+1°

1. Z-transform is linear. Let (a,) and (by,) be complex sequences, and o, 3 € C. Then

2. Let (ay,) be a complex sequence, and let 0 # a € C. Then Z[(a*a,)](z)

Zlo(an) + B(by)] = aZ[(an)] + BZ[(bn)]-

Similarly Z[(ot " ay)](z) = Z[(an)](az).
3. Let p € N. Then Z[(n?))(z) = —z£ Z[(n"~")](2).
4. Let (ay) be a complex sequence, and let k € NU{0}. Then

Proof.

Z(an41)](2) = 2Z[(an)](2) — @02 — a1~ — - —ap_1z.

1. Let z be in the intersection of Z-transforms of both (a,) and (b,). Then

= Z[(an)[(§)-

Zlaan) + B = ¥ X B
v Qap & by
"L th
= dy = b,
= (X};)Z—n+ﬁ’gz—n
= aZ[(an)](z) +BZ[(bn)](2)
2. We have
n - n_ - An . a £
o)=L an (%) = L Hn =l ()
Similarly,
" o O "ay, & ay
Zaral(o) = ¥ * 5 = ¥ ot = Zlan(e)
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n=k

oo

Zk Z anZi” —
n=0

ZkZ[(a”ﬂ (z) — apz* —

ad = — ez

0
We shall compute the Z-transform of following sequences.
Example 4.6.11. Z[(1)](z) = ——
Example 4.6.12. Z[(n)](z) = e = 7
Solution. Z[(n))(z) = Z[(n")](z) = —zdiZZ[(l)](z) -
()
’ {(Z?zl—);ﬁ(l)} gy
Example 4.6.13. Z[(n2)](z) = ézjg
Solution. Z[(n?)](z) = — zdizz[(n)] (2) 0
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Example 4.6.14. Z[(n+1)?](z)

Solution. Z[(n+1)*|(z) = Z[(n*)](2) +2Z[(n)](z) + Z[(1)] () O
z2(z+1) 2z F4
R VAR
(2 +2)+2z(z—1) +z(z—1)?
(z—1)°
L P Hz+22 -2+ 2742
(z—1)°
2+ 2(z+1)

(@1 (@1
Example 4.6.15. Z[(2"-n)|(z)

Solution. Z[(2"-n)|(z) = Z[(n)] <E> = 2 .z : O

Therefore

[}

Example 4.6.17. Z[(a,11)](z) = Y| anzl
n=0 <

— Qnil

=< Z() fan'

n—=
- ap+1

=2 Z n+1 —do
n=17%

Example 4.6.18. Z[(a,:2)](z) = ¥ “’;2
n=0

) o dni2
o n+2
n=0 2

o v Gnr2 aj
-2 (£ 2-w-2)

n=2

= 2Z[(an))(z) — apz* — ajz.
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In general
Z(ansp))(z) = 2 Z[(an))(2) — aoz” —arz" ™' =+ —ap1z.

Proof by induction.

Examples 4.6.19. 1. a,= 5, if0<n<S5anda,=0ifn>5.
By definition Z[(a,)](z) = ¥2_,(3z)~". Thus the domain of the Z- transform of this
sequence is C\ {0}.

4.7 Inverse Z-transform

Definition 4.7.1. Let f be a complex function. If there is a sequence (a,) such that
Zl(ay)] = f, i.e. if f is the Z-transform of the sequence (a,), then (a,) is called the inverse
Z-transform of f. In this case, we write Z~'[f] = (a,).

Since Z-transform is linear, it follows that inverse Z-transform is linear, i.e.

( Zaf+Bgl=az ' f+Bz g )

Proof. Let Z~'[f] = (a,) and Z~'[g] = (b,). Then

Z[(aan + Bby)] = aZl(an)] + BZ[(by)] = a.f + Bg-

Therefore

Z ouf + Bg) = (atan+Bbn) = atlan) + B (bn) = aZ™'[f]+BZ ™ {(ba)].

4.7.1 Convolution product of sequences

(~ )
Definition 4.7.2. Let (a,) and (b,) be sequences of complex numbers. Then the convolution,
(an) * (bp), of (a,) and (b,) is the sequence (c,), where

n
Chn = Z agb,_y for all n € NU{0}.
\_ k=0

{
Theorem 4.7.3 (Convolution theorem). Let (a,) and (b,) be complex sequences. Then

Z[(an) * (bn)] = Z[(an)]Z[(bn)]-

- /

Proof. Let z € C be in the intersection of domains of Z- transforms of (a,) and (b,). Then

(Z[(@n)]Z[(ba)]) (2) = Z[(an)](2)Z[(Pn)](2)
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I
P1e
£

n

where ¢, = Z agb, i for all n € NU{0}. H
k=0
[Corollary 4.7.4. Z7Z(ay)z(by)] = (an) * (by). ]

Thus, it follows from Convolution Theorem that if f and g are Z- transforms of (a,) and (b,),
then Z~! [f8] = (an) * (bn).

n 1 — "
Remark 4.7.5. We know that, if |r| < 1 then Z ay = aj ( | : > . Therefore
k=1 -7

n

- kin—k __ 17 ﬂ k
kzz)abl =y (5)

k=0

- bll

b—a+ &(b"—a")
b—a
bn+1 —ab" +ab" _an+l brl+l _alz+l

b—a b—a

Thus,

n b/H»] 7(/lll+| .
Z akbn—k _ ( b—a if a 7& b
k=0

(n+1)d"*) ifa=0b.

2

Example 4.7.6. Compute the inverse Z-transform of ——— .
(z—a)(z—D)

Solution. Let (x,) = (a") and (y") = (by,). Then Z[(x,)](z) = *_ and Zl(yn)](z) = —.
Now

e e R =
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el
— (@) (0") (: o akb”‘k>

bn-&-llj:zn-&-l ifa # b
(n+1)a" ifa=>.

O
2
Example 4.7.7. Compute the inverse Z-transform of ———— .
(z—2)(z—3)
Solution. Z™' | ——= | = (2")%(3") = (c,). Then
| @ =)
e 3-2
_ kan—k _ antl +1
O

Examples 4.7.8. 1. Since the Z-transform of (a"), where a € C, is %, z! =] = (a").
2. Now we shall show that Z~! [(+5)(+6)} =((=D)"(5"—6")).

oz .z _zZ
We note that 5)(c56) — 45 =6 Hence

z(z+1)

3. We shall compute the inverse Z-transform of D)7

71 {z(z+l)] B Zl{ S 2z ]

We first note that Z~! [

(z—1)? z—1  (z—1)2
. 2 - 2z
L— 1} (z—1)2
= ()+(2n)=2n+1)
4. Next we find the inverse Z-transform of (37)37(152)
We notice that 2325 — 2 5. Now

(z—D(z+2) — z—1  z+2°

I 1 1 1l &

_ Z(_l)ﬂ(zz—l)n _ i(_l)n-‘rl2n—lz—n'

z+2:gl+% =

Therefore Z~! [L] = (an), where ag = 0 and a, = (—1)""12"~! for all n € N. Now

742
e e
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_ oz E | st |
7—1 i 7+2

- (1) *S(Cln) — (l *5(1,2).
2(z—2)(z=3)"

. . . 82—19 _ 19 ;3 z |5 z 1 8z—19 _
[t can be seen easily that T3 = 6 +5:5+357=3- Therefore Z {m} —

—Beo+ (327 +33"), where eg = (1,0,0,...).
1

5. We shall find the inverse Z-transform of

(z—a)*"

Ifa =0, then Z~! [(77'6[)2} — 7 H .

Suppose that a # 0. If |z| > |a
1 1 1 a

— N S LA
(Zia)z o ZZ (l _ %)2 o Z2 z Z.Z Z.3

1 [d? a’ a® a’

, then

Thus Z~! [<7 lu)z} = (yn), where yo =y; =0 and y, = (n—1)a" 2 for all n > 2.

4.8 Applications of Z-transform

Example 4.8.1. Solve the difference equation y,, 12 — 7y,+1 + 12y, = 0 subject to yp = 1 and
yi=2.
Solution. LetY (z) be the Z-transform of (y,). Applying the Z-transform on the given equation
Yn+2 — Tyns+1 + 12y, = 0, we get

2°Y (2) = yoz” —yiz— 72 (2) + Tyoz +12Y () = 0.

Using given condition, it will become (7% — 7z + 12)Y (z) — z> — 2z + 7z = 0. Further simplifi-
cation gives (z> —7z+ 12)Y (z) = z*> — 5z. Therefore

2 5z

YO = ohe=3 ==
5[z =z
N e
_ 2 B 5z n 5z

(z=4)(z=3) (z—4) (z=3)
Applying the inverse Z-transform, we get
(yn) = ("1 =3"1) =5 (4") +5-(3")
— (4n+l _3n+l _54n+53n)
= (—4"42-3").
[l
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150 §4.8. Applications of Z-transform

Example 4.8.2. Solve y, 2> —3y,+1 + 2y, = 0 subjectto yo = —1, y; = 2.

Solution. Let Y (z) be the Z-transform of (y,). Applying Z-transform to the given equation,
we get
22Y (2) — yoz® —y1z—32Y (z) +3y0z+2Y (z) = 0,
ie. (22 —3z242)Y(z)+2%—2z—3z=0.
Therefore
-5z
R T

:‘<@—§;—n‘5sz‘sz)'

Applying the inverse Z-transform, we get

() = — (2" 1" +5.(2") ~5-(1")

=—-2-2")+(1")+5-(2")—5-(1")
=3.2"—-4=3-(2")—4-(1").

Example 4.8.3. Find the (100)™ term of the Fibonacci sequence.

Solution. Here we have to solve the difference equation y, .2 —y,+1 —y, = 0 subject to yg =0
and y; = 1. Let Y(z) be the Z-transform of (y,). Applying the Z-transform on the given
equation, we get
2Y(2) = yoz" = y1z—2¥ (2) + 30z =Y (2) =0,
ie 22Y(z) —z—zY(2) =Y (z) =0,
ie. (2—z—1)Y(z) —z=0.

Therefore
Z

2—z—1
z

NEERIGED

z
(z—w1)(z—w2)

Y(z) =

1 z z
Wi—wa [2=W1 Z—W2

al(15)(57))

Take n = 99 (this gives the 100" term of the Fibonacci sequence). Then we have
99 99
1 1++v/5 1-v/5
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( 2] () = 2 2l )
Proof. We have Z[(a,)](z) = ij—: Then
d - An
E2l))) = ¥ (-0
1 & nay, 1
e e
O
Example 4.8.4.
L Z]()(0) = ~ 22l
B d z
T Ydzz—a
z—a—z az
= —z =

(z—a)?*  (z—a)*

2. Z[(n*d")](z) = —zd%Z[(a”)](z)

el

(z—a)*a—2az(z —a)

(z—a)*
_az(z—a+2)
 (zmaP

Example 4.8.5. Solve y, .7 —6y,+1 + 5y, = 0 subjectto yo =1 and y; = —2.

Solution. Let Y (z) be the Z-transform of (y,). Applying Z-transform to the given equation,
we get

Y (2) — yoz® —y1z2—62Y (z) + 62y0+5Y () =0
= (2 —624+5)Y(z) — 22 +2z+62=0

2
72 —8z

S Y(g) = — 2%

(2) 2 —67+5
:>Y(z)_ z—8

F4 2 —67+5

Y A B
LYe A L

z 7—5 z—1

Then (z—8) =A(z— 1)+ B(z—5). Taking z =5, we get A = —3 and taking z = 1, we get

B = %. Hence,
Y(z) 3/ 1 7( 1
- — - +_ -
z 4\z-5 4\z—1
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152 §4.8. Applications of Z-transform

Applying inverse Z-transform, we get

() = —2(5") + L (17,

4

Example 4.8.6. Solve y,.» —y, = 1 subjectto yo = 1 and y; = 2.

Solution. Let Y (z) be the Z-transform of (y,). Applying Z-transform to the given equation,
we get

F4
2Y(2) —yorr —yiz—Y(z) = p—
;‘<Z2—1)Y(Z)=z2+2z+z_il
2
7°+2z z
=Y(z) =
) Z2—1+(z—1)2(z+1)
2 1., 3 1
< < Z —att1 1 . .
= Y(2)= + - + + by partial fraction
@) (z—1)(z+1) L—l z+1] < Z—1)2 " z+1 (by p )
=Y(z) = < + ¢ oz ! Z _|_§ £ 1z
@=D(+1) z—1 z+1 4(z—1)2 4(z—1)2 dz+1

Applying the inverse Z-transform, we get

n+l _ (__1\n+1
om) = (=) )= (104 300 - (1) - o 1)

Example 4.8.7. Solve y,1> —4y,+1 + 3y, = 5" subjecttoyg =1, y; = 1.

Solution. Let Y (z) be the Z-transform of (y,). Applying Z-transform to the given equation,
we get

— —yiz— Z

ZZY(Z) Y02 — V12 47Y (z) +4yoz +3Y (z) = —

= (2 —4z+3)Y(z) =2* -3z + z—LS

Therefore, applying partial fractions, we get

2 3 11 5 1 11
y(z):Z—__{L_L]H{ 41

(z=3)(z—1) 2|z—-3 =z—1 8z—5 16z—1 4z—1]°
Applying inverse Z-transform, we get
3 3 3 1 5 1
_ (an+l _ qndly _ T ran Y (an ~n S(gny _ > (1n S (qn
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Examples 4.8.8. We shall solve the following difference equations.

1.

Ynt2 + Sypa1 + 4y, = 2" subject to yo = 1 and y; = —4.

Let Y be the Z- transform of (y,). Applying Z- transform to above equation we get
Y (2) — 22y0 — 21 + 52 (2 ) 5zyo +4Y( ) = %5 Substituting yo = 1, y; = —4 and

simplifying, we get Y (z) = 18 - + =t 18 %H% Applying inverse Z- transform,

(vn) = (12( 4)”+%2" —~ %(—1)”) .

Ynt+2 —Yn = 1 subjectto yg =1 and y; = 2.
Let Y be the Z- transform of (y,). Applying Z- transform to y,.» —y, = 1 and using
given constraints, one obtains (z2 —)Y(z) -2 -2z = 1. Further simplification

gives Y(z) = 45—“_% - L—It% + 2( )2. An application of inverse Z- transform give

) = (3= 3(=1)"+35).

. Ynt1 —ay, = d" subject to yg = xp.

If a =0, then y,+1 =0 for all n € NU{0}. Thus (y,) = xopep.

Let a # 0. Then applying Z- transform, one has z¥ (z) — z2x0 — a¥ (z) = %, i.e., Y(z) =
X072 + %W When we apply inverse transform, we get (y,) = (xoa”" +na" ).

Yn+1 —Yn = a(l —yy) subject to yg = xo. If a = 0. Then y, ;| =y, foralln € NU{0}
and yo = xo implies that (y,) is a constant sequence (xp).
Suppose that a # 0. Then applying Z- transform, we have z¥ (z) —zxo+ (a—1)Y (z) = a.

. Ynt2 — Yni1 — 6y, = 0 subject to yo = 0 and y; = 3.

An application of Z- transform on the above sequence gives z°Y (z) — 3z — 2V (z) —
6Y (z) = 0. Therefore Y (z) = %% — %—2 Applying inverse Z- transform, one obtains
() = (33" = (=2)").

Yn+2 +4yns1+ 3y, = 0 subject to yo = y; = 1.

Applying Z- transform to the sequence and using given conditions, we get z°Y (z) —

72 —7+47Y (z) —4z+2Y (z) = 0. Therefore Y (z) = Zi—zl — o3 Hence (y,) = (2(=1)" -
(=3)").
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